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PREFACE 


This book is an outgrowth of a series of courses in advanced 
calculus and related subjects, given by the authors at The 
Case School of Applied Science, and designed primarily to meet 
the growing needs of students interested in the applications of 
mathematics to physics and engineering. To this end, special 
care has been taken to emphasize physical meanings of notations 
and relationships occurring in the subject. Applications to many 
branches of phj'sics and engineering are given. Tliese applica- 
tions have been included as integral parts of the c.xplanations of 
the several mathematical topics, and exercises involving them 
will be found in every chapter. 

In keeping %\ith the growing demand for rigor, every effort 
has been made to foster in the student the habit of carefully 
examining the operations he is performing. Stress has been 
placed on the precise mathematical interpretations of the con- 
cepts studied and on the conditions that must be met for a given 
theorem or formula to be valid, and no pains have been spared 
to make ever}^ proof complete. Thus, the present treatment is 
suited to students of pure mathematics. 

In a subject as extended as the one in this book, it is hardly 
possible to acknowledge in every case indebtedness, to, .specific 
books and papers. However, in the various refere'hqes that 
appear throughout the book and in the bibliography every 
effort has been made to indicate the principal sources. 

To Dr. Robert F. Rinehart of the Department of Mathematics 
at The Case School of Applied Science the authors arc greatly 
indebted for hamng mitten the section on Algebra in Chap. VI. 

The authors wish to express their sincere appreciation ' to Dean 
T. M. Focke of The Case School of Applied Science for his con- 
tinued encouragement in the preparation of this manuscript. 
They take pleasure in acknowledging their indebtedness to 
President William E. Wickenden and Dr. Eckstein Case of The 
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Case School of Applied Science, who have made it possible to 
complete the manuscript at this time. 

The senior author nishes to acknondedge his debt to his wife 
Jennet for her long and persevering efforts in the preparation of 
the manuscript. 

R. S. BuniNGTO^r, 

C. C. Torrance. 

Cleveland, Ohio, 

January, 1939. 
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HIGHER MATHEMATICS 

CHAPTER I 

DIFFERENTIAL CALCULUS 
PART A. ELEMENTARY REVIEW 

1. Introduction. In this chapter we shall first briefly review 
certain important topics in elementary differential calculus, and 
then -vve shall give an introduction to the theorj’- of partial differ- 
entiation. Extensive applications of the various topics con- 
sidered to physics, engineering, and geometri' will be found 
in the exercises throughout the chapter. 

2. Functions. The concept of a function is of fundamental 
importance. We shall first consider a real function of a real 
variable x. 

A real variable is a symbol having real numbers for values. 

A real variable may be a single letter, say x, or a formula in 
terms of a real variable x, or any notation to which are attached 
real values, such as |.Tj and where la:| denotes the numerical 
value of the real number x and where denotes the nth 
prime number. The term real variable is also applied 
to anything having real values, such as physical quantities 
(temperature, pressure, density, acceleration, potential, etc.). 
It is ertdent that any quantity ha^dng real values can always 
be represented by a real variable. In this chapter, whenever 
we speak of a variable we shall always mean a real variable. 

A real independent variable is a symbol for an arbitrary real 
number. 

Before we define a function we make a precautionary remark. 
The student has perhaps learned to think of a variable as being 
a function of x if the variable has a definite value for each value 
of X. But this concept of a function is inadequate, for according 
to it, logio X, tan x, ■\/a:(3 — x), and ( — 2)^ are not functions 
of the independent variable x since they do not have a definite 
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real value for each value of x. Thus, logjo x has a definite real 
value onl3" when x > 0; tan x has a definite real value only wlien 
X is not an odd multiple of rjl radians; Vx(3 — x) has a definite 
real value only when x is a number in the intcn*al 0 ^ x ^ 3: 
and ( — 2)' has a definite real value only when x is such a rational 
number that, when written in the form x = p/g with p and q 
relatively prime integers, q is odd. These examples show that a 
variable may have a definite value for ccriain values of x, i.e., 
for some particular ^el of values of x, though not for each value 
of X. The difficulty with the preceding definition of a function 
may be remedied by requiring the variable in question to have a 
definite value for only some set D of values of x, where D mvLX be 
an inter\'al or a number of inten'als or a part of the rational 
numbers or any other set of real numbers. 

Defixitiok 2.1. If a variable has cxaclhj one real value for each 
value of the variable x some sd Dof real nuruhers, then this variable 

is called a real swqlc-volitcd fu nef ion of x defined over D (where by 
defined over D” wc mean ^^wiih t'oluc deiennined for each value 
of x in D'O* 

Defixitiox 2.2. The domain of definiiion of a function of x 
is the set of all values of x at xchich the function is defined. 

For example, the domain of definition of logio x is the set of all 
positive numbers; the domain of definition of tan x is the set of 
all real numbers other than the odd multiples of :r/2; the domain 
of definition of \/x(3 — x) is the set of numbers in the inten'al 
0 g X ^ 3; and the domain of definition of (—2)" is the set of 
all rational numbers p/q (in lowest terms) vith q odd. 

It should be noted that x is not necessarily an independent 
variable in Definition 2.1, but may itself be a function of another 
variable. On the other band, in Definition 2.2, x must be free 
to take on all real values. 

We shall give three examples to illustrate the meaning of Definition 2.1. 
First, let us consider the hot filament of an X-ray tube. Suppose the posi- 
tion of a point P of the filament (assumed to be of negligible thickness) is 
determined by its distance z from one end of the filament. If the filament 
is 2 cm. long, then the temperature T of the filament is a function of x in 
that T has a definite value for each value of x from 0 to 2. We denote the 
value of T at the point x — a by T(g), and v:e read* this sy'mbol **the value 

* K the student is asked to quote the symbol T(a) orally, he should say 

“the value of T at x = a” and not some abbreviated translation of his own 
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of r at a; - If the temperature of the filament (in degrees centigrade) 
at each end is 100, at the middle is 900, and if the temperature drops off 
linearly from the middle to each end, then T{0) =2^(2) ~ 100, Til) = 900, 
TQ) - oOO, !r(0.1) = ISO, and 7’(1.2) = 740. This last equation, for 
example, should be read ''the value of T at a: = 1.2 is 740.’' If we wish to 
consider the value of T at an arbitrary^ or variable point of the filament, 
then we use the symbol Tix) which we read "the value of T at an arbitrary* 
value of X." It is evident that T may be represented by the formula 
800x -f 100 for values of x between 0 and 1. Thus the statement 

Tix) = SOOx + 100 when' 0 ^ ^ ^ 1 

means “the value of T at an arbitrary value of x is SOOx A 100 when x is 
between 0 and 1." To represent the value of T from 0 to 2, we write 

^ ( 1700 - SOOx when 1 g x ^ 2, ^ ^ 

meaning that the value of T at an arbitrary value of x is SOOx -f 100 w'hcn x 
is between 0 and 1, and is 1700 — 800x when x is between 1 and 2. Tlie fact 
that two formulas are used to represent T docs not mean that the tem- 
perature of the filament is simultaneously two functions of x. The tem- 
perature along the filament is one definite function of x, and it is possible 
to represent it by a single, though rather complicated, formula. In relation 
(1), the symbol Tfx) does not denote the formula SOOx A 100 or the formula 
1700 ~ 800x or even both of the formulas at once; Tix) has only the meaning 
already ascribed to it. We shall often meet with functions which are most 
conveniently described with the aid of two or more simple formulas instead 
of one complicated formula. 

As our second example of a function, let us consider a formula in x, such 
as V sin ttx. It is convenient to denote a given formula by a single letter, 
say/, Of Fy or 0, in exactly the same way that we denoted the temperature in 
the preceding example by T; in fact, we use/ or some other letter as the name 
of a given formula. If / denotes a given formula in x, then the formula / is 
a real single- valued function of x when / has exactly one real value for each 
value of X in some set D of real numbers. Thus -x/sin xx is a real single- 
valued function of x, whereas ^/x — 2 + y/iT— x is not (since it has a 
definite real value for no value of x), and sin**^ x is not (since it has many 
values for each value of x between —1 and 1). 

If / denotes a single-valued function of x, then we denote the value of the 
function/ for the value x = o by /(a), and wc read tins symbol "the value of 


invention, such as "T, a." Tlie practice of attaching ciy^ptic readings to 
notation, particularly to save time or effort, is one of the most prolific sources 
of difficulty in the whole of mathematics, for such a practice effectively 
prevents the student from learning to think in terms of the meaning of the 
notation used. The student should be especially careful to avoid this 
mistake when reading by himself. 

* It is implied, of course, that this value is one at which T is defined. 
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/when X ~ a,” or if wc think of the values of x as represented by po ints on 
the x-axis, we read it “the value of / at x - aJ* Thus, if / denote? \/sin rx, 
lhcn/(i) 1 nnd/(J) = l/\/2. The symbol /(x) h read “the value of/ 
for an arbitrary' value of x.“ Tluis ire / as (he name of a /onrfton, tr/ii7r 
we tise f{x) io denote an arhitrary value of Ihc fitndioh. This distinction is 
important, and failure to ohsciwc it may cause much ronfu^'don later on 
(‘^ec Ex. XIX, lb and Ic). 

For our last example, let us ron'^ider the equation 

X 4- j/J ^ 3^ (2) 

AUhougli this equation cannot be ‘"solved" for y in terms of x in any simple 
wa}’, yet it is readily .«eon from the trraph (Fig. 1) of this equation that, for 
each value Xo of x, there exi«t= exactly one value yo of y such that the pair 
of numbers (xc, yt) is a solution of (2). jEach line x = xc meet? the graph 
of (2) in exactly one point.] Hence, (2) determines a definite value of y 

for each value of x, that i'^, (2) deter- 
mines y as a single-valued ivtpJtcil 
function of x defined for all values of 
X. We denote the value of y corre- 
y. spending to the value x ^ a by ?/(a), 
^ and we read this symbol “the value of 
y when X = c." Thus y{l) = 0, y{o) - 
2, and i/( — 5) = —1, If we think of 
y, not only as a variable hn%ing values, 
but also as a s^Tubol denotinc a func- 
tion of X [viz., the function that would be obtained if f2} could somehow be 
solved for y in terms of x], then tlic notation 7/{ol has exactly the same 
significance as the notation /(a) in the preceding cxnrnplc, 

// a ranabfe has (ivo or more valxtcs for each value of x in some 
sel D of real numherSy then Ihis variable is called a multiple-valued 
Junction of x. Thus, cos** x, tail** x, and the other inverse trigo- 
nometric functions are muitiple-valucd functions of x. Again, 
the equation x= + y- = 1 determines tj as a multiple- valued 
function of x. (If xo is any* number such that —1 < xo < 1, 
the line x = xo meets the graph of the equation x- -f t/- = 1 in 
two points.) A given multiple-valued function may be repre- 
sented by two or more single-valued functions, so that the 
properties of the multiple-valued function may be determined 
by analy^zing the properties of the respective single-valued 
functions. Hence we shall be particular]}* concerned in this 
chapter with single-valued functions. 

If /denotes a single-valued function of x, and if xq is a value of x 
at which / is defined, then the pair of numbers [xo, /(ro)] may be 
regarded as the rectangular coordinates of a point in a plane. 


>y 
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If xo is regarded as ranging through all values of x at which f 
is defined, then the set of all points [xo, /(a:o)] is called the graph 
of /. Thus the number /(xo) is represented by the ordinate up 
to the graph of / erected at the point x = Xo on the x-axis. We 
may state this idea in another wa}’’: the significance of each point 
P on the graph of f is that the two coordinates of P alwa3'^s repre- 
sent a value xo of x and the corresponding value /(xo) of f. 

If /is a single-valued function of x, and if Ax (read “delta x”) 
denotes the change in the value of x in going from a value Xo to 
another value Xi, so that Ax = Xi — Xo, then /(xo Ax) — /(xo) 
rcprese7}ts the cha7}gc in the value of f in going from x = Xo to 

X = Xo -f- Ax. Furthermore, represents the 

ratio of the ehange in f to the change in x, or the mean change in f per 
tinit change in x, or the iKean rate 
of change of f with respect to x, in 
going from x — xo to x = Xo Ax. 

(By the mean change in / per 
unit change in x is meant the 
change / would undergo per unit 
change in x were / changing at 
a constant rate from the value 
/(xo) to the value /(xo -h Ax), 
that is, if in Fig. 2 the graph of Fio- 2. 

/ were the chord PQ instead of the curve shown.) It is evident 
that /(xo + Ax) — /(xo) is represented by the line segment RQ 

in Fig. 2 and that — - represents the slope of the 

chord PQ. 

EXERCISES I 



1. If/(x) -x'-+5, find/(0),/(l)./(-l),/(fca;o). If/(xy) denotes 
the result of substituting xj/for x in the formula for/, find/(xj/) and/(x) •/(?/). 
Are the results equal? Find /(x + y) and f(x) +f{y). Are the results 
equal? Find/(x/j/) and/(x)//(j/). 


I, /(„ . 1^, M 

What is the domain of definition of /? 

3. If /(a:) = a; -f find /(a) -f and /{ a + 

^ /W \ a/ 
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4. If /(*; = s’l sliow tliat 

(/(a + </)!’ + [/{a - i)l‘ = 2/(a» + i’) + 8/(o!'). 


5. If/(x) 


where c = 2.718 . . . , show that 

/(loR, (« + -v/57Mn)) 


0. h;(^) = show tlmt/^- log. — j = a. 

7. If j{x) = logo X, show that /(x) + /(v) - /(xf/). If /(x) « show 
that/(x)/( 2 /) -/(X 4-t/), 

8. If P{x) — 2x\/l show that F(sin 0) = /’(cos O) = sin 20, 

9. If F{x) 2x5 _ ghow (hat /’(cos 0) ^ cos 2o, 

10. Find the value of whcii/(x) is given by the follow- 


ing formulas: 


(c) 

(c) cos X. 
(g) logio X 

(i) 2*. 


(d) 

(f) Bin^ (1 — 3x*). 
(h) logb tan 2x, 

G) 


Graph formulas (a), (b), (c), (e), (g), and (i). Represent f(xo)ff(xc 4- Ax), 
, /(xo 4“ Ax) ^/(xo) , 

/(xo 4- Ax) -* f(Xo), and on these graphs when Xo = 1 

Ax 

and Ax = 

11. (a) If 7’ is the temperature of a certain qunntit}’ of gas in degrees 
Fahrenheit and if p[T) is the unit prcs‘;urc of the gaii in pounds per square 
inch at temperature T, give the complete plmsical interpretation of the 

quantity ^ i*e., state the meaning of piTo)^ piTo 4- AT’), 

P{Tq AT’) — 7 >(T’o), and the given fraction. [For example, 7 >(T’o) repre- 

p(T’ I aT’) pfT’ ) 

sents the unit pressure at the temperature T’o and - — — 

represents the mean change in unit pressure per degree change in temperature 
in going from the temperature T’o to the tempera Uire T’o + AT’.] 

(b) If X represents distance in centimeters along the ftlamcnt of an X-ray 
tube and if T{x) is the temperature of the filament in degrees centigrade 
at the point x, give the complete phj^sical interpretation of the quantitv 
rfxo + Ax) - rcxo) 

Ax ’ fraction itself represents the mean change in 

temperature per centimeter along the filament from the point Xo to the point 
Xo 4“ Ax.) 

(c) If X represents distance in inches along a radio antenna and if D{x) 
is the density of electric charge at the point x, give the complete physical 

interpretation of the quantity . 

Ax 
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(d) K p represents unit pressure in pounds per square inch and if E{'p) 

is the voltage needed to make an electric spark jump 1 in. in air at pressure 

. , ^ Eivo + Ap) ~ ^iVo) 1 

p, interpret completely. 

Ap 

(e) If i repiesents time in seconds and if A{t) is the number of grams of a 


chemical substance existing at time i, interpret 


A{to "b At) — A{t(}) 
At 


com- 


pletely. 

(f) Give three other physical examples of functions and discuss them in 
the manner indicated in the preceding parts of tliis question. 

12. Does the equation x- + t/® = 5 determine y as a single-valued function 
of x7 If so, what is the domain of definition of y? Find y(0), y(l), and 

13. If Sin"^ y 4- Tan““^ 2 / = find y(0) and ydir), remembering that 
Sin”^ y and Tan“^ y, wTitten with capital letters, denote principal values. 
What is the domain of definition of y when determined as a function of x 
by this equation? 

14. For what values of x does the equation x + y* = 2y define y as a 
single-valued function of x? 

15. Graph the function / when /(x) = -x/sm rx, showing the portion of 
the graph between x = —4 and x — 6. What is the domain of definition 
of/? 

16. Graph the function / when 



when X ^ 0. 
when X < 0. 


Does the symbol /(x) denote x^ or — 2x or both of these formulas simul- 
taneously? Describe a physical situation in which / is involved as some 
ph 3 'sical quantitj'. 

17. Graph the function / when 

-h x) when — r ^ x < 0, 

0 when x = 0, 

— x) when 0 < x ^ tt. 

It is possible to represent / bj' the single formula 


f{^) 


. . sin 2x . sin 3x 

Isi, a: + 


where the sjmbol | j denotes ‘‘numerical value of” and where only values of 
X in the interval — =■ ^ x ^ - are considered. If 



when 

when 


-r ^ X ^ 0, 
0 ^ g IT, 


then g may be represented b}- the single formula 
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where -r g a: ^ r. Although the values of f and g differ at only the single 
point X - 0, yet / and {7 are rep resented by different formulas and must be 
regarded as distinct functions. 

18. Graph the function / when /(x) = — What is the 

domain of definition of /? If g is represented by the formula gix) - } 
for all values of x, are / and g the same function? 

This exercise illustrates the following fact: If tno functions J and g have 
different rforaain^ of definition^ (hen f and g must be regarded as dislincty even 
(hough f and g have the same values u'hcrcvcr both functions arc defined. 

19. If Z) is the domain of definition of the function /and if E is the domain 
of definition of the function g, what is the domain of definition of the func- 
tion / -f g? Of the function / • (/? of f/g? [Recall that division by zero is 
never permitted, so that the symbol /(a) /p (a) is meaningless when p(a) ~ 0.) 
For what values of x is flgix)] defined? (Note lliat f\g{a)] is meaningless 
unless a is such a value of x in F that g{a) is a number in D.) 

3. The Limit of a Function. We now ^^*ish to develop an 
accurate formulation of the concept ^Miinit of a function/' We 
first give two simple examples. 

The function (sin x)/x lias no value at :r = 0, 0/0 not being a 
number. But if we tabulate vnhie.s of x and (sin x)/x as x gets 
close to 0, and plot the resulting data, we obtain the following 
results: 




sin X 

X 

1 sm X 

— 



1 

: 1 

X 


0.5 

! 0 47943 1 

0.9r)S9 


0.3 

0 29552 

0.9S51 


0.99 N. 0.2 

0 19SG7 1 

0.9933 


•OSS ^ ^ 

0 099S3 

0 09S3 


0.05 

0 0199792 

0 9995S 


0 01 

1-1 t t ') 

0 0099999S3 

0.99999S3 

-0.2 -O.I 

1 on 0.2 6.3 _Q Qj 

O 

i -0.009999DS3 

0.99999S3 

" 03 

-0.0499792 

0.9995S 

-0.1 

-0.09983 ; 

i ! 

0.99S3 


It would appear from the table and the grapli that, as a- 
approaches 0 (a: being either positive or negative), the value of 
(sin x)/x approaches the number 1. (It will be proved in Ex. 
IV, 21 that this surmise is correct.) If wo use the sj'mbol — > to 
denote “approaches,” then the value of (sin x)/x-^l as a: -> 0. 
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(This result, of course, depends on the fact that we have measured 
z in radians.) 

As another e.vample, we note that the function (1 + 
has no value at a: = 0. But it would seem from the table and 
graph below that the value of (1 2.718 ••• as 

X 0. (It will be proved in Ex. IV, 23 that this surmise is 
correct.) The student wall do well to compute more values of 
this function, using a large table of logarithms. 


X 

(1 -l- 

0.1 

2.5938 

0,03 ; 

2.6786 

0.01 I 

2.7048 

0.001 

2.7169 

0.0001 

2.7181 

-0-0001 ' 

2.7184 

-0.001 

2.7196 

-0.01 

2.7320 



These examples show that if / is a function of x and if the value 
of z is approaching a number o, then the value of / may approach 
a number A. (In the preceding examples, a = 0 and A is respec- 
tively 1 and 2.718 • • • .) We msh to analyze the meaning 
of this statement in detail, and we first raise the question, what 
is meant by the word approach? 

A. We define the word “approach” to mean “become and remain 
arbitrarily close to.” 


We give two examples to show why it is necessarj' to say “become and 
remain arbitrarily close to.” Suppose the independent variable x is made 
to varj”- as follows; x decreases from i to 0.1 (taking on all values in between), 
increases back up to I, decreases to 0.01, increases back up to decreases to 
0.001, increases back up to decreases to 0.0001, etc. While x gets arbi- 
trarily close to 0, it does not remain there, and one w'ould not say that a; 
approached 0 in the sense intended. 


Again, consider the function (cos x) (“* i) whose graph is shown in 

Fig. 5. This function has no value at a: = 0 and is such that its graph 
oscillates infinitely many times in the neighborhood of rr = 0, While the 
value of cos x cos (1/x) gets arbitrarily close to 1 (and also to —1) as x 
approaches 0, it does not remain there, and one would not say that the 
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value of cos x cos (I /x) approached 1 (or — 1) in the sense intended ^hen 
X approaches 0. 

It is often thought that a variable 1% when approaching a 

number A, can never attain the 
A’alue A. While lliis is some- 
times the case, as vith (sin x)/x 
and (1 ri- when x is ap- 
proaching Oy it is not always so. 

B. When xrc sap that a van- 
able V is approaching a number 
A, there is no i7nplication that Y 
can neier reach or equal A, nor is 
there any implication that V 
must a'cntuaUy attain the value A . 

For example, it is rcadih* proved that the graph of x* cos (l/r) oscillates 
between the two parabolas p x* and v — — x*, the number of o^ci^ations 
becoming infinite as x approaches 0. It follows that the value of x- cos (1 / x) 
becomes and remains arbitrarily close to 0 as x approaches 0. However, 
as X- cos (1/x) approaches 0 in this manner, it actually reaches and takes 
on the value 0 infinitely many timec. 



Again* suppose x varies as follows; x decreases from 1 to —0.1 (talung 
on all values in between), increases to O.OI, decreases to —0.001, increases 
to 0.0001, etc. Since x becomes and remains arbitrarilj" close to 0, it is 
approaching 0; but in approaching 0 in this manner, it takes on the value 0 
infinitely many times. This manner of approach is illustrated physically 
by a pendulum coming to rest. 

In considering the behavior of a function / as a: — > a, we have 
always allowed x to approach a in an arbitrary manner so long 
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as X remained in the domain of definition of the function /. 
The following example shows the desirability of restricting the 
manner in wliich x may approach a. Suppose 


/(«) - 


, sin 2z , sin 3x , 
sin X H s 1 5 r 


(See Ex. I, 17.) Tliis function is defined for all values of x and, 
in particular, has the value 0 at a: = 0. (This value is indicated 
in Fig. 7 by the large dot at the origin.) If x approaches 0 in 
the manner indicated in the preceding paragraph, then we 



cannot say that the value of / approaches v/2 as a: 0, for the 
value of / does not become and remain arbitrarily close to 7r/2. 
But if we deliberately exclude 0 as a possible value of x as a: 
approaches 0, then the value of / approaches tv/2 as x — > 0. 
Thus, as X a, it is possible for the value of a function / to 
approach a number A when x remains different from a but not 
when X is free to take on the value a. It follows that, by restrict- 
ing X to remain different from a, we can more fully analyze the 
behavior of a function / “near” x = a. Hence we lay down 
the following principle : 

C. In considering the behavior of a function f as x a, we 
restrict x to remain different from a. 

It is evident from Fig. 5 that the value of the function 
cos X cos (1/x) approaches no number A as x — » 0. Again, as 
X — > 0 (but remaining 0), the value of the function 

|sin X + J sin 2x + • • -j 

approaches a number which is different from the value of this 
function at x = 0. Thus, 

D. As X —* a, the value of a function f need not approach any 
number A ; if the value of f does approach a number A as x —> a, 
and if f ?s defined at x = a, then A and f{a) may be distinct. 
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We have an immediate corollary from C and D: 

E. In considering the question as to whether or not the value of a 
function f approaches a numher A as 5 : a, ii is immaterial 
whether or not f is defined at x ^ and if f is defined at x ^ a 
ii is immaterial what the 'iminber f{a) may be. 

We are now in a position to define the limit of a function. 
Definition 3.1a. If the vahic of a function f approaches a 
nu7nbcr A as x approaches a (but remaining ^ ci), then this nimiher 
A is denoted by the symbol lim f(x) which is read *^ihe number 

x-*+a 

approached by the value of f as The number lim f{x) 

jc— 

is referred to as the limit of f os x a. 

For example, lim (sin t)/x = 1, i.c., the number approached by 

the value of (sin x)/x as x — + 0 is 1. Again, 

lim (1 + = 2.718 • • • , 

r— *0 

lim |sin x + -1* sin 2x + • ' *1 = 7r/2, and lim [cos x • cos (1/x)] 

X— *0 

does not exist. 


EXERCISES n 


1. Tlie graphs of a number of functions arc shown below. In each ease 
slate whether or not lim f{x) exists, and if it docs, stale its value. 
x-*o 




3. Graph the function [a;], where [x] denotes the largest integer not greater 
than X, For what values of a does lim [x] exist? 

X— >c 

4, Show that the function / such that f{x) = 1 when x is rational and 
fix) = 0 when z is irrational, maj" be represented by the single formula 
fix) = lim [coS“{7r(n!)xj], where [ • * • ] denotes '‘greatest integer con- 

n— ♦ 00 

tained in” (see Ex. 3). What formula represents the function in Ex. Ij? 

The two functions mentioned in this exercise, as well as functions like 
(”2)* and cos (1/x), illustrate the fact that it may be impossible to repre- 
sent accurately the behavior of a function by means of a graph. 



14 


HIGHER MATHEMATICS 


(Chap. 1 


5. Give examples of functions to show that, of the two numbers /(c) and 
lim/(a:), both, either, or neither may exist for a given value of c; moreover, 

if both these numbers exist, they may be the same or distinct. 

So far v;e have been rebnng largely on the graph of a function 
to indicate the existence or nonexistence of the number lirn f(x) 

in any given case. But this procedure is ven' limited in scope. 
In particular, (1) a graph gives only an indication, and not a 
proof, of the e?dstence of the number lim/(a’), and (2) the method 

fails completeh^ when the graph of a function cannot be drat^m 
with sufficient accurac3\ For example, does 

/. 1,1. 2,1. 3. \ 

iim i sm - -b H - -b sin — ^ - i 

.-,0 \ X ‘ 2 X 3 X ) 

exist? To meet these difficulties we must restate Definition 
3.1a in a more technical form. 

Let us recall that \x\ denotes, and is read, the numerical value 
of X. Thus, (Sj = 1“ 3j = 3; jxj — x when x ^ 0 and |x| = —x 
w'hen x<0;ix — aj=x-“aifx^a and |x — a{ = a — x if 
X < a. It is endent that jx — a| represents the distance between 
X and o. To saj" that x — 3 < 0.1 does not prevent x from being 
an}' number less than 3, such as “50, but if |x “ 3j <0.1, then 
the distance from x to 3 is less than 0,1 and 2.9 < x < 3.1. 
To say that x — ♦ a means that x varies in such a manner that 
jx “ aj becomes and remains less than any assignable positive 
number 5, however small 6 may be, whether 0.1 or 10”^^, or 
or less. (IVe say that a number is positive only when 
it is actually greater than 0, 0 itself being regarded as neither 
positive nor negative.) Again, !/(x) — A \ denotes the numerical 
difference between A and the value of / for any value of x, and 
the condition j/(x) — A\ < 0.01 is equivalent to the condition 
A “ 0.01 </(x) < A -b 0.01. It is e\ident that Definition 
3.1a can be put in the follo\sing form: 

U l/(^) becomes and remains less than any assignable 
positive number e icJicn x ranes in any manner so that jx “ g| 
becomes and remains less than any assignable positive number o 
but without ever becoming 0, then A = lim/(x). 

ar— ^ 

We vnsh to simplify this form of the definition of a limit so 
that we do not need to think of x as actually vaiying in any 
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particular manner and so that w'e do not need to use the words 
"become and remain.” Let / be a given function, such as the 
one whose graph is shown in Fig. 8a, let e be a given small positive 
number, say 0.01, and let the lines y = A — e and y = A + e 
be drawn. It is erddent that, for values of x near x — a, the 
graph of / remains udthin the horizontal strip formed by these 
two lines. In fact, there exists a small positive number 5, 
indicated in Fig. 8b, such that the folloudng assertion holds; 
If tve consider only that portion of the graph of f lying in the vertical 
strip between the lines x = a — d and a; = a + 5 but not on 
the line x = a, then this portion of the graph of f remains within the 



horizontal strip between the linesy = A — e and y = A + e. The 
fact that X is restricted to be different from a and to lie between 
a — S and a + 5 is expressed by the condition 0 < ja: — aj < 5; 
the fact that, for these values of x, the graph of f remains between 
the lines y — A — e and y = A 4- e is expressed by the condition 
1 /( 2 ;) — A\ < e. Hence the italicized assertion may be expre.ssed 
by the formula 

|/(a:) — 4 1 < e for all values 

of X such that 0 < |a: — aj < 5. (1) 

[Note the similarity between (1) and paragraph F.] 

It is e\ddent that, the smaller is the given number e in (1), the 
smaller must S be taken for (1) to hold; in other words, the 
narrower is the given horizontal strip in Fig. 8a, the narrower 
must be the vertical strip in Fig. 8b. Again, the more irregular 
is the graph of / near x — a, the smaller must be 5 for any given 
number e. In short, formula (1) holds for a given number 
e only when S is sufficiently small. We now raise a fundamental 
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question: However small e may be In (1), does there always 
exist a sufficiently small positive number 5 such that (1) holds? 
It is seen in Fig, 9 that; no matter how small 6 is taken, (1) 
cannot hold for the number e shown. Hence, for some functions 
/ the answer to our question is negative. We now show that 
G. lim f(x) = A xvhzn, and only wlicnj the answer to the above 

T—*a 

question is ajfmnaiivc. 

Suppose first that tlie function /is sucli that the above question 
is answered affirmatively. Let e be an arbitrarily small positive 
number. By hypothesis, there exists a positive number o such 
that (1) holds. As x approaches a, \x — aj ultimately becomes 
and remains less than 5. By (1), |/(x) A \ ultimately becomes 
and remains loss than e. Since € was arbitrarily small, lim /(x) 

X— ►a 


nf 










exists and is A . 

Now suppose the function / is such that the above question 
is answered negative!}", i.e., that for 
some number e there exists no positive 
number B sufficiently small so that (1) 
holds (see Fig. 9), In this event there 
exist values x of x arbitrarily close 
to a and distinct from a such that 
l/(^) — A) > c. If X approaches a in 
such a manner as to take on these 
values x, then j/(x) — A\ cannot become and remain less than e, 
that is, the value of / docs not approach A as a limit. This 
completes the proof of Theorem G. 

Because (1) does not involve the idea of approach, it is cus- 
tomary to use (I) to define Iim/(x). Theorem G shows that the 


x = c 
Fig. 0. 


follo\ring definition is equivalent to Definition 3.1a. 

Definition 3.1b. Let f be a real single-valued fxmetion of x 
a?id let A and a he real numbers, for each positive number €, 
however ikenx exists a positive number B such that 


l/(x) — A] < c for all values 

of X such that 0 < |x - a| < 5, (1) 

then A is denoted by either lim /(x) or lim /(x), and A is referred 

i«-4a a; ■» a 

to as li77iti of f at x = ad* 
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Although this definition does not involve the idea of approach, 
the symbol lim/(x) is often used because it suggests our original 

intuitive concept of a limit. 

For condition (1) to hold, the function / must be defined for 
all values of z such that 0 < |a: — a] < 5. This implies that, 
for a function / to have a limit at z — a, f must be defined over 
the whole of some interval about z = a, except perhaps at 
X = a itself. This condition is usually met by the common 
elementary functions and, for the sake of simplicity, will be 
assumed in the discussion to follow. See Exs. IV, 6 and 27, 
in this connection. 

Example 1. Does lim (3s — 2) exist? If so, what is its value? 

X— >4 

We first observe that neither tlie existence nor the value of this limit 
can be determined from the fact that 3x — 2 = 10 when z = 4; the intuitive 
feeling that if a function / has a value at a; = a, then this value must be 
lim /(a:) is shown to bo erroneous by the function 

x-^a 


Isin X + ^ sin 2x “b 5 sin 3x + • • *1 

which has the value 0 and the limit 1 at x =0 (see Fig. 7 and paragraph E). 
Thus, if it turns out that lim (3x — 2) exists and is 10, this result must be 

regarded merely as a coincidence. 

In using Definition 3.1b to determine the existence of lim (3x — 2), 

x—*4 

we first think of c as being a given number, arbitrarily small, with the lines 
y = ii — e and y A e drawn on the graph of 3x — 2; then we inquire 
if a number 5 exists winch is sufficiently small that (1) holds. We shall 
prove that lim (3x — 2) exists by showing that there exists a formula for 5 

in terms of e such that, however small € may be, tliis formula gives a value 
of 6 sufficiently small that (1) holds. 

In (1), let/(x) = 3x ^ 2 and let A = 10, Since 

l(3x - 2) ~ 10| = I3x - 12| = 3|x - 41, 

it follows that, if e is any given positive number, l(3x — 2) — lO] < e 
when* 3|x — 4] < €, i.e., when |x — 4] < c/3. Thus (1) holds when we 
take 5 = e/3. This proves that lim (3x — 2) exists and is 10. The fact 

X— ^4 

that we showed (1) holds even when x = 4 is of significance in the next 
section. 

Example 2. Show that lim x* exists and is 9. 

X — ^3 

Remarks similar to those made in Example 1 may also be made here. 
Ijt (1) let/(x) = X* and let 2 I = 9. Since jajSj ~ la| • 1^| when a and ^ are 

♦ By “when** we mean “for all values of x such that.** 
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real numbers, 

~ 91 « \{x + 3)(x - 3)1 - |x -f 3Mx - 31. (2) 

Since |x -f 3! <7 when (x ~ 3] < 1, it follou's that 

|x + 3| -lx -d\ < 7\x - 3] when l:c - 3) < 1. (3) 

Again, if t is any given positive number, 

7|r — 3) < < when lx “ 3] < (4^ 


It follows by (2), (3), and (4) that jz* 9j < < when jx ~ 3| <5, where o 

is the smaller of 1 and «/7. This proves that lim x‘ exists and is 9. 

r^3 

Example 3. Show that lim (x- — ox) ~ G. 

Since !ck ± ^1 ^ [a| -f (3i when a and fi arc real numbers, 

|(x2 - 5x) - Gl = 1(2^' - I) - (ox + 5)1 ^ !z* ^ 1! -f !5x -h oj. (5) 

Let t be any positive number. It is readily shown by the methods of 
Examples 1 and 2 that 

lx’ — 1] < ^ when |x -r l! < oi, (6) 

where is the smaller of 1 and e/6, and that 

|5x 4- 5j < “ when |x 4* 1| <5?, where ^ 

It follows by (5), (6), and (7) that 

!(x' — 5x) — 6| < < when lx 4- 1| < 6, 

where 6 is the smaller of 5\ and 5:. 

Example 4, Show that lim = 0 (see Ex, II, Id). 

r— 0 

It is e\ddcnt that 

|2->/x’ - 01 = where t ?! 0. (8) 

Let c be any positive number <1 and let e *= 1/2% i.e,, n — log- e. 

Since n > 0, 

1 1 t 1 1 

$177* $; ^ 0 < x’ < 

i.e., when 0 < jxl ( 9 > 

V n 

In this result we can write |x - 0] instead of Jxl, and it follows by (S) and 
(9) that 
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- 01 < e when 0 < jx *- 01 < — where n ^ - logs e 


If e § 1, — 0| < € for all x 9 ^ 0. 

Example 5. Show that lim cos ^ = 1. 

Let c be any positive number ^2. Let 0 be the 
center of a circle of radius 1, let BC be the chord per- 
pendicular to the radius OA at the distance efrom A, and 
lets =5 ZAOB. It is evident that I cos 0 — 1| < ewhen 
|0 — 0| < 5. If € > then |cos 0 — 1| < e for all 0. 



EXERCISES m 

Show that the following limits exist and have the values indicated: 

1. lim (1 4a;) = —7. 

x*^2 

2 . lim (ax + Z?) ~ ac + h, where c ^ 0. 

ar— »c 

3. lim b = h. 

X— 

4. lim 3x3 = 12. 

X — 2 

5. lim (2x3 ^x) -- 15. 

X-— >3 

6 . lim (2x - 3x3) ^ 

X*“>1 

7. lim 'x/x = \/5, ( Write | 'v/x — *\/51 = 

»-+5 \ 

8 . lim “x/Sx — 1 = x/S- 

9. lim x3 = 8. 

10 . lim cos 0 = cos a. 


X — 5 


iX/x + x/b| 


•) 


11. lim sin 0 = sin a. 
e— »o 


,i.o. (, 

^ _ \i 


1 

(cos - 

X 


^ 1 for all X 7 ^ 0 


) 


12. lim X cos ‘ 

A M -J / 

13. lim x3x/ x(4 — x) = 0. [Find the maximum value of x/x(^ — x).] 

X — +0 

14. lim 1/x = J. 

15. lim 1/(3® + 2) = i 

16. In connection with Example 2 above, show e and 6 on the graph of x3. 

17. By applying Definition 3.1b, examine each of the functions in Exs. 
II, 1 and 2 for the existence of a limit at the points indicated. (In each case 
draw the lines y = A ± e. and the corresponding lines x = a ± 5.) 

We close this section with two general theorems about limits. 
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Theorem 3.1. -*1 function f can have at 77iost one limit at a 

point a: == a. 

Suppose / bad t'lvo different limits A and .4' at a: = a. If c 
is taken to be less than l\A — A'l then it is impossible for (1) 
to hold for both A and A\ i.e., the graph of / cannot remain 
within both of the horizontal strips bounded b 3 ^ the pairs of 
lines y — A ± e, y A' ± t. 

Theorem 3.2. If f and g are fxmdionB cnch that lim f(x) and 

X-+0 


lim g{x) exist, then 

(a) lim [/(x) ± ^(x)] exists and equals lim f(x) ± lim g(x). 

r-+fl T— ♦<» 

(b) lim [f{x) • p(x)] = lim f(x) * lim g{x) (where, in xvriting 

3r~*a x~*£i r — *0 

“ = ”, we imply the existence of the first limit). 


lim f{x) 


(c) lim - , . 

x-^a g{x) 




We first note that, if a and P are real numbers, 


\a±S\^ la! + m (10) 

and 

|a/5| = |a| • |0|. (11) 


Let lim f(x) = A and lim ff(x) = B. To prove part (a) we 

x— r— »a 

must show that, if e is any positive number, there exists a positive 
number 5 such that 


ILf(^) ± yM] ~ (A ± B)j < e when 0 < jx — aj < o, (12) 
By (10), 

|[/(3^) ± {7(^)1 ~ (A ± B) I 

= |[/(^■) - A] ± (gi(a-) - B]\ g j/(T) - /I] + ij 7 (i) - /Jj. (13) 

By hypothesis, e being given, there exist positive numbers 5i and 
52 such that 

i/(i) — < I when 0 < |a; — o| < 5i and 

|!7(x) - B| < I when 0 < jx - a| < Sj. (14) 

Let 6 denote the smaller of 5: and 5.. Then (12) follows from 
(13) and (14). 
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To prove part (b), we must show that, if e is any positive 
number, there exists a positive number S such that 

j/(x) • g{x) — AB\ < e when 0 < jx — ol < 5. (15) 

By (10) and (11) 

\f(x) ■ g(x) - A B\ = lf(x)[g(x) - B] + JB[/(x) - A]\ 

g l/(:r)j • \g(x) -B\ + |S| • |/(t) - At. (16) 


Suppose B 7 ^ 0. By hypothesis, e being given, there exists a 
number 5i > 0 such that 


l/(x) - A|< 


2151 


when 0 < [x — a| < 5i. (17) 


Hence, if Jlf = |Ai + 2 |^) follows that 

|/(x)j < M when 0 < |x — a( < 5i. (18) 

By hypothesis, there exists a number So > 0 such that 


|9(x) - 51 < 


2M 


when 0 < lx — at < So. (19) 


Let S denote the smaller of Si and So. Then (15) follows from 
(16), (17), (18), and (19) since 


|/(x)l • tg(x) - 5| + IBl • !/(x) - A1 < M~ + |5|^ = 6 

when 0 < lx — al < 6. 

We leave it to the student to consider the case 5 = 0 (see 
Exs. Ill, 12 and 13). 

By part (b), 

lim [f(j^)/gi^)] == lim [/(x) • l/g'(x)] = lim/(x) • lim l/g(x). 

Thus, to prove part (c) we need only to show that 
lim l/g{x) = 1/lim g{x), 


provided that lim g{x) 7 ^ 0; that is, we must show that, if e is 

x—^a 

any positive number, there exists a positive number S such that 


1 

giic) 


< « when 0 < lx — cl < 5, where B 9 ^ 0 . (20) 
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By (11). 


_L _ il = 1 

B ~ g(x) 

.. m-Bl 

q{x) 

B ■ ffixj 



Since B 5^ 0, \B\ > 0. By hypothesis, there exists a number 
52 > 0 such tliat !f7(x) — B| < lBj/2 wl}en 0 < jx ~ a) < 
Hence 

|sf(x)! > ^ when 0 < |t — aj < 02. (22) 


By hypothesis, € being given, there exists a number ai > 0 such 
that 

\g{x) — B| < ^ wiicn 0 < |x — a| < oC. (23) 


Let 5 denote the smaller of 02 and ai. 
(21), (22), and (23), since 

W) -B\ ^ \gix) - B| ^ BV2 
\B\^\g{x)\ ^ \B\^\n\/2 ^ lB|-|B|/2 


Then (20) follows from 

€ when 

0 < |x — ol < a. 


Parts (a) and (b) of this theorem may c'ridently be extended 
to any finite number of terms or factors. For example. 


lim [/(x) • g{x) ' h{x)] 


may be dealt \viih by letting F(x) = /(x) * g{x) and quoting 
part (b) twice. 

In all of these proofs we have assumed that / and g are defined 
over some interval I about x = a (except perhaps at x = a 
itself) and that all of the 6’s are taken small enough to remain 
vdthin /. (See Ex. IV, 27.) 

4. Continuous Functions. As mentioned above, a function / 
may have neither a value nor a limit at a point x == a. A 
particularly important situation arises when / has both a value 
and a limit at x = a and these two numbers arc the same. 

Definition 4.1. If f denotes a real, single-valued Junction 
of X, and if at x == a; (1) f(a) exists; (2) lim /(x) exists; and (3) 

x~*a 

lim fix) = /(a), then f is said to be coniinnous of x = a. If f is 

x-*a 
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coniimwxis at each point* x - aof some set D of real numbers, then 
f is said to be contimious over D. If f is not continuous at x = a, 
then f is said to be discontinuous at x = a, and a is called a point 
of discontimiiiy of f. 

The outstanding property of a continuous function is given by 
Theoeem 4.1. If a function f is continuous at x = a, then 
lim f{x) exists and may be evaluated directly as /(a); or in brief, 

x—*a 

lim /(a + Ax) = f{a), where a + Ax = x. 

Ax— ♦O 

It is tliis property that the student is prone to assume unjusti- 
fiably when he first studies the concept of a limit. 

Theokem 4.2. A f\inciion f is continuous at x ^ a when, and 
only when (1) fia) exists, and (2) for each 'positive number € there 
exists a positive mnnhei' 6 sxich that 

1/(.t) — /(a)| < € when |x — a] < 5. 

The proof of this theorem is left to the student in Ex. IV, 1. 
It should be observed that in this theorem x is no longer restricted 
to be unequal to a. In simple language, this theorem means 
that if / is continuous at x = a, then the value of / differs from 
/(a) hy an arbitrarily small amount so long as x does not get too 
far from a. 

Theorem 4.3. If f and g are functio7is of x continuous at 
X = a, then f ± g and f * g are continuous at x = a, and f/g is 
continuous at x = a provided that g{a) 9^ 0 . 

By hypothesis, lim f(x) = /(a) and lim {/(x) = g{a). By 

Theorem 3.2a, lim [/(x) ± <7(0;)] exists and equals /(a) ± g{a). 

X— >0 

Hence / ± g is continuous at x = a. The other parts of this 
theorem are proved in a similar manner. 

Theorem 4.4. Let gbea f^metion of x continuous atx ^ a and 
let f be a function of ti continuous at u = A, where A = g(a). 
If It = g(x), then f[g{x)] is continuous at x ^ a. 

Since f{A) exists and since g(a) == A, f[g{a)] exists. We must 
show that, if e is any positive number, there exists a positive 

* We use the word point because of its suggestiveness in connection \nih 
the graph of /. Strictly speaking, point should be regarded as synonymous 
with real number. But it is often helpful to think of a number as repre- 
sented by a “point’* on the x-axis. 
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number 5 such that 

]M^)] - flgm < e when jx - a! < 6. (1) 

B3" hjTiOthesis, e being given, there exists a positive number ?? 
such that 

j/(w) '-/(/1)| < € when jw — A\ < tj. (2) 

Likewise, corresponding to this number 77 there exists a positive 
number 0 such that 

!i7(2^) ~ < 7(a)! < 77 when “ q| <5. (3) 

If we now think of w as determined bj* the relation n = g(x), 
then (2) becomes 

\fb{^)] -flgi<i)]\ < € when \g{x) - g{a)\ < (4) 

But by (3), \g{x) — g(a)| < 17 when jz — aj < 6. Hence 

(1) obtains. 

We now give a number of examples to illustrate the concept of 
continuit}". 

Example 1. If m is a positive integer, and if fix) = then / is con- 
tinuous at cverj- value of r. 

Let a be an arbitraiv' value of x. Then f(a) ~ so that f{a) c^xists. 
By Theorem 3.2b, 

lim fix) = Um x*' = lim x * Um x Hm x=a‘a-*‘a=a^— f{a) 

X— *a X— ♦& X— s—*a x—^a 


Hence / is continuous at x = o. Since a is arbitrary', / is cverj'whcrc 
continuous. 

Example 2. If n is a positive integer, and if /(x) = where x ^ 0, 
then / is continuous at all values of x ^ 0. (In order that / may be single- 
valued, we regard as denoting the positive real nth root of x.) 

Let a be an arbitrar}' non-negative value of x. Then f(a) *= so that 
/(o) exists. By the identity 


1 L 

a” - 


1 1\ / n-g 1 J n-2 n-l \ 

f ^ I !Lri\ 

\a ^ a ” -f • • • 4- aV ” ^ ) 

a — ^ 

= (5) 

o " + • • • 4-^ " 


where a S 0, g ^ 0, and a and p arc not both zero, it follows that, if e is 
any positive number, if i & 0, and if a > 0, then 
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n — 1 

< e when |a; — a| < € ^ fi ” . 

Thus / is continuous at a: = a. In the case where a = 0 . 

I^^i/n _ o| = < € when |a: — 0| = \x\ < e”. 

Hence f is continuous at x = 0 . 

It is evident that if n is an odd positive integer, then is defined and 
continuous for all values of x, 

Example 3 . If iV' is a positive rational number m/n (in lowest terms), 
and if f{x) = where x ^ 0, then / is continuous at all values of x ^ 0. 

Since /(x) = (x^")^, it follows by Examples 1 and 2 and Theorem 4 A 
that / is continuous at all non-negative values of x. 

It is evident that if n is odd, then /is everywhere continuous. 

Example 4 . If AT is a rational number, and if /(x) = where x > 0 , 
then / is continuous at all positive values of x. 

The case where N is positive has already been considered in Example 3 . 
If N is negative, let AT = —Af. Then /(x) == 1/x^f. The continuity of / 
follows from Theorem 4.3 and Example 3 . If A^ = 0, then / has the con- 
stant value 1 and hence is continuous. 

This result may be extended for special values of N as indicated in 
Examples 1, 2, 3 . 

Example 6. If p(x) = ao + 4. . . . ^ OnX^, where n is a 

nonnegative integer, where Co, ai, • . . , a„ are real constants and where 
a„ 9^ 0, then p is called a polynomial of degree n. If /(x) == p(x)/q(z)j 
where p and g are polynomials, then / is continuous at all values of x except 
those at which q has the value 0. 

This follows immediately from Example 1 and Theorem 4.3. 

Example 6, If /(x) = cos x and g{x) = sin x, then / and g are continuous 
at all values of x. 

This result follows immediately from Exs. Ill, 10 and 11. 

Example 7 - If /(x) = log5 x, where x > 0 , b > 0, and h 9^ 1, then / is 
continuous at every positive value of x. 

We here consider the case b > 1 , leaving the case b < 1 to Ex. 12 below. 
We first show that lim log6 u = logs 1 == 0 , using the fact that 

log6 a < log6 when or < /? and b > 1. (6) 

If € is any positive number, then 

|logb u - logb 1| = jlogb u\ < e when — e < log& u < e, 

i.e., 

when logb ^ < logb u < logt b« Tfimce logb ^ ^ and logs b« ~ A 


1 1 


x” — a” 

ii 


X — a 


n-i n-l 

x ^ 4. . . . + a ^ 


X — a 


n — 1 
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i.e., 

when ^ < 6* (by (G)). 

b* 

But 1/6* < 1 <6* since 6 > 1. Hence 1 ~ (1/6*) > 0 and — 1 > 0. 
If we take 6 as the smaller of 1 — (l/6‘) and 6* — then u meets the condi- 
tion 1/6* < w < 6* when ju — 1] < o. Hence 

|log«. u — log/i, 11 < e when jn ~ 1] < 

It follows that logi V is continuous at u = 1. 

Since w ^ xj a is continuous at a: = n, it follows by Theorems 3.2 and 4.4 
and Ex. Ill, 3, that 


t\ X 

a - } - Urn lops n -f Hm lopt - == logt a, 

0/ ar-*a a — *0 U 

where o > 0 but othenvisc arbitrar>*. This proves tlic continuity of lopf. x 
when 6 > 1. 

Example 8. A function is discontinuous at x = u when it fails to meet 
any one of the three conditions in Definition 4.1. Thus, the functions 
(x* ~ 5)/2x, (sin x)/x, ctn x, and (1 + 2 *)*^' arc discontinuous at x = 0 
because they are not defined at x = 0. The function [x] is discontinuous at 
every integer value of x because this fxmetion has no limit at these values of 
X. The function Isin x -r I sin 2x4-^ sin 3x + • • 1 is discontinuous at 
X = 0 because its value there is not the same as its limit there. 


lim log^ X = lim log?, j 

X— *0 x~*o 


We conclude this section uith an extension of the concept 
of a limit. 

Definition 4.2a. If, as x a {hut remaining 9^ a), the 
vahw of a function f becomes a?}d rc 7 nains greater than a 7 iy assignable 
number N, however large, then f is said to increase leithoul bound. 
This behavior of f is indicated by the notation lim f{x) — ► +00, 

X— *<2 

lohich is read ^^ihe value of f increases without bound as x — > a.’’ 
This definition may evidently be pul in the allcrnativc form of 
Definition 4.2b. If, for each positive 7iu?77bcr however 
large, there exists a positive number 6 such that 

f{x) > N ivhcn 0 < |x — a( < 5, 

then this situatioji is indicated by the 7 iotation lim f(x) + 00 . 

I— »a 

Example 9. It is evident that lim l/(x — 4)* — ► +«. But it is not 

X— >4 

the case that lim l/(x — 2) — ^ -f 00 nor is it the case that lim tan x -f «. 
^^2 awr/2 
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EXERCISES IV 

1. Prove Theorem 4.2. (First shou* that if a function / meets the condi- 
tions in Definition 4.1, it also meets those in Theorem 4.2. Then show that 
if / meets the conditions in Theorem 4.2, it also meets those in Definition 
4.1.) Illustrate the meaning of Theorem 4.2 b}’’ a graph. 

2. Show direct I3’ hy Theorem 4.2, and without quoting an}’' other theorem 
or example, that the following functions arc continuous at a: =0, where a is 
any value of x at wliich the respective functions are defined. State explicitly 
the values of x at which these functions are continuous. 

(a) ox +4. (b) 6x2. (tj) ^2 '\/2x. 

(e) -^1 - 2x. (f) - (g) (h) l^'l- 

X i" 4 X- 


3. (a) For each of the functions in Ex. II, 1, state whether or not the 
function is continuous at x =0. 

(b) For each of the functions in Ex. 11, 2, state whether or not the function 
is continuous at x = a, 

(c) State whether or not the following functions arc continuous at x = 0: 


r/ \ cos (1/x) when x 5^ 0, 

(1) /(X) = ^0. 


(2) Kx) 


_ jx CO 
( 0 w. 


cos (1/x) when x 5^ 0, 
hen X = 0. 


{6) fix) }i-n-hen®=0. 
(5) fix) = (1+ 


/A\ \ i when x 5^ 0, 

(4)/(:r) = ^0 

fM - -I when x 0, 

/7^ ft~\ _ ^ U" + a;) when — r g a: ^ 0, (See Ex. I, 17.) 

iO J{.x) - ^ 0 g a: g ,r. 


( 8 ) 


fix) = I 


X -f 3 when x ^ 2, 
X — 1 when x < 2. 


(9) fix) = 


+ 


1-2* 1 - 2-* 


(10) fix) = \x\/x. 

1 


(12) fix) = 


2 - IxF 


(11) /(X) = jW/^'vhen;. ^0, 
f 0 when x — 0. 

(13) Six) = i^“'vhenx > 0, 

]~2xwhenx<0. 


4. Do the foDowing limits exist? If so, prove and evaluate. 


(a) iim 


fix 


1 -^1 - 2x 


Solution. The functions 5x and 1 — 2a; are continuous at all values of x 
and the function is continuous at all -v'alues of «. By Theorem 4.4, 

■^1 - 2x is continuous at x = 1. By Theorem 4.3, — is con- 

V'l - 2x 
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tinuous atz - 1 since the value of ^ I — 2x at z = 1 is not 0. Hence, by 
ox 5(1) 


Theorem 4.1, lim 


ilUl — 

x-1 ^1 - 2x VI - 2(1) 


= -5. 


(1)) lim (c) lim (cos x)Vl - z\ (cl) lim (cos a:)Vx’^T 

a:* “h 4 r— *3 

X "f 1 

(c) lim logio cos X. (0 lim r: ;• (g) lim sin- (il. 

Z'-*2 X* “ 4 r— *0 

5. With the aid of the theorems and examples in See. 4, show that if/(x) 
is continuous at x a, then 

(a) [/(x)]" is continuous at x = a. State the conditions on n and c. 

(b) cos /(x) is continuous at x »• o, i.e., 

lim co5/(r) - cosriim/(x)l =* cos /(a). 
r-+o *a J 

(c) Bec/(x) is continuous at x *= a. State the conditions on c. 

(d) logb/(x) is continuous at x “ a, i.c., 

lim logi/(x) » log> r lim/(x)*l ” logi/fa). 

Iz^c J 


State the conditions on x, a, and 6. 

G. If a function / is defined only for values of x > a then, as remarked 
after Definition 3.1b, lim /(x) does not exist because/ is not defined on both 

X’~*a 

sides of X — a. Yet in some eases it would seem natural to ascribe a limit 
to / at X = a. To meet this situation we introduce one-sided Umiis and 
one-sided continuity. 

Definition 4.3. If , for each posiiive number c, however small j 
there exists a positive mnnbcr 5 such that 

\f{x) — /I I < c when 0 < x — a < o 

then A is denoted by lim f{x) and is referred to as the right-hand limit 
of f at X — a. 

This definition is applicable even when / is defined for values of x < a. 
Define the left-hand limit of / at x = a. Define the right and left con- 
tinuity of / at X = 0 . Discuss the functions of Exs. II, 1 and 2. as to one- 
sided limits and one-sided continuity. 

Show that if Iim/(x) and lim /(x) exist and arc equal, then Iim/(x) exists 
X— >0+ £—*a— r— *c 

and has the common value of the one-sided limits. 

The concept of one-sided continuit}’ allows us to introduce the following 
definition; 



Sec. 4] 


DIFFERENTIAL CALCULUS 


29 


If a function f is defined only over the interval a ^ x ^ hj we say that f is 
continuous over this interval if f is continuous at each interior point of the 
interval and iff is right continuous at a and left continuous at K 

7. Show that Definitions 4.2a and 4,2b are equivalent. 

8. Define the notation lim/(a:) — a?. 

T^a 

9. E^nluate: 


(a) lim l/x*, 

X— *0 

2x 

(c) lim 7 — 

5:__3 (ar + 3)* 

, , cos X 

(e) lim — >=.r 

x-»i Vl - a:® 

(g) lim logio (*’ — 4). 

X — — 2 

(i) lim {l/x-) cos- (l/x). 

X — ^0 

(k) lira tan (1/a;). 

X — >0 


ix — 2)’(a: 4- 1) 
(h) lim (1/x-) cos (1/a;). 

X— *0 

(j) lim CSC X. 

X-+0 

a) lim (I +x)^K 


10. The following definition is frequently useful: 


Definition 4.4. //, for each positive mmber e, however small, 
there exists a siifficieiiily large positive number N such that 

\f(x) — ill < € X > Nf 

then A is denoted by lim/(x) and is referred to as the limit of f as x 
increases without hound. 


Define the symbol lim f{x). Define the symbol lim f{x) -f* Give 

X~-v— 00 

examples to illustrate these definitions fully. Show that lim/(x) exists when 

X — ►0“f' 

and only when lim <p{y) exists and that these limits are equal, where y = 1 /x 

and v>(l/) = /(l/y). State and prove the analogue of Theorem 3.2 for the 
case where X 4- Evaluate; 

lim 2'*^; lim x sin x; lim x esc x; lim x(l 4- cos^ x). 

w X“-*4- X— * X— ►-I- ee 

11. Prove relations (10) and (11) follo^nng Theorem 3.2. 

12. Complete the proof of Example 7 by discussing the case 0 < h < 1, 

13. Extend Theorem 4.4 to the case where g merclj'' has a limit A at 
X — a. Extend the results of Ex. 5 by means of this result. 

14. If fc is a constant, show directlj^ that lim h •f{x) — k lim/(x) without 

X— ♦a X— 

quoting Theorem 3.2. 
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15. If lim fix) = 0 and if there exist numbers M and ij such that 

X— 

M > \g{x)\ when 0 < li - a| < show that lim [/(x) • ( 7 (x)l = 0. 

a— *a 

Give an example to show that tiiis theorem need not hold when there 
exist no such numbers M and r?. 

1C. (a) Show that lim == 0 when anti only when lim l/(x)l —*+ 00 - 

S Cx) 

{I 3 ) Show that lim’^ — - can cxifrt only when lim fix) — 0. Give an example 

/(x) 

to show that lim - — - may fail to exist even when lim Jix) = 0. 

X x—'O 

17. If lim /(i) and lim [/(x) 4- ! 7 (x)I exist, sliow that lim g{x) exists and 

x^a x—*<i X — 

evaluate it. If lim/(x) and lim |/(x) • / 7 (x)] cxi‘''t^ under what condition does 
lim g(z) exist? 

IS. If /(x) ^ g(x) ^ /i(x) over some interval about x = a (except perhaps 

at X == o)f and if lim/(x) 5 = lim Jt(x), then lim ^(x) exists and equals lim/(x). 

X— *0 X— *0 x-^a T— ♦a 

State and prove an analogous result for the case x — ♦ + 

19. Show that if F and (? arc functions of x which may be represented in 
the form F(x) = v?(xj -/(x), 0(x) = <^(x) • (7(x), where v"(x) 0 in some 

/(x) 

intcr^'al about x = a except perhaps at x = a, and if lim exists, then 

x-cf;(x} 

F(x) , , , f(x) 1 , , ^(x) , 

lim -r-r exists and equals nm • lit must bo remembered that — — and 
jr^aOix) x-*at;(x) G(x) 

/(x)/p(x) arc not always equal if v(a) ~ O.j 


r . X* - 4x -f 3 , . ^ (x - 3)(x 

h or example, the fraction ^ may be wntten as ; 


I) 


x= — 7x + 12 

x2 - 4x + 3 


(x - 3)(x - 4)' 


X - 1 

bm — ^ —2. 

x^3X - 4 


and by the precedinR result, lim 

y-^3X* — /X 4" 12 

20. Show that if / is a function of x and if lim /(x) exists and is >0, then 

x-^rt 

there exists an intcr\’al / about x — a over which the value of / remains >0 
except perhaps at x = a itself. A similar situation cxist.s when lim/(x) < 0. 

X— ta 

_ . sin 0 

21. Show that lim = 1 when 0 is measured in radians. 

0-^0 0 

Solution. In Fig. 1 1 let AB be an arc of a circle with center 0 and radius r, 
and let BC and AD be perpendicular to 0x1. Suppose 0 = ZAOB is such 
that 0 < 0 < t/2. Since area aOCB < area sector 0x1 B < area aOAD, 
it follows that 


r* . ^ T’ r- 

“ sm e cos 0 <^e < — tan 0, 


If we di\ude this inequality by the positive number (rV2) sin Q we see that 
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cos 9 < - — < sec 0. (7) 

sm 6 

It is readily shown that (7) also holds when — ir/2 < 0 < 0. If we take 
reciprocals of the quantities in (7) we find ^,3^^ 

that \ 

^ « /ox \ 

sec 9 > —— > cos 9. (8) 

9 


1 ^ c — 

By Example 6 and Ex. 5c, cos 9 and 
sec 0 are continuous at 0 = 0. Hence, 

if 6 is any positive number, there exist positive numbers 5i and 62 such that 
sec 0 - 1 < £ when (0 — 0[ < 9i, and I - cos 0 < e when l0 — 0] < 5;. (9) 

By (8) and (9), 

- 1 < e when 0 < [0 - 0| < 5, 

0 

where 5 is the smallest of 5i, §2, and 7r/2. 

22. Evaluate lim (sin e )/0 when 6 is measured in degrees, 

23. Show that lim (1 + = c, where c = 2.71S * • • . 

X — >0 

Sobition. Let us first consider the case where x - Ijn, n being a positive 
integer. By the binomial theorem. 


/ iV 1 , n(w - 1)A^ 
=(^1 +-j =1 + 

, n{n - 1)(K - 2 )( A’ , ^n[n~ 

+ 3! W + ...+ — 


n{n — 1) 


\n/ ni \7t/ 

~ n)G ~ n) ■ ■ ■ ' "T“) (lO: 

+ _ 

and 

(i 1 ^ Y"' 1111 ^ “^) 

-I- V ” + 1/ \ « + 1/ \ n + 1/ 

(, _ _ Xv ■ f 1 

, \ n + 1/ V n + 1/ V n + lA n+lj (11 

J ^ - I — 


(n +1)! 
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Since each term of (10) is less than or equal to the corresponding terra in 
(11) and since (11) has one more (positive) term than (10), 


Thus the value of 
Ycrgent infinite series 


(i+i) 

(-0 


tncTCQScs trith Let c be the sum of the con- 


1111 

e = 14-l+— -1 h— H h 

2! 31 4( 51 


: 2.7182S 18284 59015 


. ( 12 ) 


Since each term of (10) is less tlian or equal to the corresponding term in 

( 12 ), 


for every positive integer n. We shall now show that 


(■+:)' 

c shall 

(-0 


(13) 


liin 
n— ♦ + 

even though, for all large integer values of n, the latter terms of (10) are 
very small compared with the corresponding terms of (12). Let 


CT III 

= 1 + 1 + -, + - + + 


+ 


and let 


1 +1 




(m ^ n) 


i.c., $n,m is the sum of the first (m -b 1) terms of (10). For any positive 
number c, however small, there exists an integer viq such that 




(14) 


For this number tUq there exists a value nc of n so large that 

Sr, -S„„ <- 

I t” . 2 


( 15 ) 
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f 1 v° 

By (14) and (15), e - Sn^.m, < «, and as g I 1 + — ) , i 


it follows that 


By (13) and the fact that 




< €, 

increases with «, 

< e when n > no, 


. 0 + 0 "-' 


that is, lim 

Now let y be any real number > 1 and let n be the greatest integer contained 
in y, i.e., n 5 == [y]. Then 

n ^ 7 / < n + 1, 

1 + - ^ 1 + - > 1 + — ^ 7 - 

n 2 / n + 1 

0+0 -0+0 ^0+^)' 

and therefore 

0+0 ^O+0^O+;r^)' 

.» (l+i)’"- [( 1 +!)■(. +1)1 

= lim ( 1 +-) lim (l+10 = 

71 — > *1" \ 71 — » “I* \ 


But 


c • 1 = e; 


likewise lim 

71— >4. 


1 + 

n + 1 


= e. Hence it 


may be shown by the method of Ex. 18 that 


lim ( 1 + - ) exi 

y/ 


exists and 


equals c. By Ex. 10, lim (1 + = e, where i = lA/ 

s-»o+ 
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Finally, let y bo any real number < - 1 nnd triitc y - — 2 . Then 


Hence liin (1 -r 2 )^^ = c, by Ex, C and the preceding paragraph, 
lim (1 -r exists and is r. 

24. The fol!o\%ing definition has many imponant applications: 


Defixitiox 4.5. If f is a single-valued fundion of Xy if R is 
the sd of all values of f, and if, for each lalitc of g in /?, the equation 
y = f{x) has exactly one sohUion in x, then this equation ddermines 
X as a single-valued fundion of y over say x = c(y), and is 
called the inverse of f. 


(a> Illustrate the mKinmg of thi« definition graphically. In hovr inan^' 
points can a line y = -4 meet the graph of / if c* ts single-vidued? Which 
functions of Ex*^. II, 1 and 2, have single-valued inverses? 

(b) Sho’.\ that if/ is defined and continuous over the inten’al a ^ x ^ b 
and has a single-valued inverse c, then v 1 *= also continuous. 

Hint: Let M and m be the maximum and minimum value? of / for values 
of X in the interval c — t£r^c-^€. Becaurc / is contmuous. it takes on 
cveiy value from m to .1/ x vane.* from c — « to c -r < ('-ee Theorem S,5 
of Chap. IX;. Establish the contmuitj* of *rat y = C =/(c) by choosing 5 
v.uh reference to m and M and u‘=ing the fact that c is single-valued. 

25 For each of the following functions state the domain of definition 
of 4^. graph V", and shou by the preceding exercise tfiat v* is continuous at 
each point of its domain of definition. 

(a; Cos"^ X. (The capital letter C indicates tliat we are considering only 
pnncipal values of this function.) Wliat is the domain of defimtion of the 
inverse of tins function? 

fb; Sin"* X. (c) Tan”* x. (d) b‘, xvhere Z; > 0 and b ^ 1. 

(c) Extend the results of tfiis excm«o ns indicated in Ex. 5. 

26. Show that if hm log* /(x) exist? and is .1, then lim/(x) exists and is 

Hint: Write /( x; = and use Exs. 25d and 13. 

27. Suppose we alter condition (1) in Definition 3.1b to read 

|/(x) ~ .4| < e for all values of x a! tchichf t> defined 

.such that 0 < |x — aj < 0, (!') 

so that it is not implied, as uith (1), that / is defined for all values of x a 
in some interval about x — a. Then Definition 3.1b has a much wider appli- 


1 

C 
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cation. For e.Kample, lim '\/ x sin (1/x) exists and is 0. But Theorem 3.1 

X — >0 

is false, for if / is defined at only the single point x = a. that is, 

/(x) = aZ-Cx - a)S 

then ever?/ number A meets condition (10- Again, Theorem 3.2 fails when/ 
and ff are defined at no common point so that f -h ff nnd f ^ ff do not exist. 
To meet these difficulties we introduce 

Definition 4.6. Lei Dbe a set of real numbers. If the number 
a is such that every interval about a, however small, contains at least 
one number in D other than a, then a is called a7i accumulation 
'point of D, 

For example, 0 is an acciunulation point of the set of numbers 1/n, where 
n is a positive integer, and also of the set of numbers 0 ^ a; ^ 1. It is 
immaterial whether a belongs to D or not. 

Give examples of sets having accumulation points. Show that a finite set 
can have no accumulation point. Restate and prove Theorems 3.1 and 3.2 
using 

Definition 4.7, If f is a function of x, if a is an accumulation 
point of the domain of definiti07i of f, and if for each € > 0 there 
exists a d > 0 such that (!') holds, then A is denoted by lim f{x). 

Generalize the concept of continuity, shounng that it is unnecessary" to 
use the idea of an accumulation point. Review Sec. 4 and the above 
exercises with these generalizations in mind. Note that we tacitly'* assumed 
a generalization of Definition 4.4 in Ex. 23. Discuss the function 

\ when X is rational and 0 ^ a; ^ 1, 

^ ( 2 — a; when x is irrational and 1 < a: < 2 

in connection ^^ith Ex. 24b, noting that / is continuous with a single-valued 
inverse. 

6. The Derivative of a Function. Let / denote a function of x. 

As was pointed out in Sec. 2, the quantity ~ /(yo) 

Aa- 

represents the mean rate of change of the value of / udth respect 
to X when x varies from a: = a:o to a: = xo + Aa;. We now wish 
to study further the properties of tliis quantity. 

Since a:o is constant, is a function of the one 

variable Aa:, and as such is subject to the discussion of the 
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, . -r 1 /(^O + ““ /(^o) . 

preceding sections. In particiiinr, is dis- 

continuous at A:r = 0 because its value is not defined at Ax — 0. 
Moreover, lim may or may not exist. For a 

given function /, this limit may cxi.st for some values of Xo, 
but not for others.* Suppose for the present that Xo takes on 
onl}^ those values for ^vhich this limit exists. Let/' denote that 
function of x whose value, for each such number Xo, is the number 

lim If v’C recall that the sjnnbol /'(xo) 

denotes, and is read, tlie value of f for the value xo of x, then, 

for each such number Xo. /'(xo) = lim — - 

With this discussion in mind, we may introduce 

Defixitiox 5.1. Lei f denote a rcalj single-valued function of x. 
The derivative of f with respcci to x is that function /' of x such 
that 

/'(xo) = lim (1) 

Ar-»0 Ax 

at all 'points Xo where the limit exists, and such that /' is defined 
for no other values of r. 

According to the second remark after Definition 3.1b, /'(xo) 
cannot exist unless f is defined over some interv^al about x = Xo. 
Hence we shall regard the existence of /'(^o) as impljdng that 
/ is defined over some intcrs^al about x = xo. See Exs. IV, 27, 
and V, 5. 

In this definition of f\ wc use Xo, rather than merely x, to 
emphasize the fact that only Ax is to var>" in the limit (1); 
the limit (1) would bo meaningless if both x and Ax varied 
simultaneousl3'. 

If there is no value Xo for which the limit (1) exists, then the 
function / is said to have no derivative. 

To differentiate a function / is to find its derivative /'. A 
function /is said to be differentiable if it has a derivative, and it 
is said to be differcniiahle at x = Xo if /'(xo) exists. 

* In case the student has acquired the idea that this limit “almost nHays** 
exists, it should be mentioned that, for most functions /, this limit tm'sts 
for no value of x©; it is only when / is a vcr>' “simple “ function, like a poly- 
nomial. that this limit exists for all values of xo. 
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Various other symbols for/' are in common use; for example, 
f = = DJ = df/dx — lim Af/Ax, where Af is defined by the 

Ar— >0 

relation 

Af = fixo + Ax) — f(xo). 

The following example illustrates the way the derivative of a 
function may sometimes be determined : 

Example 1. Pind/' = Dxf when f{x) = x-/{3 — 2x), x §. 

Solution. By Definition 5.1, 


Hence 


/(aJo) = lim 


f(xo + Aa;) - f{xo) 


Ax 

{Xti + Axy 


(provided this limit exists) 


= lim 


= lim 


3 — 2(xo 4* Ai) 3 — 2xo 


Ax 


(where xq and xq + Ax are 9 ^ f) 


-2x1 + 6x0 — 2xoAx + 3Ax 


Ax — >0 (3 — 2xo)[3 
~2xo 4 " 6x0 
(3 ~ 2xo)= 


2(xo + Ax)] 


when 


D, 


6x — 2x^ 


3 - 2x (3 - 2x)^^ 


Xo 9 ^ ' 


X 9^ 


(by Ex. IV, 19) 
(by Theorem 4 .1) 


The following formulas of differentiation may be derived by 
the method illustrated in Example 1, In these formulas g 
and h denote differentiable functions of x. 


Tablc I 


(1) DxC = 0, where c is a constant. 

(3) Dx{g • h) = • Dxh + h • D^g. 

(5) If ^ is a function of u, and if 
(5a) DuV = l/Drif. 

(7) Dx cos h == — sin h • Dxh, 

(9) Dx sin h = cos h ‘ Dxh. 

(11) Dx tan h = sec^ h • Dxh. 

(13) D, Cos-1 h -L=^D.h. 

Vl - ft’ 

(15) Dx Sin-i h ~ — y~=Dzh. 

VI - A* 

(17) Dx Tan-i h = —^Dxh. 

1 4- A* 


(2) Dx{g ±h) = Dxg ± Dxh. 

• Dxg - g ■ Dxh 
^""h h^ 

h(x), then Dxg = D„gr • DxU. 

(6) Dxih)’' = n(/i)"-i • Dxh. 

(8) Dx sec h = sec h • tan h - Dxh. 
(10) Dx CSC h = —CSC h ■ ctn h ■ Dxh. 
(12) Dx ctn h = -csc= h ■ Dxh. 

(14) Dx Sec-i h = 

hV - 1 

(16) Dx Csc-i h = y }. - . DJi. 

k\/h^ - 1 

(18) Dx an-i h = ~—^^Dxh. 
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(19) Dx log, h = jDAi. (20) Dx log« ft = ^ logo c • D.h. 

(21) Z?xc* = • -DxA. (22) /),«'■ = log, a ■ D,h. 

More complete lists are found in various mathematical tables. 
Bj' waj' of example, we shall derive a few of the above formulas. 
IVe first prove the following theorem which will be needed for 
those derivations: 

Theorem 5.1. If f is a fuuclion of x, and if f is defined at 
X — Xo [f.e., if f'ixo) ex^isls], then f is continuous at x = xo. 

If / were not continuous at i = xo, then the quantity 


/(xo d- Ax) - /(xo) 

would not approach 0 as Ax — ^ 0 and 


lim 

Ar-^0 


/(xo + Ax) — /(Xo) . 


Ax 


could not exist (sec Ex. IV, ICb). 

The converse of this theorem false, for there exist functions 
/ v'hicli are continuous at x == xo, but such that/'(xo) does not 
exist. For example, if /(x) = jx| (see Ex, II, Ig), then f{Q) 
/(O + Ax) m ^ 10 + Axj ~ iQ j ^ 

Ax Ax Ax 


does not exist, for 


But = 1 when Ax > 0 and = — 1 when Ax < 0. 
Ax Ax 

I Axl 

Hence lim does not exist. On the other hand, it follows 
Ax 

directly from Theorem 4.2 that jxj is continuous at x = 0. In 
fact, there are many functions knovm which are evcrj'wbere 
continuous and have a derivative nowhere. 

Theorem 5.2. ///(x) = {^(x) • /f(x), and if <7'(xo) and ?i'(xo) 
exist, then f{xa) exists and equals gixe) • 7]'(xo) + h{xo) * p'(xo)* 

By Definition 5.1 


jiz -0 Ax 


(provided this limit exists) 


= lim 

Ar-*0 


= lim - 

dr— »0 

I 

5= lim 1 


ff(xo + Ax) - hjxd + Ax) - g{xo) • h{xo) 

Ax 

+ Ax) • h{xc + Ax) - ^(xo + Ax) • )i(xo) 

+ g{xo + Ax) ' li{xo) - g(xo) • h(xo) 


g{xo + Ax) 


Ax 

h(xo + Ax) — /i(xo) 


Ax 


+ Hxo) 


g(xo + Ax) — g{Xi 


Ax 




( 2 ) 
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Bj’’ hypothesis, g'{xo) exists, so that g is continuous at a: = Xo- 
By Theorem 4.1, lim g(xo + Ax) exists and is <?(xo). By hypothe- 




t(x. + AX) - MgJ gfa + A^) - gfe) exist. 

.Ay--»P Ax Ax ~»0 Ax 

Ex. Ill, 3, lim h{xo) == /i(xo). Hence, by Theorem 3.2, the 

Ax-^O 

limit (2) exists and may be written as 


/'(^To) = lim ff(xo + Ax) • lim 


Aa:->0 


Ax-40 


h{xQ + Ax) — /^(xo) 
Ax 


+ Ita A(x.) . lin, gfr. + 

Ax — >0 At — * 0 ijX 


Ax-*0 


= p(xo) • //(xo) + ft(xo) • g'{xo). 


If follows from this theorem that formula (3) in Table I is 
valid at each value Xo of x where and DJi are defined. 

Theorem 5.3. If f{x) — g(x)/h(x), -if /i(xo) 7 ^ 0, and if g'(xo) 
and h'{xo) exist, thenf'(xo) exists and equals 


/i(xo) • g'(xo) — g{xo) • h'{xa) 
[h{XoW 


By Definition 5.1 


/'(xo) = lim (provided this limit exists) 

Ar-tO Ax 

g(xo + Ax) _ g(xo) 

_ ^ h{xo + Ax) h(xo) ^ 

Ax — tO Ax 


where* by hj^jothesis h(xo) ^ 0 and where by Theorem 5.1 and 
Ex. W, 20, ^(xo + A.x) 7 =^ 0 for jAx| sufficiently small. It 
follows that 


f (xo) = lim ~ gMH^o + Ax) 

° h{xo)h{xo + Ax)Ax 


Ax— >0 


l^o{ h{xo. 


,)/i(xo + Ax)L 


h{xo) 


gjxo + Ax) — g(xo) 


Ax 




* This remark is necessary in order to show that the preceding fraction has 
a definite value for each value of Ax considered. The student must be ever 
on his guard against using notation which may appear to be meaningful, but 
which is actually meaningless for some or all values of the variable involved; 
in particular, he must be certain that the denominator of a fraction never 
becomes zero. 
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An argument similar to that used in the preceding prooi shows 
that tills limit exists and has the value stated in the theorem. 
It follows from this theorem that formula (4) in the above table 
holds wherever/, g\ and // are defined. 

Thzohem 5.4. ///W = [^(:r)]% where n is a positive integer, 

and if /i'(xo) exists, ihcnf*{xc) exists and equals nf//(xc) ]'**“* • h\xo)- 
We first note that if a and 6 are real numbers, and if n is a 
positive integer, then 

^ {a - -f a^-S ( 3 ) 

By Definition 5.1 


/'(xo) = (provided this limit exists) 

Ac— 0 ‘Mr 

= lini -f Mr)]^ - [A (xc>)r- 
Ar-O Ax 




Ar— 0 L 


Ax 


+ [^(xo + Ax)]'^‘“VKxo) 


+ lhixc)r- 


0>y (3)). (4) 


r> v - V /i(Xo 4- Ax) — /i(Xo) . , . 

Bv hxmothesxs. lim exists. :?inee h is 

' Ar-O Ax 

continuous at x = Xp, it follows by Ex. IV, 5. and Theorem 4.1 
that lim {A(xo + Ax)j”"h lim (^(xo -f Ax)?’^‘'% etc., exist and 

Ar— 0 Ar— 0 

equal [/i{xc)]'‘*‘'b l^(xo)l’‘*“^ etc., respectively. By Theorem 3.2, 
the limit (4) e.xists and may be written as 

= Um h(Sl±^^L=lME2}\ 

Ar— 0 Ax ( Ar— 0 

+ h{To) ■ lim {^(Jc -r At)]’’-* -r ■ - • J- f 

Ar— 0 ) 

= /i'(xo)![Mxp)]-^-MKxo)?-^4- • . . 4-lMxp)r-M. 

Since there are n terms in the second factor of this last expression 
fix,) = n(;^(xo)]”-^;i'(xo). 


It follows from this theorem that, for positive integer values of n, 
formula (6) in the above table is valid at each value xo of x at 
which DJi is defined. This theorem may be expended b}’ the 
methods illustrated in Examples 2, 3, and 4 of Sec. 4 to the case 
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where n is any rational number (see Ex. Y, le and 5)'. In the 
special case where h is merely x, formula (6) evidently reduces 
to DxX’' = nx"~^. 

Because students often have difficulty understanding the 
significance of formula (5) in Table I, we have carried out the 
preceding derivation without the use of this formula. Hence 
we may use formula (6) as an illustration of formula (5) in the 
follomng way. If, in formula (5), ff denotes u”, then (5) assumes 
the form 


HiU" = HuU” • DxU — nu'‘~'DxU. 


But this is just formula (6) when written in terms of u instead 
of h. 

In the preceding theorem, we considered the 7ith power of a 
function h of x. Let us now consider an arbitrary function g 
of the function h; for example, g may denote a trigonometric 
or logarithmic function of h. The following theorem pro^^.des 
a general method for finding D^gQi). 

Theorem 5.5. Suppose g is a function of a variable u, and 
suppose u = h(x). Let f{x) ~ If h'(xo) and g'(uo) 

exist, where Uo — h(xo) and g' — D„g, ihenf'{xo) exists and equals 
g'{uo) ■ h'(xo). 

By the remark followng Definition 5.1, there exists an interval 
Uo — e < u < Uo -h e over which g is defined. By Theorem 5.1, 
h is continuous at x = xo. Hence there exists a 5 > 0 such that 

\h(x) — Mol < e when jx — xo] < 5. 

Bj-- Ex. 1, 19, p[A(.t)] is defined when |x — xo| < 6. By Definition 
5.1 

f{xo) = lim (provided this limit e.xists) 

Ax— >0 

= lim + Ax)] - glhjxo)] 

Ax— >0 AiC 

{It may help to understand this notation to think of p[/i(x)] as 
cos h(x) or log A(x).} Let Mo + Am = h(xo + Ax), where 
Mo = h{xo). Then 


Am = /i(xo + Ax) — h(xo) 


(5) 
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g[h(xo + Aa:)] - g[/i(Jo)] ^ g(»o + Am) - ^( 7/0) _ 

Ax Ax '''■ 'Ax 

where 

( g(»o + A»)..ZJ7(»?) ^vhen Aiz ^ 0, 

<p{^v) = < (7) 

l^^'(wo) when Aw = 0. 

[\\ni}ilc Ax is arbitrary' and may be restricted to be ^ 0, Au is 
determined bj* (5) and cannot be supposed 0. Hence in 
defining o we must allow for the case Aw = 0. See footnote, 
p. 39.] It follows that 

y{x^ = lim ^(Aw)^^ b (provided this limit exists) (8) 
ax-^oL 

Since h Is continuous at x = xo, Aw is a continuous function of Ax 
and Aw 0 as Ax 0. Hence, ^ being continuous at Aw 5= 0, 
it follovs's by Theorem 4.4 that lim <^(Aw) = c(0) = g'(wo). 

By (5), lim Aw/Ax = //(xo). Hence the limit (S) exists and 

Ar— *0 

/'(2-0) = lim <k(Aw) • lim ■ A'(xo). 

Ax— 0 Ar-»0 Ax 

Formula (5) of Table I follows from this theorem. 

Theorem 5.6. If /(x) = cos Ji{x), and if h'{xo) exists, then 
f'{xo) exists and cq7ials —sin hixo) • /i'(xo). 

Let w = ^(x) and let ^(w) = cos w. By Definition o.l 

g\tto) = lim — — - (provided this limit exists) 

Aw— ►© 

_ cos (wq + Aw) — cos Wo 

Aw— +0 Aw 

^ / , Aw\ . Aw 

-2sm(^«o + -jsan^ 

= lun ^ ^ 

Au-*0 All 

^since cos a — cos ^ = —2 sin sin — 

. Awl 

r • I Au^ T 
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By Example 6 of Sec. 4 and Theorem 4.1, 

, Att\ 

lim sm I Wo + -JT J = sin wo. 

Au-»0 \ ^ / 

. Aw 
sin^ 

By Ex. IV, 21, lim -r — = 1. By Theorem 3.2, the limit (9) 

exists and equals — sin Uq. Hence 

Du cos w = —sin w. 

If we now apply formula (5) of Table I 

Dt cos w = Du cos w • DxU = — sin w • D^u. 

This is formula (7) written in terms of w instead of h. 

Theobem 5.7. If fix) = logi hix), and if h'{xf) exists, then 

f'ixo) exists and equals - ^}^- ^h'{xf) logj e. 

tl\XQ) 

= logi w. 

Aw (pro\dded this limit exists) 


Let w = hix) and let ^(w) = logj w. By Definition 5.1, 
= tin. +A’± - - gW 


Aw— >0 

^ logo (Wo + Aw) — log6 (Wo) 
Aw 


Au— *0 


lim 


= lim I — ^ log6 f 1 + — ') 1 
A«-*otwoLAw ® \ Wo/ J j 


Aw— >0 L 


1 1 '2^0 “{“ Au 


= lim 

Aw— >0 


*“» (i + 


Uo 




Wo/ 


Let Af = Aw/wo. Then Af -> 0 as Aw 0 and this last limit 
becomes 


g'iuo) = i lim logs [(1 + At)!'''^']. 

Uo At^O 


( 10 ) 


From Ex. IV, 23, Urn (1 + = e. By Ex. IV, 5 and 13, 

(10) may be written as 

g'iuo) = log6 [lim (1 + = - log^ e. 

Bo La<-*o j Wo 
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3. Findthe derivative with respect to x of each of tiie following functions: 


(a) (2 - Zx'-y. 
(c) — X-. 


(c) 


1 a: 


1 + X 


(g) CSC 3x -f ctn* 7z. 
(i) 6c®' sin jnx, 

(k) c-'’Tan-‘-^- 
X + 3 

1 , a/oz -i- ^ 

log * 


(m) 


(o) 


\/h \/ flz + 6 \/6 

1 , 1 / 

/= r / : •■ ■ ■ log tan nx -f tan' 

cVb- 4-'c" 2\ 


(b) (x2 + 1)^(1 - 5z)«. 
sin’ rz 

^ 1 -f cos X 

(f) tan* 7z ~ Cos”^ 3z. 
(h) see (Sin“* 2x). 

G) log sin 


0) 

(n) 

"0 


sin 

1 L j , flx -b ^ 

6(ox 4- ^>) 6’ ^ X 

^^i\/ a* — x’ + o* Sin"’ 2^- 


X* J ‘ - 

/p) ^ ^ j Cos"* nx V 1 — a’x’« 

o’ 4* 6’ n 

(r) logic logic ox. 

(s) (Let 1/ = X***' ’’and find Or log j/.) 

(t) logr (x 4-4). (Use the formula log*, a - (log« n)/(logr 6). 

(u) Derive the formula Or/(x) = /(x)Orlog/(x). Use tliis formula to check 
j^our results in (d), (e), (k), (s). 


4. Interpret Dxf as an instantaneous rn/tf and illustrate with physical 
examples (see end of See. 2 and lib:. I, 11). 

5. Extend Definition 5.1 and the preceding theorems as indicated in 
Ex. IV, 6 and 27. 

C. Find the second and third derivatives of the functions of Ex. In, c, i, j, 
and r. 

7. Show by mathematical induction that 


OJ cos X = cos 



(14) 


Solution. The proof consists of two steps: (1) show that (14) holds when 
n = 1; and (2) show that if (14) holds for some value /: of n, then (14) holds 
also when n = /; 4“ L 
(1) By the relation 


— sin a = cos 



(15) 


it follows that 
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Hence (14) holds when n = 1. 

(2) If fc is a value of n such that D\ cos x = cos 4* 


then by (15), 


cos X = Dx{Dl cos x) = cos -f „ sin 


Hence (14) holds when 7i — + 1. 

That this argument constitutes a proof of (14) may be seen as follows: 
by step (1) we set ^ — 1 in (16) and conclude that (14) holds when 
n = 2. We may now set k = 2 in (16) and conclude that (14) holds when 
n = 3. We may now set fc = 3 in (16), etc. This process may evidently 
be repeated arbitrarily many times. 

Show by mathematical induction that 


(a) 


Z)J sin X 



(b) d : log (1 + ^) = ^ 


(c) 

(d) Dliax + 6)«= = a- • k{k - l)(fc - 2) ■ ■ ■ (k - n + 1) ■ {ax + 6)*^-". 
8. (a) By induction prove Leibnitz's theorem that 


D;(m -v) =!)>.(;+ nD2 


■ DrV + L>r-» ■ Dlv + 


+ n • D^v, 


(b) Using this result, find the second and third derivatives of sin x and 
log X. 

(c) Generalize Leibnitz’s theorem for products of three or more factors. 
9. Find the 7ith derivative of 

(a) sin bx. (b) [Write this as (a + x)^-(a — 

(c) Tan“i X, f Dx Tan^^ x == — 

L 3:^ + 1 

— = (x 4* (x “ t')"’*, where i = \/— i 1 


in G. ^ \ ^ ^ cos (l/x) when rr 0, ^ 

10. Suppose /(X) = j Q ^ ^ Q- (See Ex. Ill, 12.) 

Calculate - and show that f (0) does not exist even though / 

is continuous at x = 0. 


11. Find DxV from the relation ~ xy^ 1/* = 1. 

Solution, This problem is discussed in detail in Sec. 19. For the present 
it js sufiicient to perform the folloiriog steps; 
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Since the eqiietion of the line through the point Uc) with ^ 
slope m is y — 2/0 = ^ equation of 

the tangent to the cun*e y = Six) at the point (r:, yc) is 

y “ 2/0 = ^0- 


The fact that fipro) represents the slojx? of the tangent to the 
graph of / at r = x? enables us to solve the follov.nng problem: 
Given the graph G of a function/ for vrhich no formula is known. 
Plot the graph of /^ (Tliis situation occurS; for example, when- 
ever a smooth cur%’e drawn through a series of points plotted 
from experimental data.) 

Suppose the graph G L= as shorni in the upper half of Fig. 13. 

Let Pj, P;. P:. - • * l>e a number of points 
on G. At each of these points draw the 
tangent to G and climate its slope. 
Project Pi, Pzy P:. • - - onto the lovrer 
x-axis and at the points so obtained erect 
ordinates of lengths equal to these estimated 
slopes. Through the ends of these ordi- 
nates draw a smooth cur/e G\ Then is 
the graph of /'. (Note that if G has a 
comer Q, then G has no genuine tangent at 
Q. But, by conddering separately the 
parts of G to the right and left of (?. it is p>os- 
sible to draw right and hfi tangents at Q, 
The slopes of both these tangents are 
plotted.) 

Tins graphical anah-sis brings out the following fact: If the 
graphs G and G' of a function / and its derivative/' are plotted, 
the ordinate of a point P' on G' represents the .riope of the tangent 
to G at the point P hairing the same abscissa as P\ 



Fig. 13. 


EXERCISES M 

1. Find the equation? of the tangent and normal to each of the foUo-ning 
curves at the points indicated: 

(a) y = X* at (2, S). 

Co) X* d- 2y- - 3ry -f r - 1 =0 at (1, 1). 

(c) s“T7* = 45* (2-3 — y) at the T>oint 'tvhere r ~ 2^. 

(d) Ax*- -f 2Hzy By- -h2Fz 2Gy ^ C ^ 0 at (r;. v-X 

(e) r = (or -f I)*, 2 / = - 1)* at a = 2. 

2. (a) Find all the points on the curve y = x* where the slope is 4, Plot, 
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(b) Determine the points on the curve at which the 

tangents are perpendicular to the line x — 2?/ + 3 0. Plot. 

(c) Show that the circle x^ -h !/- = 8ax and the cissoid y\2a - x) = x^ 
meet at an angle of 45° at each of two points distinct from the origin. Plot. 

(d) Show that the tangents to the cun^e x^ + 2/^ = Zaxy at the point 
where it intersects the parabola y- = ax are parallel to the y-axis. Plot. 

3. Plot the graph of /' when the graph of the function / is as indicated 
in the following figures: 



4. Sketch the graphs of the derivatives of the functions of Exs. II, 1 and 2. 

5. If /3 is the angle made by a cur\^e y = /(x) or r = F{Q) with a line from 


the origin, show that tan j5 



, dy 

X ^-y— 
dx 


T 

dd 


Increasing and Decreasing Functions. Let / be a function of x. 
We say that / is increasing at the point x = Xo if there exists an 
interval I about this point such that, for each point Xi of /, 

/ /(^i) > /(^^o) when xi > Xo, and 
< /(2^o) when xi < Xo, 

and we say that / is decreasing at x = Xo if under the same 
circumstances 

{ /(^i) < /(^^o) when xi > xo, and 
> /(^o) when xi < Xo. 

For example, if /(x) = sin x, then / is increasing at x = tt/G 
since condition (1) is met when I is taken sufficiently small. 
It is assumed in this definition and the following theorem that 
/ is defined over the whole of some interval about x = xo. 

Theorem 6.1. Lei fhea function of x and let xo be a value of x at 
which f{xo) exists. If fixo) > 0, then f is increasing at x = XQ]if 
f{xo) < 0, ihenf is decreasing at x = Xo. 

If fi^o) > 0, then by Ex. IV, 20, there exists an interval I 

about X = Xo such that, for each Xi 7^ Xo in ^ ~ /(^o) 

Ax 


Xi — Xo 
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remains > 0. But when is positive, f(xi) - f(xo) 

Xi — Xo 

and (xi - Xo) have the same sign, i.e., condition (1) holds 
when Xi is in L The second part of the theorem is proved in a 
similar manner. 

In geometric language, this theorem states that a function is 
increasing at any point where the slope of its graph is positive and 
is decreasing at any point where the slope of its graph is negative. 

Maxima and Minima. The theory of maxima and minima 
has manj’’ important applications in various branches of mathe- 
matics and physics. 

DcriNiTiOK 6.1. Let f he a fnyiction of x. We say that f has a 
relative maximum at the point x = Xo if there exists an interval I 
about this point such that^ for each point Xi of /, f{xo) ^ /(xi). 
IFc say that f has a relative minimum at the point x Xo if there 
exists an interval I about this point such ihatj for each point Xi of /, 
f{xo) 

It is evident that if / is increasing or decreasing at a point 
X = Xo, then / cannot have a relative maximum or minimum at 

X = Xo. 

Thdoroi 6.2. If f is a function of x, then /' has the value 
0 at each point x = xo where (a) / has a relative maximum or 
minimum, (b) /' is defined, and (c) the domain of definition of f 
exicyids over some niter val about x = Xo. 

Suppose / has a relative maximum at x = xo. Then there 
exists an interval I about this point such that, for each point 
Xi of /, /(xo) ^ /(xj). If f\xo) were positive, then by Theorem 
6.1, (1) and hypothesis (c) there would exist values Xi > xo 
in I such that f(xo) <f{x\). Hence /'(xo) is not positive. It 
follows in similar manner that /'(xo) is not negative. Therefore 
f\xo) == 0. The case where / ha.s a relative minimum at x = xo 
is treated in an analogous manner. 

By Theorem 6.2, cacii value xo of x [meeting conditions (b) 
and (c)] at which /has a relative maximum or minimum is a solu- 
tion of the equation /'(x) = 0. Hence the set of all values 
Xo of X [meeting conditions (b) and (c)] at which / has a relative 
maximum or minimum is contained in the set of all solutions of 
the equation /'(x) = 0. However, the equation /'(x) = 0 may 
have one or more solutions xo at which / has neither a relative 
maximum nor minimum, as is illustrated by the function x^ 
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It follows that the procedure for determining the points [meeting 
conditions (b) and (c)] where / has a relative maximum or mini- 
mum is to find the set of all solutions of the equation f'(x) = 0 
and then to investigate the nature of / at each of these solutions 
by means of Theorem 6.3 or 6.4 or some stronger theorem. 

Theorem 6.3. Let fbea ftinchon of x and let Xo he a value of x 
such that f is defined in some interval 
about Xo. (a) If f'(xo) = 0 and if f is 
increasing at a;o, then f has a relative 
minimum at Xo. (b) If f{xo) = 0 
and if f is decreasing at Xo, then f 
has a relative maximum at .To {see Fig. 

14). (c) If f'{xo) = 0, but f is positive 

{or negative) at every other point of some interval about Xo, thenf has 
neither a relative maximxim nor minimum at Xo. 

From the hypotheses of part (b) it follows by (1) that 

f'{x) < 0 when x > Xo and f'{x) > 0 when .x < xo, (3) 

where x is restricted to lie in a sufficiently small interval I about 
.to. Let xi be any point of I. The slope of the chord through 

the points [.Xo, f{xo)] and [xi, f{xi)] is By the 

Xi — Xo 

theorem of the mean (see Sec. 10), there exists a point x between 
Xo and Xi such that the tangent at x is parallel to this chord, i.e., 

jrrg. ^ f{xi) - f{xo) 

If Xi > Xo, then x > Xo, and by (3), f'{x) < 0. Hence 
f{xi) — f{xo) and Xi — xo have opposite signs, and because 
Ti > Xo, /(xi) < /(xo). It may be shown in a similar way 
that /(xi) < /(xo) when xi < xo. Thus /(xi) < /(xo) wherever 
Xi may be in 7 (other than at xo). This proves part (b). Parts 
(a) and (c) may be proved in a similar manner. 

The truth of Theorem 6.3 is intuitively e\ddent from Pig. 14; 
part (c) of the theorem is illustrated by the function x® -with 

Xo = 0. 

It should be noted that a fimction may have a relative maxi- 
mum or minimum at a point ndthout having a finite derivative 
at that point. For example, the function 2 (x — 3)^^ has a 
relative minimum at x = 3, and yet this function does not have a 



Fig. 14. 



54 HIGHER MATHEMATICS [CnAi*. I 


if 


finite derivative at z = 3 (see Fig. 15a). Thus one cannot 
detect all relative maxima and minima by Theorem 6.3. 

Definition 6.1 may be extended to the case where /bj defined 

on onh’^ one side of the point z = Zo. 
But in this event the point Xo may 
I be a relative maximum or minimum 

I y of / even though /'(zo) 0. For ex- 

ample, thefunction/(z) = z -f \/z^ 
X which is defined for onlj' nonnega- 
live X, has a relative minimum at 
z = 0, and ^'ct f'(P) = 1 (see Fig. 
15b), This example shows that Theorem 0.2 is false when condi- 
tion (c) is omitted. 


(c) 


Fig. 15. 


Example 1, Find tho relative maxima and minima of the function / when 
fix) - - 3r- - 12z -f 6. 

Soluiion. /'(t) = G(r — 2)(r -f Hence fix) ~ 0 when x ~ 2 and 
X = —1. Furthermore, f is deoreasini; at x = —1, since fix) > 0 when 
X < —1 and fix) < 0 when —2 < x < 2. Thu=?/2ia^ a relative maximum 
at X = —1. Similar reasoning shows that / has a relative minimum at 
X = 2. These results may be cbcched by ptiplung/. 

Theorem 6.3 raa}* be put into a more convenient form by 
obserxdng that, according to Theorem 6.1, /' i^ increasing at Zo 
when /''(zo) > 0 and f' is decreasing at zo when f{xo) < 0. If 
we incorporate these results into Theorem 6.3, we obtain 

TiiEOREii 6.4. Let f be a fundioii of x and let Zo he a value of x 
such that /"(zo) exists, (a) If f\xc) — 0 and if /"(zo) > 0, 
then f has a relative minimum at Zo. (b) If f\xc) =0 and if 
f”{x^ < 0, then f has a relative maxiniurn at Xo, 

^Mth reference to the graph of /, it is seen that /" is positive 
wherever the graph is concave upward, and/" is negative wherever 
the graph is concave downward. 

In Example 1 above, /"(z) = 0(2z — 1), and/' is shovm to be 
decreasing at z = ~1 bj- the fact that /"( — I) < 0. 

Theorem 6.4 sometimes fails to locate a relative maximum or 
minimum that ma}" be detected b}' Theorem 6.3. For example, 
if /(z) = X*, then /'(z) = 0 only when z = 0. But /"(z) = 0 
when z = 0 and Theorem 6.4 pro\ddes no information. On the 
other hand, /'(z) > 0 when z > 0 and /'(z) < 0 when z < 0. 
Hence /' is increasing at z = 0 and Theorem 6.3 shows that / 
has a relative minimum at z = 0. 
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Inflection Points. We define a point of inflection on a curve 
to be a point at which the slope of the curve has a relative 
maximum or minimum. If the equation of the curve is of the 
form y = fix), then the points of inflection may be found by 
maximizing and minimizing We leave it to the student to 
discuss the exceptional cases, such as that arising when the 
maximum slope is infinite. 


EXERCISES Vn 

1. Locate all maximum and minimum points (if any) on the graph of 
each of the follo^nng functions. Justify your results by giving conclusive 
tests. Plot. 


(a) — 6x^ + -{- 1. 

(c) (\ogx)/x. 

(e) {x -\r ly^Hx - 5)^ 

(g) ^3 - 3x2 + 7 . 

(i) xK 


(b) x3(x -f 4)2. 

(d) sin X + cos 2x. 
(f) x/(l - x2). 

(h) x/(x2 + 

(i) 


2. In a certain triangle two sides are given. What should the value of 
the angle between them be in order that the area of the triangle may be a 
maximum? 

3. Find the altitude of the right circular cylinder of maximum volume 
that can be inscribed in a given right circular cone. 

4. Find the altitude of the right circular cone of maximum volume that 
can be inscribed in a given sphere. 

5. A fisherman is at A which is 3 miles from the nearest point B on a 
straight shore LM. He wishes to reach in minimum time a point C situated 
on shore 6 miles from B. How far from C ^ 
should he land if he can row at the rate of 4 
miles an hour, can walk at the rate of 5 miles b 
an hour and he loses 5 min. in docking his 
boat? 

6. Let OM and ON be two straight tracks 
intersecting at right angles at 0, A rod AB 
of length I moves so that A slides along OM 
and B slides along ON, A second rod PS is 
rigidly attached to OM at P so that OP = a and PS is parallel to ON, Both 
AB and PS are grooved and a pin Q slides along these rods at their point of 

intersection. Find the position of AB such that distance PQ is a maximum. 
(See Fig. 16.) 

7. In the preceding problem let PS rotate about P and let the pin Q 
be fixed on PS at a distance PQ - h. Find the position of AB such that 
the angle OPS is a maximum. What are the conefitions on a, h, and I under 
which this mechanism will work? 

8. Find the minimum distance from the point (3, 1) to the parabola 
y = x\ 
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9. A water tank stands on level ground and the water surface is H ft. 
above the ground. A jet of water issues from a small hole in the side of the 
tank, the hole being h ft. below the water surface. For what value of h will 
the range of the jet be a maximum? (The l.atcnil velocity of the jet is \/ 2gh, 



The jet falls according to the law s = 

JO. The speed of light in air is vj and in glass 
is t’:. A ray of light starts at A in air, meets the 
surf .ace of a plate of glass at i?, and is refracted to 
C within the plate, Siiow that tlic position of B 
must bo such that 

sin 0\ vi 


Fio. 17. 


sin Oi I’j 


in order that the time of travel from A to C be a minimum. 

11. A light ray AC is bent by a prism. Using the law of refraction given 
in Ex. 10. show that the angular deflection is a minimura when 0 — V'. 

12. Find the points of inflection of: 

(a) p 4 - - i2x" -f - 9. 

(b) 7/ = (x - 4- 7. 

(c) y = 8a=/(x- 4- 4n=J. 

(d) y — sin- x. Fig. IS. 

7. Velocity, Acceleration, Radius of Curvature. Suppose a 
point particle P Is moving along a path C, .‘^appose s is the distance 
along C to P from some fixed point F on C, and suppose 5 is 
determined as a function of the time I the relation =/(/)• 
If So = f{io) and So + As = /(to + At), then 





As - /(/o + AO - /(to) 

is the distance traveled during the 
interval of time AL Hence the 
mean speed of P over the interv'al 
As is As/At and the instantaneous 
speed of P at / = /o is 


(a) 


(6J 

Fig. 19. 


lim ^ = D,s. 


( 1 ) 


Thus, the speed of a point P is the rate of change of the distance s 
between P and a fixed point on the path of P. It is immaterial 
whether the path C of P is straight or curved so long as s is 
measured along C. If s is measured in feet and i in seconds, then 
DtS is measured in feet per second. 
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When P moves along a plane curve, its rectangular coordinates 
X and y are given by equations of the form 

.X = <p{t), y = (2) 


We shall assume that <p and \f/ are differentiable. It is evident 
that DtX is the speed of the projection Pi of P upon the x-axis 
and Diy is the speed of the projection Pj of P upon the y-axis. 
We speak of DiX and Dty as the .x-component and y-component of 
the velocity of P. We VTite 


t)x = DtX — x' = X, 


= Dty = y' = y. 


The vector* V whose x and y-components at any time t are a* 
and v„ is called the velocity vector of P. 

Theorem 7.1. The length {or mag- 
nitude) V of the velocity veetor V of a 
■point P is the speed of P at any time t, 
and the dir eet ion ofY is ahvays along the 
tangent to the path of P. 

Let s, X, and y have the significance 
indicated above, let equations (2) re- 
present the path of P, and let Ac be the length of the chord 
through the positions of P at / = to and / = to -f- At. 

Then 

(Ac)- = (A.r)= -f (Ay)-, 



(Ax)- -1- (Ay) 2, 


and 


(iy(lT=(sT+(S)-' 


( 3 ) 


If we assmne the path of P to be such that lim Ac/ As = 1 (this 




assumption being met by most curves occurring in practice), 
and if we let At 0, then 


{Dts)- = (Dtx)- -f (Dty)" = a; -f v^ (4) 

It is e\ddent that DtS is the length a of the vector V. 

To show that the vector V has the same direction as the tangent 
line at any point of the curve (2), let 9 be the inclination of V 


* By a vector we here mean merely a directed line segment. 
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to the z-axis (sec Fig. 21). Then b}'' Ex. V, 13a, 
tan 0 = — = ^ = D^y - tan <p, 

DiX 

where (p is the inclination of the tangent to the curve (2). Hence 
V lies along the tangent at each point of the cuiwe (2). 

It should be noted in passing that tv = v cos 6 and = a sin 0. 
It is readily seen that lim Av^/At = D,Vx = Dfx represents 

the rate of change of Vz ^\ith respect to I and that == Dpj 
represents the rate of change of tv with respect to L We ^yntc 

Oz — DtVz = Dix = x'' — Xj Gy = DiVy = Dij/ = y" = y. 

The vector A whose x- and i/-components at any time i arc Gx 
and Gy is called the acceleration vector of P; the length (or magni- 
tude) a of A is called the acceleration of P; Oz and Gy arc called 
the X and y-components of acceleration of P. 
It is evident that the acceleration a of P is 
+ G‘ and that tijc direction a of A is 
given b}" the relation tan a = Gy/Ox. Example 
1 below shows that the vector A does not 
always lie along the tangent to the path of P, 
(For a more detailed treatment of this topic, see Ex. X, 9 of 
Chap. VL) 

Let I be a half-line rotating about a fixed point 0, let h be a 
fixed half-line through 0, and let be the angle of rotation from 
lo to I measured in radians. We call Dt^p the angu- 
lar velocity of I and Di\p the angular acceleration of L 

Example 1. A particle P moves around a circle of radios lo 

T with the constant speed of 2 revolutions per second. Find I’lc. 22. 
the velocity and acceleration of P at any time /. 

Solution, The position of P may be represented parametrically by the 
equations x = r cos v\ t/ = r sin Then (see Fig. 23). 

Vx = sin * Dti , iV = ^ cos 4' • Dep, 

But Dt p — 4r, so that Vx — — 4:rr sin pt Vy — dz-r cos p. The speed r of 

P is \/yy + vl — 4rr, and the direction angle 0 of the velocity vector V 
is given by the relation 



tan 0 = — = — ctn p, 

Vx 


Again, 


a* — — ICttV cos pf 


Qy = —IGn-V sin p. 



Sec. 7 ] 


DIFFERENTIAL CALCULUS 


59 


The acceleration a of P is \/a^ + aj = and the direction angle a 

of the acceleration vector A is given by the relation tan a = Cy/cx == tan 
Thus A is directed toward the center of the circle. The values of v and a 
may be combined to show that a = i;-/r. 

The quantity DtV = Dfs represents the rate of change of the 
speed V and is called the iangeniial acceleration of P. This name 
is justified by 

Theorem 7.2. If At is the component of the acceleration 
vector A along the tangent to the path of P, then the magnitude ar of 
At is Pfs. 




With reference to Fig. 24 it is seen that 

ar — a cos (a — ^) = a (cos a cos 0 + sin a sin 6) 

= a(^ cos 0 + ^ sin 0^ = Cx cos 0 + ay sin 0. 

On the other hand, 

D^s = DtV = + v^ = + VyOy) 

V V 

= Ox-^ + Uy— = Ox cos 0 + Uy sin 0. 

V V 

These results show that or = D^s. 

An immediate corollary of this theorem is that A is per- 
pendicular to V whenever DtV = 0, i.e., whenever the speed of P 
is constant. The component A,y of A normal to V may be 
thought of as arising from the change of direction of V along 
the path of P, and Ay need not be zero even though the magnitude 
i> of V is constant. (See Ex. IX, 3.) It is seen that 

Uy (fi/yVx • 

If the path of P is a straight hne, then a = Dfs, for if we choose 
the x-axis along the path of P, Vy = a„ = 0, so that Oy = 0. 
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1 = -f {D,y)K (o) 

{Drsy = 1 -f (D.v)-, (6) 

- (A^)= “f 

Dj^ — sec or, — CfC GC. (S) 

DttT = cos or, D,y “ J-in or. (9) 


State the functional relation^ between x, and s in each case. (The time t 
is not involved in the«e formula «.) a is the inclination of the tanpent to the 
curve C along which the point (x, y) movas. Vi hat assumptions are made 
in (8) and (9) as to the direction in which s h rneasnred along the curve C? 
When would minus signs be needed in (S) and (9;? 


Let C be a curve in the ry-plane, let 0 be the inclination of 
the tangent to C at any point on C, and let 5 denote the arc 
length measured along C from some fixed point 
on C. Then A^/A.s represent'^ the mean change 
^1/ in direction of C per unit of distance along C 
\ and D,0 is the rate of change of 0 with respect 

The value of D^O at anj' point P on C h? 
called the c?mY//i/rc Tv of C at P. It is c\ddcnt 
I ^ that C is flat when the curvature is small and 

Tjg. 28 . Q bends sharph' when the curvature is 

large. Since 6 = tan“^ D-y, it follows by Ex. V, 13a, and (C) that 

K = D.e= D.(tan-‘ D,y) = 

UzS 

1 _ Dly 

1 + (D.yy ‘ U + iDry)T 


D,(tan*^ D^y) 


If C is a circle of radiiis a, then K may be computed directly 
from Fig. 2S as follows: since the central angle at 0 is SO and 
since As = aA0, we have at once that A0/As = 1/a. Thus 
A0/As is constant and 


K = D.e = -- 

a 

The circle whose radius is 1/K and which is tangent to the 
concave side of a curve C at P is called the drdc of curvature 
of C at P, and the radius of this circle Is called the radius of 
curvature J? of C at P. It is evident that R = \/K. 

EXERCISES DC 

!• Find the cun’atures of the following cuiwcs; 

(a) V = x\ (b) y = log X. (c) 2/ = er. (d) T/ = sin r. 
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2. If the equations of a cun^e are x = y — ^(Oj '^here i denotes 
time, show that 


(See Ex. 13b.) 

3. If a point P moves along a path C vdth constant speed, i.e., 


Dis = Div - 0 , 


show that the acceleration a of P is a ^ v-/R. 

Suggestion. Let P be an arbitrary'’ point on C. 
at P and 2 ;-axis along the tangent to C at P. 
By the remark following Theorem 7.2, a — if' 
atP. Moreover, i/' = 0 at P. The desired 
formula follows from Ex. 2. 

4. Find the curvature of the cycloid 
X — a(9 — sin 0), y = fl(l — cos 0). In partic- 
ular, what is the curA^ature at the point where 
e = 30°? 


Choose axes with origin 



8. The Differential of a Function. Let / be a function of the 
independent variable x having a derh^ative at x = xq. We define 
the s 3 rmbol df by the formula 


df = fixo) • Ax, 

and we call df the differential of / at a: == xq. 

It is seen from Fig. 29 that 

RQ' = (tan a) Ax == f'(xo) • Ax. 

Hence df = RQ', or in words, df represents the change in the 
ordinate np to the tangent line at x = Xo arising from the change 
Ax in X. 

Since 


/'(a^o) 


= lim 


where A/ = J{xo + Aa;) — /(xo), it follows that Af/Ax is “approxi- 
mately” equal to/'(xo) when [Ax] is small. Hence Af is “ approxi- 
mately” f'{xo) • Ax, that is df is “approximately” Af when jAx] 
is srnall. Thus/(.To + Ax) is “approximately” /(xo) -f df. 

Example 1. Find by means of differentials the approximate change in 
value of 3s= when x changes from 10 to 10.1. Also find the actual change 
in value of 3x-. 
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SoUtiion, Let xo = 10, Ax == 0.1, and/(x) « Zx\ Then 
/'(xo) = Cxo = GO, 

and (If = /'(^o) » Ax = GO (0.1) = G. Again, 

A/ = 3(xo + Ax)= - 3x* - 3(10.1)' - 3(10)’ « 0.03. 

In the case where /(x) = x, thcn/'(x) = 1, and 
dx = f{x) • Ax = 1 • Ax = Ax. 

This i^roves 

Theorem 8.1. The diffcraiiial of an independent variable z is 
cgiial to the increment of the variable; f.c., dx = Ax. The differ- 
ential of f is df = f'(x) dx. 

Suppose y — fix) and x = <^>(0, where t is an independent 
variable. Then y = f[(pit)] ^ Fit) is a function of t If fix) 
and (i>it) are differentiable functions, then we find by formula 
(5) of Table I, that F\t) = fix) • ^'(0* Hence the differential 
of y is 

dy ^ F\t)-At ^fix)^(t>'ii)-M. (1) 

But the differential of x is equal to dx = <^>'(0 • -AL Therefore 

dy = fix) dx. (2) 

This proves 

Theorem 8.2. The differential of f is equal to df ^ fix) dx, 
irrespective of whether x is the independent variable or not. 

From (2), we have 


fix) 


^ dfjx) 
dx ^ 


that is, the first derivative of / is equal to the ratio of the differ- 
ential of / to the differential of x. This property motivates the 
use of the symbol dfix)/dx for the derivative /'(x). 

EXERCISES X 

1. By means of a difTcrcntial, find approximately the change in the value 
of x=* lOx’ when x changes from 13 to 12.98. Find the actual change in 
the value of this function and find the error of the approximation. 

2. Find approximately the amount by which x may change from 12 in 
order that the value of 3x’ + 5x - 7 may change by no more than 0.2. 

3. Find an approximate value of /(x) = 2x/\/xM^~lG when x = 3.02. 
[Note that /(3.02) is approximately /(3) + df.] 
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defined over the interval a < x < 6, then there exists at least one 
value i of Xj a < i <hj such that 


m = 


6 — a 


We obsen^e from Fig. 30 that, if ij is the function whose graph 
is the straight line PQ, then f — y has the 
value 0 at X = a and x = 6. We shall 
show that the present theorem results 
when Rollers theorem is applied to the 
function / — y. Let 

m - /(a), 



y = /(a) 


6 — a 


- a) (1) 


Fig. 30. 


(the formula for y being constructed by 
finding the equation of the line PQ) and let us construct the 
auxiliary function E so that 

m - /(a), 


P(x)=/(x)^i/=/(x)-/(a) 


-(x - a). (2) 


It is e^ddent from Theorem 4.3 that E is defined and continuous 

over the interval a < x < b. Since E'(x) = f(x) — 

P' is defined over the inten^al a < x <b. Moreover, 

E{a) = E{b) = 0. 

Hence E meets the conditions of Rollers theorem and there 
exists a value { of x, a < f < 6, such that P'(f) = 0, that is, 

/'(j) -m- m = 0. 

0 — a 


Thus our theorem is proved. 

In geometric language, Theorem 10.1 states that, if / meets 
the given conditions, then there exists a point x = $ on the graph 
of / between the points x = a and x = 5 at which the slope of 
the tangent is equal to the slope of the chord through the points 
where x = a and x = 6. 

Theorem 10.2. If f(x) = 0 for all values of x in the interval 
a> ^ ^ ^ b, then f {pc) is constant over this interval. 

Since /' is defined over the inten^al a g x g 6, it follows by 
Theorem 5.1 that / is continuous over this inters^al and meets 
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0/0 at 2 = a. We w-ish to develop a method for evaluating 
lim g{x) /h(x) vhen this limit exists. We assume that the student 

T—*a , 

is alread}^ familiar with the elementary method indicated in 
Ex. lY, 19. 

Theorem 11.1 (Cauchy^ s Theorem), If the functions g and h 
meet the conditions of Theorem 10.1, if there cJcists 7W value Xi of x, 
a < Xi < by S7ich that both g^ixi) and h'(xt) are 0, and if 

h{b) - h{a) ^ 0, 

then there exists at least one rahic £ of x, a < ^ < b. such that 
0 mid 

g'iO ^ g(h) - g(a) 
h'iO h{h) - h{ay 


The auxiliary function 

E(x) = g(x) - g(a) - - AC«}] 

meets all the conditions of Rollers theorem. Hence there exists 
a value $ of a;, a < J < 6, such that E'(J) = 0. that is. 


^7'($) - 


gib) - g{a) 
h{b) - h{a) 


h\0 = 0 . 


If h\^) were 0, g\^) would also be 0. But b}’ h 3 ’pothe 5 is. 
g\^) and are not both 0, Hence ^ 0 and the theorem 
follows at once. 

Theorem 11.2 {L^HupitaVs Rule), Let g and h be two functions 
of X such that there exists an interval I about z ^ a over which 
(1) h{x) 5^ 0 when x 9^ a, (2) g and h are conlimiouSy and (3) 
except perhaps at x = a, g* and h' are defined and do not tanish 
simultaneously. If g(a) = h(a) = 0, and if lim g\x)fh\x) 

existSj then lim g{x)/h{x) exists and equals lim g\x)/h'(x). 

If in Theorem 11.1 we set g(a) = h(a) = 0 and b - Xyh follows 
that 


gi^) _ g'i^) ^ t ^ ^ ^ • T j 

~ ^ < < < ^, or z < ^ < a; X m I and a, 

* The case x < t < a results by interchanging b and a in Theorem 11.1 
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The theorem results immediately from the fact that f o as 
a and that lim exists. 

+a 

It is e-sddent that 

if lim g'{x)/h'{x) ± «>, then lim g{x)/h{x) ± w, 

x~~*a 

It follows from this theorem that if g' and h' are continuous 
at * = a and if h'{a) 9 ^ 0, then lim g{x)/h{x) = g'{a)/li'{a). If 

however, g'{a) = li'{a) = 0, then we maj’- apply Theorem 11.2 
to the function g'{^)/h'{^ and (with suitable hypotheses) obtain 
the result that lim g'(^)/h'(^) = lim g"(v)/h''(T]). If g" and h” 

VO 17-^a 

are continuous at .r = a and h”{a) 9 ^ 0, then 
lim g'a)/k'(^) = g"{a)/h"ia). 

But if g"{a) — h''{a) = 0, then Theorem 11.2 may be applied 
again to evaluate this limit in terms of the third derivatives. 
This process may be repeated as many times as necessary. 


Example 1. Find lim 
The function 


log 
log 


^ assumes the indeterminate form - at x = 1. 
2{x — 1) 0 

By Theorem 11.2, lim - - = lim = — 

g3x _j_ g-3x „ 2 

Example 2. Find lim 

f>Zx ^ g-3x _ 2 0 

At a; = 0, assumes the form By Theorem 11.2, 


5x” 


ir - 0, , assumes 

X— >0 ^X~ x~>0 lOx lOx 

the form 0/0. If we applj^ Theorem 11.2 again, we find that 


lun = hm — = lim ' ! ^ 

X — >0 hx X — >0 lOx a:-->0 10 5 


We give a few examples to show bow other types of indeterminate forms 
may be evaluated bj' the preceding method. 

Example 3. If lim g(.x) = 0 and lim lh(a:)| -> + «, then the product 

X — 

g{x) ■ h{x) is said to be of the indeterminate form 0 • « at a; = a. It is 
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sometimes possible to evaluate lira [(/(x) • /i(i)] by writing it in the form 
Urn 


t where ■ is of the form ^ at a; *= a. Thus, 
l/h{x) 1/Hx) 0 


is of the form 0 • « at x 


lim [(x 


(x^ ~ 27) CSC (x ~ 3) 
' 3, and 

X* - 27 


• 27) CSC (x - 3)] =* lim . , 

3 sin (x 


= lim ‘ 


3x2 


27. 


3) x-^3 cos (x — 3) 

Example 4. If lim l(;(x)l + « and lim lft(x)| -> 4- then the 

X — >0 x~*o 

quotient g{x)/h{x) is said to be of the indeterminate form oo/oc at x — a. 
It is sometimes possible to evaluate lim g(x)/h{x) by vTiting it in the fonn 

x-^a 

ctn \/x. . 

a, Thus, — ^ IS of the 


l/h{x) , l/h(x), . 0 ^ 

lim — ■ » where 7-; is of the form - at x 

x-al/t7(x) l/g{x) 0 


ctn X 


, - « , ctn \/x tan X 2\/xscc*x 

form — at X = 0, and hm = hm yx = hm pr— ^ 0. 

w r— *0 clii ^ x~*o tan X scc2 \/ X 

Example 5. If lim ig(x)l -f* « flnd lim ► -f- x, then another 

r-*c x'-*a 

method for evaluating lim g{x)/h{x) is as follows: let x bo a point between 

T—*a 

xi and a. Then (under suitable hypotheses) we may write Theorem 11.1 
in the form 


g(x) - p(xi) g(x) 1 - lg{xi)/g(x)] /(f) 


Hx) h(xO 
Hence, 


h{x) 1 - lk{xi)/h{x)] ;/(f) 


where f is between Xi and x. 


g{x) ^ /(f) 1 - \h{xi)/h{z)\ 
h(x) A'(f) ' 2 - {g{x^)/g{x)] 


Suppose lim p'(f)//t'(f) exists and equals A. Since f is always between xi 
^ f-^o 

and a, it follows that, by taking xi sufficiently dose to a, /(f)/h'(f) will 
remain arbitrarily close to A no mattor how x varies 
““xj T'x a between xi and a. With xi so determined and fixed, it 
follows that by taking x sufficiently close to a, l{7(x)l and 
|/i(x)l can be made arbitrarily large so that the fraction 


Fig. 31. 

1 -- [;i(xOA(x)] 
1 - lff(xi)/p(x)] 


can be made arbitrarily close to 1 (sec Kx. IV, ICa). Hence 


g(x)/h(x) can be made arbitraril}" close to A^ that is, 

lim 7^ exists and equals lim 2-^. 
z-.oh(x) h'(x) 

This result may be regarded as an extension of L*H6pitars rule. It is 
evident that if lim /(x)/A'(x) ± x, then lim p(x)//i(x) -> ± w. 
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If /(«) = X log X, then / is of the form 0 • =« at x = 0. If we write / as 

X 0 

to put it in the form it turns out that L'HopitaPs rule is of no help. 

1/log X 0 

log X ^ 

But if we write / as — r- to put it in the form — * then the preceding result 
1/x 

shows that 


lim = lim — = lim (— x) = 0. 

x—*0 l/^J X— >0 1/X' X“>0 

Example 6. To evaluate lim g{x)/h{x) when p(x)//i(x) assumes either 

the form 0/0 or the form «/«, let x = l/i/, where y > 0. It follows by 
Theorem 11.2 and Example 5 that 


lim 


gix) 


eo 


Thus 


= lim 


g(.i/v) 


j,_*o+ hil/y) 
g'(x) 


= lim 


g'a/y) ■ (.-IM 


= lim 


g'(.i/y) 


!/->0+ h'{l/y) ■ (- 1 / 2 /=) j,-,o+ h'(l/y) 


A'(x) 


lim ‘ 


== lim ' 


2x 


• 2x 


= lim — j = 0. 

X— > 00 


Example 7. The indeterminate form « — oo may sometimes be evalu- 
ated by reducing it to the form 0/0 or co/ «. Thus, (2x/7r) sec x — tan x 
assumes the form <» — oo at x = 'n-/2, and 


lim I 

*ir/2 


2x \ 

— sec X — tan x I 

/ 


(2x/7r) — sin X 

= hm 

x-»ir/2 cos X 

_ (2/ir) — cos X 

= Imi 

z-^v/2 -“Sm X 


2 


-TT 


Example 8. The indeterminate forms 0^ I*”, and wO may sometimes 1 
reduced to the forms 0/0 or « / oo by taking the logarithm of the given 
function. Thus, lim Q + 3/x)* is of the form 1“*. But 

X'— ^ 00 


hm log 

X— > 00 



= lim X log 

X — > 00 




X 


3 


= lim 

X—^ 00 



= lim -i_ = 3. 

X 
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By Ex. IV, 2G, lira + !)■ exists and equals c*. 

Example 9. Algebraic devices are sometimes useful. Thus, 


lim 


-3 


lira 


= 2 . 


EXERCISES Xn 


1. Evaluate the follo\\'ing: 


(a) lim '« 

X - 1 

1 + sec 2x 
(c) hm - — 

(c) hm (1 

r— 0 

fg) lim X-, 

X— 

(i) lim z log* X. 

T *0 

Gc) lira n > 0. 

x-*0 

(in) lim c^/€~\ 

X — ► « 

(o) lira sin x • log x. 

x-»0 

, , Go + aix -f ojx* d- 

(q) hm , . . ■ . 

jj.—, c© 6e "h Oix -f" otx:" -f” 

2. Find/'fO) when 


0^) hm — - — 
e^O ho 

(d) lira x’'/c-, n > 0. 

X — * *0 

(f) lim (1 + 


(h) 


lim ( - — CSC xY 

X--0 \a: / 


(j) lim X log*" X, n > 0. 

x-*0 

(1) lim {7^ — 5*)/x. 

X— *0 

(n) lim log X ctn x. 

X— 0 

X cos 1 X 

{p} hm — TT*’ 

X— + ^ X + 1 

where a« 0, 6n 5^ 0. 


(a) m = 


Ein X , 

when X ^ 0, 

X 

1 when X = 0. 


aO /(:r) 


(1 -f x)^^ when x 0, 
€ when X = 0. 


3. WTiy is it that lim (sin* x)/cos* x cannot be evaluated hy L^H^pitaVs 

r-~* » 

rule to obtain the result —17 Does this limit exist? Can L'llopitars rule 
be applied to evaluate lim x*/!sin xj, even though |sin x] has no derivative at 

r-*0 

X = 0? Find this limit. 

4 Give a geometric interpretation of Cauchy’s theorem and of the func- 
tion E used in the proof of this theorem. 

5. Show that the h^TJOthescs in L’lIbpitaVs rule may be altered in the 
following way when h'{a) 9^ 0: if o (a) ~ h (a) =0, and if p’(a) and A' (a) exist 
with h'{a) 0, then lim g{x)/hix) « g'ia)/h'(a). 

x—*a 

Suggestion, Show that p(x)/A(x) may be written in the form 
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g(o + Az) - g(tt) 

gjx) _ gja + Aa:) Ax ^ 

h(x) h{a + A.t) h{a + Ax) — hja) 

Ax 


where 


X == a + Ax, 


and apply Theorem 3.2c. 

The only advantage of the more complicated form of L^HApital's rule is 
that it sometimes enables us to deal with the case where /i'(a) is 0 or does not 
exist. , 

6. Using the notation of Definition 3.1b give in complete detail the proof 
sketched in Example 5. (Cf, the proof of Theorem 3.2b.) 

12. Infinitesimals. If the value of a vaiiable is approaching 
zero, then the variable is sometimes called an infinitesimal. 
Thus, if the value of x is approaching 1, then log x and ctn lira- 
are infinitesimals. If the function / is continuous at a; = Xo, 
then Af = f(xo + Ax) — fixo) is an infinitesimal when Aa; — > 0. 

It is sometimes desirable to compare two infinitesimals. Let /3 
be such a function of a that lim /3(a:) = 0. Then /3 is said to be an 

of-^O 

infinitesimal of the same order as a if liin /3/a exists, is finite, and 

ce-^O 

is not zero. If lim jS/a = 0, then /3 is said to be an infinitesimal 

a — *0 

of higher order than a (the intuitive idea being that P is approach- 
ing 0 “more rapidly” than a), and if lim a/j3 = 0, then )3 is said 

a — >0 

to be an infinitesimal of lower order than a. If lim /3/a” exists 

a — >0 

and is not zero, then /S is said to be an infinitesimal of the ?ith 
order relative to a. 


Example 1. Wien x — > 0, x and sin x are infinitesimals of the same order, 
for by Sec. 11, lim (sin x)/x ~ lim (cos x)/l “ 1. 
a :— >0 x-^0 

Example 2. Wlien x 0, sin x — x is of higher order than x, for 
lim (sinx — x)/x = lim (cosx ~ 1)/1 = 0. In fact, sin x — x is of the tlurd 

order relative to x, for 

sin X — X cos X — 1 —sin x , —cos x 1 

lim — = hm — — - hm — ;; = hm 

If two infinitesimals a and ^ are of the same order with 
lini a/s ~ 1, then evidently one may be used to approximate 

the other. It is for this reason that infinitesimals have been 
used to so great an extent in the applications of calculus to 
problems in geometry and physics. Thus, the student may 
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have frequently replaced sin x by x for purposes of approximation 
(when X is small and measured in radians), such as in studying 
the motion of a pendulum when the oscillations are small. 

EXERCISES Xm 

1. Let PQ be an arc of a circle and let a be the central angle (measured 
in radians) subtended by pQ, 

(a) Show that a and the length of the chord PQ arc infinitesimals of the 
same order when a 0. 

(b) Show that the difference between the arc length and chord length from 
P to Q is of the third order relative to a v/hen a — » 0. 

(c) If the tangent line is dra^*n to the circle at P and if a line is drawm 
from Q perpendicular to tliis tangent and meeting it at T, then QT is an 
infinitesimal of higher order than the arc PQ when a ^ 0, and the length of 
the tangent PT Ls an infinitesimal of the same order. 

(d) Let M be the intersection of the tangents to the circle at P and Q, 
and let the line joining M and the center of the circle meet the chord PQ 
at S and the arc PQ at P. Find the order of MR — RS relative to a when 

a — 0 . 

2. In the triangle ABC, suppose that the angle ? at .4 is an infinitesimal, 
and suppose that the sidc-s AB and AC differ by an infinitesimal of the 
same order as 0. 

(a) If the area of the triangle is approximated by the formula ■ 0, 

what is the order of the error relative to 5? 

(b) If the area of the triangle is approximated by the formula 
liAB){AC) • 0, what is the order of the error relative to 67 

3. Find the order of infinitesimal neglected when the volume of a spherical 

shell is approximated by the formula where h is the infinitesimal tliick- 

ness of the shell and 

(a) r is the inner radius. (b) r is the outer radius. 

(c) r is the mean radius. 

4. Let a and ^ be two infinitesimals with ^ a function of a. Also, let 
c/ and ^ be two infinitesimals wliich differ respectively from a and ^ by 
infinitesimals of higher order than tr and 0, respectively. Show that if 
either lim ^/aor lim 0'/a exists, then both limits exist and are equal. Show 

ct — +0 a '—*0 

that if either 0/a or 0'/a* increases without bound as a — » 0 and a' —^0. 
then the other docs also. Generalize this result. 

13. Taylor’s Theorem. It is e\rident that if 
P. [x) =Ao+ ^(x - a) + ^(x - a)- 

+ * ’ • + ^( 2 : - a)", (1) 
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where ^o, • • • > -^n, and a are real numbers, then 

P'„{x) = + Az{x — a) + • • • + ~ 

P"(x) = ^2 + . . . _ a)”-=, (2) 


F<-^Kx) = ^n. 

By (1) and (2) we have the very useful result that 

P„(a) = Aq, Pl,(a) = Ai, P"{a) = ^ 2 , 

P"J{a)=A,, ?'„"’(«) = A„. (3) 

Let / be a function of x ha^dng n derivath^es at a; = a (such as 
cos x), and in (1) let us take Ao = /(a), Ai = f(a), An = f"(a), 
■ An = Then 

Pn(x) = fia) - a) +^-^{x ~ a)- 

+ ■ - +^-^{x-ay, ( 4 ) 

and by (3), 

Pn{a) = /(o), P;(a) = /'(a), 

P'^{a)=f"{a), . . . , PW(a) =/W(a). (5) 

Thus, at a: = a, the values of Pn and its first n derivatives are 
respectively equal to the values of / and its first n derivatives. 
(Cf. Examples 1 and 2 below.) We raise the following funda- 
mental question: How close does the polynomial Pn in (4) 
approximate the fimction / in the neighborhood of a: = a, that is, 
how close are the graphs of P„ and / near a: = o? One might 
expect the approximation to be good, since, by (5), the two 
graphs have the same ordinate and slope at x = o, the slopes 
are changing at the same rate at x = o, etc. 

To determine the accuracy of P„ as an approximation of /, we 
shall derive a formula for the difference /(i) — P„(x). Suppose 
/ has 71-1-1 derivatives defined over the interval a ^ x b. 
Then, since a polynomial has arbitrarily many derivatives, the 
auxiliary function 


'Pix) = f(x) - P„(x) - \(x ~ a)’’+» 


( 6 ) 
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has n + 1 derivatives defined over the inten’^nl a ^ x ^ bf where 
in (0) we choose X as that constant such that <p(b) = 0, that is, 
such that 

^{b) = fib) -- Pn(6) -- Mb - - 0. (7) 

By Theorem 5.1, v? and it.s first n derivatives arc continuous. 
Moreover, by (5), 

<pia) = 0, <p'ia) = 0, <p”i(i) = 0, • • • , 

^(")(n) = 0, and <pib) = 0. (8) 

We shall now apply Rollers theorem to the function <p and its 
successive derivatives. Since ^(a) = ^^(5) = 0, there exists a 
value Cl of x, a < ci < b, such that = 0. Since 

ip\a) = ip^Ci) = 0, 

there exists a value C 2 of x, a < < Ctj such that = 0. 

Repetition of this argument shows that • • • , 

and vanish at values Cs, - • • , Cn, and ^ of x such that 

a < f < c„ < • * • < ca < C 2 < Cl < 5. Upon differentiating 
(6), we find that 

^ /(n-4 1)(^) _ 0 - (h + 1)1 . X. (9) 

But = 0 for some value ^ of t between a and 5, so that 

~ (71 + 1)1 . X = 0, a <^<b, (10) 

If we solve (10) for X and substitute in (7), we find that 

Sib) - PM - = 0- (11) 

If we evaluate P„(5) by (4), wo obtain the result that 

fib) =/(«) - a) - «)= 

+ . . . +-^^(6 - a)" + - a)"+', (12) 

where a < ^ < 5. Fomaula (12) is known as TmjloPs fornnda or 
theorem. It is readily shown that (12) holds when b < a, ^ being 
such that 5 < f < a. 
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It is convenient to denote the last term of (12) by jR„, that is, 

The expression Rn is called the remainder and represents the 
error made v'hen P„(6) is used to approximate /(6). If we can 
show that lim = 0, then, and only then, do we know that Pn(b) 

n — y CO 

can be made ta approximate f{b) arbitrarily closely by taking n 
sufficiently large. In this connection, it is a matter of practical 
importance to know how large we must take 7i in order that R„ 
may be numerically less than a given “allowable error” e. Sup- 
pose there exists a niunber M such that for ah 

values of ^ between a and b. [While it is usually impossible to 
determine f in (12), it is often a simple matter to determine such 
a number M.] Then Rn is numericall}’’ less than 


M 

in -h 1) ! 




aj"+h 


If we can choose n so that — r - , . [b — a|"+i < e, then P„{b) 

\Tl ^ l)\ 

approximates /(6) to within an amount less than e. 

Taylor’s theorem may be written in many ways; for example, 
if in (12) we replace b by x, we have 

/(x) = /(a) - a) +^^(x - ay- 

+ • ■ • + (14) 


where 


4-" ^ between c and x. (15) 

If in (12) we replace b by a x and ? by a -f 0x, where 
0 < 0 < 1, we find that 

Ha + x)=S(a)P^x+C^x-- 

+ ■ ■ • + (16) 
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where 


+ to) 0 < 0 < 1 . 

(n + 1)! ’ ^ ^ ^ 

(Lagrangc^s form of remainder) (17) 

If a — 0 in (16), wo have Madaurin^s forrmda or theorem: 


m =/( 0 ) 

where 




21 




"" “ (n + 1)! 


■n+1 


7l! 


0 < (? < ]. 


(18) 


(19) 


Example 1. Expand c-' by Maclaurin's theorem. 

Solution, It is seen that 

/(x) = - 2c*- /'(x) = 2*c--; • • ■ . 

/(O) = l;/'(0) = 2;/''(0) = 2*; • • ^ - 2-; 


By (18) we have 

2 2 * 2 " 

c*^ = 1 -f + - • • + (TIJTTyf 

(25)’'*^’ 


0 < 0 < 1 . ( 20 ) 


Since 0 < 0 < 1, 


If * 21 

Let X be assigned a value b. Then /?» = , 

(n -f 1)! 

it follows that < My where M = e* if 6 > 0 and M = 1 if 6 < 0. 

(26)'"+^ 

Thus, for a given value of n, rr.^^f ^ upper bound of the numerical 

(n -f 1)! 

value of Rn, For example, if 6 = 0.05 and n = 4, we know that the 


remainder is not larger than 


0.00001 

c 

120 


If we replace c® ^ by a larger 


quantity whoso decimal value we know, such as \/ c — 1.64, we know that 
the remainder is not larger than (0.00001/ 120) (1.64) < 0.0000002. Hence, 
by (20) with x = 0.05 and n = 4, 

fiOi = 1 4-2(0.05) +2(0.05)5 -hi(0.05)* +5(0.05)* = 1.1051708 

to udthin 0.0000002. 

To show that \Rn\ can be made arbitrarily small by taking n sufficiently 
large, let us consider the factor (2b)^^^/(n + 1)! in Rn. Let no be such a 
positive integer that (26/no( < WTicn n > no, all factors in the product 

( 26 )-+' / 26 V 26 \ / 26 \ / 26 \/ 26 \ 

hTTiy! = ■ w ■ • • \nA;m) 
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numerically < h* 
when n > no. 


Hence 1(26)^+V(n + 1)1| < |26/11 
But lim = 0. Therefore 


lim 


\2h/no\{iV'^^^o 
o(n + l)l 


Because the factor never exceeds ilf, it follows by Ex. IV, 15, that, for 
an 3 ’’ given value of h, n can be taken suffici- 
ently large that \Rn\ becomes arbitrarily 
small. However, the larger is b the larger 
must we take n to make \Rn\ less than a 
given number c. In other words, it is im- 
possible to find any one value of n suffi- p 
ciently large that li?nl < e simultaneously for — 
all values of 6. This kind of a situation will 
be discussed in detail when we take up the 
concept of uniform convergence. 

In Fig. 32 are shown the graphs of 
fix) = and of the poljmomials Po, Pi, Ps, and Ps. The manner in which 
Pn approximates f more and more closely' as n « is clcarl 3 ' indicated. 
Example 2. Expand sin x about a = r/fi rad. by' Taydor^s theorem. 
Solution. It follows by Ex. V, 7, that 



fix) = sin X, 


= cos X = sin 



f"(x) = — sin X = sin (x -f* ir), 


/"'(x) = — cos X = sin 





= sin(^+|i), 

y(n+i)(3.) ^ ^ ^ 


By^ (14) we have 


sm X — ~ 
2 





( 21 ) 
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where 


n. - 




(*-i) ■ 


^ between ^ and x. 


{n + 1)! 

Since the sine function cannot be numerically greater tlian 1, 

F - n! 

m ^ 


(r; -f 1)1 


As in the preceding example, !/?»! can be made arbitrarily pmall. for a given 
value of X, by taking n HufiTiciently large. 

Formula (21) may be used to approximate the values of sin x to any degree 
of accuracy. Thus, sin 31® may bo computed to as many decimals as desired 
by setting x = 31(^/180) radians in (21): 



where 




(r ISQ)"-^ 

(n + 111 


-f Rn. 


If ue take n = 4, ^ 0.000,000.000,01. and sin 31® = 0.51 0,038.0749 

correct to ten decimals. 



In Fig. 33 are shown the graplis of 
fix) = sin X and of the pohmomials 
Pcj Pu and Pt. 

The next example illustrates the ca.*^* 
where /?« docs not approach zero as 
n 

Example 3. Expand the function / 
about X = 0 when 



when X 0. 
when X 0. 


Solution. It is evident that / Ls continuous at x = 0 (see Sec. 3, Example 
4). Moreover, /'(x) = (2/x*)c'"*^-* when x 0, and 

rm = lim — - — = lim f— 

A3:-*0 Ax Ar— »0\AX / 

By Ex. XII, Ik, this last limit exists and is 0. Moreover, by Ex. XII. Ik, 
lim/'(i) — 0. Hence/' is defined and continuous at all values of x. 
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We shall prove by induction that 


/'”>(«) = 


0 


when 

when 


X 7^ 0, 
X = 0, 


( 22 ) 


where Qn is a polynomial of degree less than 3n (see Ex, V, 7). 

We have already shown that (22) holds when n = 1. Let W be a value of 
n for which (22) holds. We shall show that (22) holds when n = iV' + 1. 
If in (22) we set n = N and differentiate, we find that 




X 5*^ 0, 


where Qi^+i(x) = (2 — 3 Nx^)QNix) + Since Qa-+i is a polynomial 

of degree less than 3(iV' + 1), (22) holds for the case n = + 1 when x 5^ 0. 

But by Ex. XII, Ik, 


/<A^+i)(0) = Hm 

Ax—*0 


A.- 


Ax 




SO that (22) holds when n — N + 1 and x = 0. Thus (22) is established 
for all positive integer values of n. 

If we expand / by Maclaurin^s theorem about x = 0, we find that 

fix) = 0 + 0 • X + 0 • X* + • • • + 0 • X” + 


Thus, for every value of n and x, the 
remainder is equal to the value of the 
original function / itself, and Pn, for all w, 
is identically zero (see Fig. 34). 

Our next example shows how the re- 
mainder may behave in different ways for 
different values of x. 



Fio. 34. 


Example 4. Expand “x/x about a = 1 by Taylor’s theorem. 
Solution. It is seen that 


fix) = x^^ 
f'{x) = 
/"(*) = 


/(I) = 1, 

/'(I) = i 
/"(I) = H-i), 


/».,.) . . . /“(i) 
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By (14) wc have 




1 -3 -5 1 

2 -4 -G ‘S 


(i - 1)< + • • • 


(- 1 )" 


1 • 3 • 5 ■ 


(2n - 3) 1 


where 


Rn = (-1)" 


1 - 3 • 


2-4 - G • • ■ (2n -2) 2n 
■ (2k - 1) 1 


(l - D" + Rn, (23 • 


2 ■ 4 • G • • • (2n) 2k + 2' 


gn-f 1 

.t 2 (I - 1)""', 


J between 1 and x. 


In (23) let us sot x = h and let us determine the behavior of R„ as n 
Ia!1 us write R„ in the form 

r: ^ ■ 3 • o ■ ■ ■ (2k - 1) _l__ .-( LuiV". 

" ^ ^ 2 - 4 • G ■ • ■ (2n) 2k + 2^ J / 


Since Urn 


1 -3 ' 5 


(2n - \) 


1 


= 0, it is a question of dcterniin- 


2 *4 *6 • - • (2n) 2n + : 

( b — 

— - — J • Since B is between 1 and 6, 
is between 1 and \/b. If 1 < 6 < 2, then 0 < 6 — 1 <1, and since 

so that 


1 < ^, 0 < < 6 - 1 < 1 




, Hence lim ( ^ ) ~ 0, 


lim /?„ — 0. Again, if §<6^1, then 0^1— so that 

n— ♦ « 

0 ^ ^ < — - — < 1. Here aI«o lim /?» = 0. Hence lim — 0 when 

^ 3 n— ► « n— ♦ w 

-< h < 2. But if 6 > 2, then f may bo so close to 1 that ^ ^ > 1 
2 * ^ 

“b “5 . In this case t he behavior of /?,» as n — * « can 


!r.(4^) 


and lim I 

n-^ « 

be determined only bj' further investigation. Again, if 0^6 < i, then 
~ < |& — Ij, and if ^ then > I and the behavior of Rn is 

indeterminate as in the preceding case. However, it can be shown, for 
example, that lim Pb(0) = 0, and since \/q = 0, it follows that lim = 0 

n— * « « 

when 6=0. On the other hand, it can be shoum that lim Pr( 6) does not 

n— * ao 

exist when 6 > 2, and since ^/b exists, it follows that lim /?„ docs not exist 

n— ♦ *0 

when 6 > 2. 
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In Fig. 35 are sho^Yn the graphs of V® and Po, Pi, P 2 , Ps, and P 4 . It 
would seem from the figure that the pobmomials Pn approximate *%/« more 
and more closely as n for values of x in the interval 0 ^ a; ^ 2, but 
not for other values of x. This surmise can in fact be shown to be true. 

EXERCISES XIV 

2. Expand each of the following functions about the values of x indicated, 
and in each case include the remainder Pn. 


(a) a = 0 . (b) cos a = tt/S, 

(c) sin 2x, a = 0 , (d) a == 1 . 

(e) logtf (1 -b ir), a == 0 . (f) logic (1 + « = 0 . 

(g) log^ (1 + x)/il - x), a = 0. (Write log^ (1 + x)/{l - x) as 

log, (1 + a;) log, (1 — x) and use part (e).) 

(h) 5 > 0 , about a = 0 . (i) tan a:, a — 0 , 

(j) tan rr, fl = 7 r/ 4 . 

(k) sin (1 — X‘)j a = 1. (Expand sin n about zi = 0, and substitute 

u “1 — a:® in the result.) 

(l) a = 0. (m) log sin x, a - 7 r/ 2 . 

(n) “v / 1 — a = 0. (o) Tan~^ x, a = 0. (See Ex. V, 9.) 

(p) Sin"“^ X, a =0. (q) (1 + a — 0. 

(r) Co + cix + C 2 X- 4 - . . . -f CnOJ” about x ~ a, 

(s) sinh Xj a = 0 . (t) cosh a;, a = 0 . 

(u) tanh X, a = 0 . (v) sinh^^ x, a = 0 . 


See Chap. II, Sec. 5 for the definitions of the functions in parts 5 , tj zij and v. 

2. (a) How many terms are needed 
to compute e to six decimals if the 
Maclaurin development for is used? 

(b) How many terms are needed to 
compute log, 1.5 to five decimals if the 
Maclaurin development for logc (1 + 
is used? 

3. (a) Compute sin 30' correct to six 
decimals. 

(b) Compute cos 62° correct to six 
decimals. 

(c) Compute Sin”^ 0.1 correct to the 
nearest second. 

(d) Compute Tan'^ J and Tan“^ 

From the relation Fig. 35. 



j = Tail-' 1 = 4 Tan-' g - Tan'' 

compute 7r/4 to seven decimal places. How many terms would be needed 
to find Tan-' 1 to this accuracy by direct computation? 

4. (a) In the result of Ex. Ig, show that the remainder E„_i is less than 

_ j.)n’ this formula 0 ^ x <1. 
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(b) With the aid of the preceding result, compute log. 2 correct to five 
decimals. (Use a: - { in Ex. Ig.) 

(c) How many terms would be needed to find log. 2 to this accurac 3 ' by 
Ex. Ic? 

(d) 0)mputc log, J correct to six decimals by Ex. Ig. 

5. (a) From the Maclaurin expansion for (1 x)^, where p is any real 

number, show that 

i^n| < nvhcn r > 0 and n -f 1 > Pi 

1 [n -f 1)1 

and 


. r ^ P(P - 1) * • ' (P - n) 

in] < ; — r-;--: — — : — rTT" when — 1 < 2 < 0 

(n -f 1)! (1 -f 

and n + 1 > p. 

(b) Compute \/l02 correct to five decimals. 

(c) Compute correct to five decimals. 

0. (a) Find the Maclaurin development of the function / when 

X ( sin X -f €~^-^ when x 0, 

^ ” i 0 when X - 0. 


(b) Find lira /?« and discu.s3 the beha\*ior of ns n — ♦ «. 

n-* « 

7. By considering the auxiliarA’ function 


v-(z) - F(x) 


- (b“a) 


F(x) n. -/(6) +f(x) +^(b - X) +^(b - z)» -r • • ■ 


-(6 - x )«, 


where n is a positive integer, and where p is an arbitral^’ positive number, 
show that 


m =/{a) +^(b - a) +^(6 - a)’ + ■ • • 


-(6 - a)» + R, 


~ p(nl) ~ a < ^ <h. (Schlomilch's form.) 
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8. From Ex. 7, obtain Lagrange’s form of the remainder 


Bn 


+ 1)1 


a)"+S 


a < { < 6, 


Cauchy's form 


Rn 


n! 


(6 - a) (6 - £)”, 


a < { < 6, 


and the following modified forms: 


Rn = 
Rn = 


y(n+i)(a + gk) 
p(n!) 

/("+!> (g + Bh) 
n] 


/i"+i(l - «)”. 


0 < e < 1, 

■0 <0 < 1 . 


9. Write the remainder in four different forms in the case where sin x 
is expanded about a = 0. 

10. Show that 


k b(b - 1) , , 

(1+ *)‘ = 1 + -X + -- gy-V + 


+ 


fc(fc - 1) 


(/c - n + 1) 


n! 


x" + R„ 


where 


k(k - 1) • • ■ (fc - n) (1 - 


p(nl) (1 + ’ 


0 < 0 < 1 , 


for all values of x when n < k — 1, and for all x such that —l<x when 
n > k ~ 1. 


PART B. PARTIAL DIFFERENTIATION 

14. Functions of Several Variables. We now take up the 
problem of extending to functions of several variables the con- 
cepts and theorems developed in the preceding sections. 

Let X and y be two real variables. We shall speak of a pair 
of values of x and y as a point. We shall denote a point x = a, 
y = bhj the symbol (a, b), where in this symbol it is understood 
that the first value a relates to x and the second value h relates 
to y. If values of x and y are represented by rectangular coordi- 
nates in a plane, then a point, as we have defined the word, is 
represented in the usual way by a geometric “point.” We shall 
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use the word point interchangeably in both the geometric sense 
and in the sense just now defined. the x^z-plane we shall 
mean the set of all points (x, t/), where x and y are assumed 
independent. 

Let us recall from Sec. 2 that a real variable is a sj'mbol having 
real numbers for values. Thus, the formula X‘ — Sxy is a real 
variable in that it is a s>nnbol having real values Avhen x and y 
have real values, that is, x- — Zxy has a definite real value at 
each point (x, ?/). However, the variable x + y is defined 
at only those points (x, y) such that x + ^ § 0; the variable 
loge [1 (x- + 7/-)] is defined at only those points (x, y) such 

tliat 1 — (x- + 7/-) > 0, that is, at onl}' those points inside the 
circle x- + t/- = 1; and the variable y^ is defined onlj’’ if either 
7/ > 0 and X is arbitrar}^, or 7/ = 0 and x 5^ 0, or 7/ < 0 and x is 
rational with an odd denominator. With these examples in 
mind, we may define a function of x and y. 

Definition 14.1. Let x and y be two real variables. If a 
variable has exactly one real valnc at each 'point (x, y) in some set 
D of points (x, 7/), then this variable is called a real single-valued 
function of x and y defined over D. 

If X and y are independent variables, so that x and y may be 
assigned all possible pairs of values, and if D is the set of all 
points (x, y) at which a function of x and y is defined, then D 
is called the domain of definition of this function. 

Tlius, for example, the domain of definition, D, of the function 
loge [1 -- (x- + 7/-)] is the interior of the circle x- + 2/’ = L 
In Definition 14.1, x and y need not be independent, but they 
may themselves be functions of other variables. 

If f denotes a function of x and y, then f\x, y) denotes, and is 
read, the value of f at the point (x, y). 


As an example of a function of two variables, let us consider the tem- 
perature r at a certain instant of the “plate** in a three-electrode vacuum 



A B 

Fio. 36. 


tube. Suppose the plate is a rectangle A BCD, 2 cm. long, 
1 cm. \vido, and of negligible thickness. Let x and y be 
the rectangular coordinates of a point P in the plate, 
where the origin is ar A and where x is measured parallel 
to the length AB oi the plate. It follows that T is a 
function of x and y in that T has a definite value at 


each point (i, y) in the plate. We denote the value of T at the point (a, h) 
by T(a, 6), and we read this symbol “the value of T at (a, b).” If the 
temperature of the plate (in degrees centigrade) at the center M is 100, 
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along the edges is 0, and drops off linearly from the center to each point 
on each edge, then r(l, J) = 100, T{h a) ~ 7^(1 > i) ~ 

T{0, = T{2, 1) - 0. This last equation, for example, should be read 

‘*the value of T at (2, 1) is 0.'' The symbol Tix, y) denotes, and is read, 
*‘the value of T at an arbitrary point (a:, y)J^ It is eAudent that 

{ 200y when (a;, y) is in triangle ABM, 

lOOx when (a;, y) is in triangle ADM, 

100(2 — x) when {x, y) is in triangle BCM, 

200(1 — y) when {x, y) is in triangle CDM, ^ 

where we read this relation **the value of T at an arbitrar}" point (x, y) is 
200?/ when (a:, y) is in the triangle ABAL,^^ etc. The fact that T is repre- 
sented by several formulas in no way contradicts the fact that T is one 
definite function of x and y defined over tlie entire rectangle ABCD; it is 
possible to represent T by a single, but rather complicated, formula. 



If / denotes a function of x and y, and if /(a^o, yo) denotes the 
value of / at (xo, yo), where (xo, yo) is a point at which/ is defined, 
then the triple of numbers [xo, yo, /(^o, yo)] may be regarded as 
the rectangular coordinates of a point in space. If (xo, yo) ranges 
over all points at which / is defined, then the set of all points 
[^ 0 , yo, /(xo, yo)] is called the graph of /. Thus the number 
/(3^o, yo) is represented by the length of the line segment erected 
perpendicular to the x?/-plane at (xo, y©) and extending up to the 
graph of /. 
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(c) If Pj V, and T denote the unit pressure, volume, and temperature of a 
certain quantity of gas (pounds, inches, and degrees centigrade being the 
units) and if p is a function of and T, so that p(yo, To) denotes the unit 
pressure when v - and T = ^o, state the physical meaning of the various 
quantities analogous to those discussed in parts (a) and (b). 

(d) If -R is the resistance in ohms of an electric arc, if / is the current in 
amperes through this arc, if g is the number of milligrams of metallic vapor 
in this arc, and if is a function of I and <7, so that R{I^ g) denotes the 
resistance when the current is I and the amount of vapor present is g^ state 
the physical meaning of the various quantities analogous to those discussed 
in parts (a) and (b). 

^ . /{3^o + Aa;, t/o) — Vo) , 

For example, m part (b), denotes the mean 

change in temperature per inch along the line from (xo, yo) to (xo + Ax, po), 

that is, the mean rate of change of temperature with respect to x along this 

. A • pK To + AT) - p(t)o, To) J , ,, 

line segment. Again, denotes the mean change 

of unit pressure per degree change in temperature, or the mean rate of 
change of unit pressure with respect to temperature, in going from the state 
(t^o, 7 "o) (i.e., the state in which v — Vo and T — T^o) to the state (t^o, + AjT) 

with the volume remaining at Vo- (Why is this last phrase necessarj’’?) 

6. Let !r(x, p, z) represent the temperature at (x, y, z) at a certain 
instant in a block of ice. State the physical meaning of each of the following 
quantities: 7 ’(xo, 2/0, ^^o); T{x^ + Ax, po, 20) I"(xo, yo, 20); 

!r(xo -{- A 3 ;, yo, gp) — r(xo, yo, go) _ ^(xo, yo, gp + Ag) — T(a;o, yp, zp) 

Ax ' Az 

yo + Ay, gp + Az) ~ !r(xo, yo, gp) 
V'(A2/)= + (Az)”- 

7 . Find the values of the quantities at the end of Sec. 14 and in Ex. 4 

when (a)/(a:, y) ^ x- - dxy; (h)f(x, y) = - ; (c)/(a;, y) = -x/Sx - y\ 

X 2 y 

8. A common method for representing geometrically a fimction / of x 
and 2/ is to show its contour lines in the 
xy-plane. This is done by plotting the 
curves 

y) — constant 

and attaching to each curve the corre- 
sponding value of the constant. For 
example, if /(x, y) = x- + 1/, the contour 
hnes are the curves x^ -f ^ = c. In Fig. 

38 these contours are shonm for c — 2, 

1 » 0 ) and —2. The surface z = /(x, y) 
may be visualized by imagining the contour lines placed at the proper 
levels. 
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Draw a contour map for each of the following functions: 

(a) /fe y) - l/(x + !/); (b) /(x, y) = x* A- y"; 

(c) f(x, y) = (x* + t/*)/2x; (d) /(x, y) == 2 xy/(x 2 - j/2); 

(e) nx, y) - 2 //(x 2 1); (f) /(x, r/) = x* - 2y\ 

Give several examples of the use of such representations of functions in 

engineering and scientific W’ork. 

9. The function ip is such that 

( 1/x w'hcn X < 0 and x- -h!/* ^ 1* 

^(x, y) - < X* -f 3y when x ^ 0, ^ 0^ and x -J- */ < 1 , 

{ 0 when 0 < x ^ I and —1 ^ y < 0. 

Evaluate: ,^0, 0); v-(-l, 0); ^-(0, 1); J); v-(l. -i); ^-(0, Draw 

a figure indicating the domain of definition of v?, 

10. Define a multiple-valued function of x and i/. If z = tan“* (y/x), is 
z a multiple- valued function of x and y? Describe the graph of z. Docs t he 
equation x® -b 2 ’ = I define r as a multiple-valued function of x and y7 
For what values of x and yhz single-valued? 

11. Let p and 0 be the polar coordinates (taken in the usual manner) 
of the point {Xf y). Describe the surfaces (a) z — sin 20; (li) r = tan 20, 
Compare this latter surface with the surface of Ex. Sd. 

16. Continuous Functions. Let 5 and 1 ? be arbitral*}' positive 
numbers. Bj' a neighborhood of a point (xo. yo) shall mean 
either the set of all points (x, y) such that 

(x “ Xo)* (y - !/o)= < 0 , 

i.e., the interior of a circle with center (xo, ijo) and radius 5, or else 
the set of all points (x, y) such that Xo — o<x<Xo + 5 and 
yo — V < y < Vo + V, i-e., the interior of a rectangle \rith 
center (xo, ijo) and edges of lengths 2o-and 2r]. It is evident that, 
if N' is a circular neighborhood of the point (xo, yo), there exists 
a rectangular neighborhood N' of (xo, yo) w’ithin N, and if N 
is a rectangular neighborhood of (xo, yo), there exists a circular 
neighborhood of (xo, yo) within N, Thus it is immaterial 
whether circular or rectangular neighborhoods are considered. 
It is readily possible to introduce other kinds of neighborhoods, 
such as triangular or elliptical, \\*ithout in any way altering 
the ideas and theorems to be developed below. The only detail 
of consequence is that, if N is any kind of a neighborhood of 
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(a:o, I/o), N must contain (a:o, yo) in its interior, and not on its 
boundary. * 

Definition 15.1. If f is a real single-valued function of x 
and y, if A is a real mmher, and if, for each positive number e, 
hotvever small, there exists a ndgliborhood N of the point (a, h) s^ich 
that |/(a:, y) — i for all points (z, y) in N other than {a, b), 

then A is denoted by either lim/(a:, y) or Iim/(a:, y), and A is referred 

x—40 x=^a 

l /=*6 

to as the limit of f at (a, b). 

Definition 15.2. If f is a real single-valued function of x and 
y, and if at the point {a, b), (1) f{a, b) exists, (2) lim f(x, y) exists, 

z-^a 

and (3) lim f{x, y) = f{a, b), then f is said to be continuous at 

x—*a 

y-^b 

(a, b). 

Definition 16.3. If f is a real singlc'^valned ftinction of x 
and y, and if f{Xy i/o)? ^ohich is a function of x alone^ is continuous 
at X = Xoy then f is said to be continuous in x at (rro, yo)* Con- 
tinuity in y is similarly defined. 


EXERCISES XVI 

1. Interpret Definitions 15.1, 15.2, and 15.3 geometrically Avith the aid 
of the graph of /. 

2. Show that lim /(x, ?/) = A when and only when the value of / at (x, y) 

x~^a 4 

y-*h 

becomes and remains arbitrarily close to A as x ^ a and 5 in any manner 
whatever, that is, as the point (x, y) approaches the point (a, h) along any 
path whatever so long as the point (x, y) remains distinct from (a, h). 

3. Extend the theorems, examples, and exercises in and following Secs. 3 
and 4 to functions of x and y. 

4. Extend Definitions 15.1 and 15.2 to a function of 3 A^ariablcs; to a 
function of n variables. Discuss the concept neighborhood in connection 
mth these definitions. Extend the results of the preceding exercises to 
functions of n variables. 

5. Let/(r, 0) = 26 when r p. 0, 

(0 when r = 0. 

Show that/, when represented as a function of x and y^ is continuous in z at 
(0, 0) and also in y at (0, 0), but that /is not continuous at (0, 0). Sketch 
the graph of /. 

* The subjects called point set theory and topology deal with questions 
such as the following: What are all the geometric figures that may be used as 
neighborhoods of a point (xo, t/o)? What is meant by the interior of such a 
figure when its boundary is not a simple closed curve? 
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16. Partial Derivatives. Let / denote a function of x and y, 
and let the point (x, y) move along some path in the xy-plane. 
As (x, y) moves, the value of /at (x, y) varies, i.e.,/(x, y) changes. 
It is our object to iSnd the value at the point (xo, 2 /o) of the rate* 
of clmngc of the value of / at (x, y) as the point (x, y) moves 
along some path in the xy-plane. To illustrate the meaning 
of this concept, let (xo, ya) be a certain point and let Cj, C 2 , Cz, 
and C 4 be different curves in the x?/-plane through (xo, 2 /o)* 
if /(^> y) represents the temperature at (x, y) at a certain instant, 
and if the temperature is high near P in the 
figure and low along the y-axis, then/(x, y) 
increases rapidly as the point (x, y) moves 
along Cl in the direction indicated, /(x, y) 
increases slowly along Cs in the direction 
indicated, /(x, y) is constant along some 
cur\^c C3, and /(x, y) decreases rapidly along 
Ck in the direction shown. Thus, at the 
point (xo, yo) the value of/clianges at differ- 
ent rates along different curves through this point. It is conse- 
quently meaningless to speak merely of ‘*the rate of change of / 
at (xo, 7 / 0 ).” It is always necessarj^ to know the path C of the 
point (x, y) and to say “the value at (xo, yo) of the rate of change 
of /(x, y) ns the point (x, y) moves along C.“ 

In developing a method for determining the rate of change of a 
^ven function / along a given curv’e C we shall consider three 
cases : 

Case 1. The curve C is the straight line y = yo. 

Case 2. The cur\"e C is the straight line x = Xo. 

Case 3. The curve C is any cur\^e other than a straight line 
parallel to one of the axes. 

Case 1. Let (xo, yo) be a fixed point on the line 7/ = ijq. The 
change in the value of /over a short interv^al along the line y — yo 
from (xo, yo) to (xo + Ax, yo) is thcn/(xo + Ax, yo) - /(xo, yo) and 
the mean rate of change of / with respect to x over this interval 

♦g /(xo + Ax, 7 ^) — /(xo, yo) ^ As Ax — > 0, the point (xo + Ax, yo) 

moves along the line 1/ = 7/0 to the point (xo, 7/0), and 

* This rate may be with respect to any of various variables. In tliis 
paragraph it is tacitly assumed that the rate is measurcd with respect to 
the distance the point y) moves along its path, 
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lini /(a^o + yp) - /(^O) 2/o) 

A.r — >0 AlC 


represents the value at (xo, ?/o) o/ //ic instantaneous rate of change 
affix, y) until respect to x along the line y = yo. 

Definition 16.1. Lei f be a real single-valued function of x 
and y. The partial derivative of f with respect to x is that function 
of X and y such that 

A/ s fi3:o + Lx, yo) - fixo, yo) 

fxixo, yo) = lim r- (1) 

Ax-^0 

at all points (xo, yo) where the limit exists, and such thatfz is defined 
nowhere else. 

Inasmucli as y has the constant value yo during the limit 
process involved in ( 1 ), it can be said that, during this limit 
process, / is a function of the one variable a:; this is indicated 
by the notation fix, yo). If we introduce the symbol 

to denote the value of id/dx) fix, yf) at a; = xo, then it follows 
by Definition 5.1 that 


Vi) 


= lim + Lx, yo) - fjxp, yf) 
Lx 


( 2 ) 


As an immediate consequence of ( 1 ) and ( 2 ) we have 
Theorem 16.1. f^ixo, yo) = id/dx)fix, i/o)]^,. 

It follovs from this theorem that /- maj’- be formally computed 
by differentiating / vith respect to x in the usual waj’- while 
treating y as a constant. 

To illustrate this discussion, let/(x, y) — Sx- + 5xy. By ( 1 ), 


Mxo, yo) = lim ^(^0 + Ai)- + 5(a:o + Lx)yo — ( 83:5 + 5xoyo) 
^ Ai -»0 Ax 


— Gxq + 5?/o. 

Again, if we use the elementary differentiation rules and Theorem 
16.1, we find that 


fsi^o, Vo) = + Sxyo ) 


= 6x0 + 5 yo. 


It follows in either case that f^ix, y) = 6 a; + by. 
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The function /r is also denoted by the s3*mbol df/dx. It would 
be natural to use the S3Tiibol dffdx, but it is conventional to use d 
rather than d because / is a function of more than one variable. 
The reason for this convention will soon be seen. The S3Tnbol 
/x is most useful when it is desired to indicate the value of this 
function at a particular point, such as/-(a*o + Az, i/o); the s3Tnbol 
d/dx is often used when differentiation is regarded merel3^ as an 
operation on / to obtain another function. Thus, 

{d/dx) ( 3 z- + bxy) = 6 r -r oy. 


EXERCISES XVH 


1. Find /x, both b3- (1) and b3' Theorem IG.l, \vhcn / is given b\' the 
follov\'ing formulas: 


(a) x-y — Ay^\ (b) 


1 


2r - Zy 


(c) \/x- “ Sxy-; (d) sin x cos y. 


2. Detuic the partial derivative of / with respect to y, i.c., define the 
function /y = df/dy. State the analogue of Theorem IG.l and the formal 
rule for computing fy. State the significance of fuixe. yt) ns a. rate. Find, 
Iw two methods, /y for the functions of the preceding exercise. Xotc that 
this exercise provides the solution to Case 2 above. 

3. State the physical significance of /,(tc, yc) and/y(xr. t/c) when f(x, y) 
represents (a) temperature at the point (x, y) in the xy-p!anc, (1^) elevation 
at the point (x, y) on a topographic map, (c) unit pressure at (x, y) in the 
xy-plane. 

4. On the graph of f show the lines whose slopes arc /x(x5, yc) and 
/s/(z6, j/o); ako, show the angles v" and ^ whose tangents are these numbers. 

6. Using onh' Theorem 16.1, find d 'dz and d^dy of: (a) sin* (x — y-); 

(b) (c) (log x)/0og y); (d) - \/ 2x - y-; (c) y Sin-^ (y'x); 

(f) Tan"’ [(x — y)/(x + t/)]; (g) log log* sec (x’ — y); (h) x». 

0. Find the partial derivatives with respect to x and y of each of the 
follov^-ing functions: 


(a) sin (4x* — 3 t/); 

(b) cos (3xy); 

(c) 3x/(2x ~ y=); 


(d) 

(e) \/(2t — -f 4?;^ “ 5x; 

(f) log (Bxhj - 7/*)-. 


7. If / and g arc functions of x and y, express (d 'dx\(J g) in terms of 
/x and gr. 

Solution. When y is constant, / and g are functions of x alone; hence 
f • gis the product of two functions of x alone and may be differentiated with 
respect to x by the ordinar3* product formula. Therefore, b3" Theorem 16.1, 


=f-g.+g-f. ^f^+g~ 

dx dx dx 
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Rvpress d/dx and d/8y of the following functions in terms of 
and gyi 

(a) 3/ + 2g. (b) f. (c) / • Vg. 

(d) //(/+?). - (e) e-L (f) f-sin^g. 

(g) log tan /. (h) Sin*"^ /. 

8. Define the functions Jx, Svj and Jz when / is a function of x, y, and z. 
If f(Xy 7 j, z) represents the temperature of a substance at the point (x, y, z), 
state the physical significance of/x(2:o, ^o, zo),/i/(a:o, ?/o, ^o); and/*(a;o, 2/o, ^^o). 
State the analogue of Theorem 16.1 and the formal rule for finding/*, /y, and 
Find/*, /y, and/r when/(x, y, z) ~ xy — 2i/z and when 

/(x, 2/, z) = xz cos {y- + s-). 


9. Suppose that x, and z are independent variables. Evaluate 
dx/di/j bzjbx^ o /( x )/ 37 /, and 5^5(2:, 7j)jbz. 

10. Let XI be a function of x and y, v a function of y and z, and w a function 
of X. Find 


(a) 

(c) 


du^ 

dx 

d(tt tan a) 


(e)-log 


dz 

log 


(b) 


d(u/v) 

sy ' 


(d) — (xu + + zw^), 

Oy 

0 

(f) — . 

Ox 


11. If z = sin t(x — y)/(x + y)], show that x(0z/0x) + y{dz/dy) = 0. 

12. If z = show that x(0z/0x) + y(dz/dy) = 3z. 

13. If y and h are functions of x and y such that gx(Xj xj) ~ /ix(x, y) for 

ail points (x, xj) in the rectangle a^x^h, show that 

y(x, y) — h{x, y) is a function of y alone over this rectangle; i.e., show that 
there exists a function ^ of y such that 


y(x, y) s h{xj y) -f ^(y). 

State the analogous result in the case where yy(x, y) = /iy(x, y). Extend 
these results to the case where g and h are functions of x, y, and z (see 
Theorems 10.3 and 16.1). 

17. Higher Partial Derivatives. If / is a function of x and y, 
and if / has partial derivatives with respect to x and y, then these 
derivatives are also functions of x and y, and may have partial 
derivatives which are called the second partial derivatives of /. 
These partial derivatives are denoted by the symbols 
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It should be noted that the symbol /yx indicates differentiation 
first vnth respect to x and then with respect to y. 

Example 1. If /(x, t/) = x* — oxij\ then 

2/) ^ fzri^t y") ” OXf y') 

fv{^j y) = ~10xf/, fvzix, y) = -lOi/, fvv(x, y) = — lOx. 

In this example it happens that fyr = /xy. We mise the question, wl 

this ahvays be the case for everj' function /? It is evident that 


, N V /sC^Oi Vn + fc) —/xfXOf J/o) 

Ar(xc, f/o) = hm ; 

h^O « 


iin ^ liin 
->0 I h-^o 


litn 

k 


Ifixo + A, Vo -f A) -/(xd, !/o 4- A)] - (/(xo + A, I/o) —/(xo, l/o)] 


Ajr(xo, i/o) = lim 


kh 

/y(xo -f k, yo) -/y(xo, yo) 


}• 


lim “I lim - 


[/(xq -f A, t/o -f A) -/(xo 4- A, 2/o)) - [/(xp, t/o 4- A) ~/(xo, yo)] \ 
A— oU*— 0 A/; 


( 1 ) 


( 2 ) 


provided tiicsc limits exist. Since the fractions in the right members of (1) 
and (2) arc the same, it follows that/y,(xo, yo) = fiv(xo, yo) when, and only 
when, the limits with respect to A and h may be interchanged. The folIo\ring 
example shows that the order in which the limits are taken cannot always be 
inverted, so that fvx{xc, yo) is not always equal to /xy(xc, po). 

Example 2. Let 


/(x, y) - 


xif -— — : 

X* 4- 2/* 

0 at (0, 0). 


when (i, y) (0, 0), 


Then 

— Vo 

MO, 

Ax-*0 Ax Ar-»0 Ax 

2 ~r~'* 

Xq — Ay 

M... 0) - lim + 

Ay-vO Ay Ai/-»0 Ay 

It foUou's from these results that 


= -yo, 


= Xo. 


/v.{0, 0) = lim ° MP’ = _1 

Ay-»0 Ay Ay-*0 Ay ’ 

f,A0, 0) = lim = lim = 1. 

Az~»0 Ax Ax— *0 Ax 
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Thus 0). 9 ^ 0). The following theorem provides a criterion that 

Vo) = /iu(*o, Vo). 

Theorem 17.1. Lei f denote a real single-valued function of 
X and y. If fvx is defined over some rectangular neighborhood N of 
(xo, yo) and is continuous at (xo, yo), and if fxy(xo, 2/o) exists, then 
fxy(xo) yo) fvx(p^ 0 t yo). 

We first observe that, because /„* is defined over N, fx and / 
are also defined over N. Again, the existence of fxv(xo, yo) 
implies the existence of fy(xo, yo). 

We shall evaluate fxyixo, yo) by means of the right member of 
(2). Let {xo + 2/0 + h) be a point of N with h 9 ^ 0 and fc 5^ 0, 

and let tp{x) = f(x, 2/0 + fc) — f(x, yo). Then tp has an x-deriva- 
tive defined from xo to xo + A inclusive (N being rectangular). 
By Theorem 10.1, there exists a number X, 0 < X < 1, such 
that 


[/(a:o + h, yo A- k) ■- /(xo + h, yo)] - [fixo, yo + k) - /(xo, 2/0)] 
= ^(xo + h) — (p{xo) = h • ^'(3^0 + hh) 

^J(x, yo + k)- y,) 


= h 




hlfxixo + hh, 2/0 + b) “ fzixo + Xfi, yo)], ‘ (3) 


the last result following by Theorem 16.1. By hypothesis, the 
function /^(xo + Nh, y) of the variable y has a y-derivative 
defined from 2/0 to yo + b inclusive, and by Theorem 10.1, there 
exists a number m, 0 < p < 1, such that 

h\fx{xo + hh, yo + k) — A(xo + \h, yo)] 

= h[kfyx(xo + \h, yo + nk)]. (4) 
®y (2), (3), (4), and the continuity of fyx at (xo, yo), 

fxy(xo, yo) = j'lim/„:,(xo + X/i, yo + Aifc) j = fux(xo, yo). 

It is apparent that Theorem 17.1 remains valid when the roles 
of X and y are interchanged. 

Higher derivatives of f are defined in an obvious manner. 
Thus, dP+^Z/d^x d«y denotes the function obtained from / by 
differentiating partially g times with respect to y and p times with 
respect to x. If / and its derivatives are continuous, the order 
of differentiation with respect to x and y is immaterial; for 
example. 
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ay ^ df ^ a / ay \ ^ a> /aA 

d^x dy d:\dx dy) d:\dy dx) dx dy\dxj 

^ .Jljd] = 

a^ ax\ax/ ay a-x 


EXERCISES XVin 


1. If/Cx, T/) = tan {y 4* /'-r) 4- (y - shov: that — = h"-—- 

Ox^ dy* 

2. If 2 = a; Tan~' - 4- show that 4- 2x:Ar^^ 4- = 0. 

X dz* dx dy ^ dy* 

tT-z d-z 

3. If 2 = log (x* 4- 2/*)t show that — 4* — = 0. 

dx* dy- 


4. Show that 


d*r 


dy dx dx dy 


. Vi- - y- frr, 

when (n) z = ; (b) r — < 


5. lf/(x, t/, i) = (x- + 2/- + fIiow that ^ -f ^ -f — = 0. 

dx* dy* dr* 

d*r I dr 1 d*r 

6. If V = cos (o log r), show that — r 4 h *: — i ~ 0. 

dr* r dr r- d<>- 

„ , , d*w d-u 

.. If « = c--, show that j -h [j;J J- 


8. In Example 2 above, fmd/,j(Q, 0) and /ijtO, 0) directly by (1) and (2). 
Construct another function to illustrate the point of Example 2. 

18. Total Derivatives. Wc aow take up Case 3 of Sec. 16. 
(See Ex. XVH, 2 for Case 2.) Let / be a single-valued function* 
of X and y, and let C be an arbitrary- cun'c in the domain of 
definition of / and ha\ing the parametric equations! 

^ = p(«), y = (1) 

We shall assume /, p, and q to be difi’crentiable. As v varies, 
the point (x, y) move.s along C according to (1). Hence the 
value of / at the mo^dng point (x, y) varies udth «, that is,/{x, y) 
is a function of u. We vrisn to determine the value at (xp, yo) of 
the rate of change of /(x, y) ndth respect to n as (x, y) moves 
along C, 


* To make this discussion ririd, think of /(x, y) as representing the tem- 
perature at (x, y). 

t It may be helpful to think of u as representing arc length along C. 
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The point on C at which u = uo has the coordinates 

Xo = piuo), 2/0 = ?(«o), ( 2 i) 


and the point on C where w == ao + Aa has the coordinates 

Xo + Ax = p(uo + Aa), 2/0 + Ay = q{uo + Aa). (20) 


Hence / has the value /(xo, 2/0) 
when a = ao and it has the value 
/(xo + Ax, 2/0 + A2/) at a = ao + Aa. 
Also, the change in the value of / 
over the short interval along C from 
(xo, 7yo) to (xo + Ax, yo + Ay) is 
/(xo + Ax, yo + Ay) - /(xo, yo), and 
the mean rate of change of / with 
respect to a over this interval is 



/(xq + Ax, yo + Ay) - /(xp, yo) 
Aa 


As Aa — > 0, Ax 0 and Ay — ^ 0 


according* to (22) and the point (xo + Ax, yo + Ay) moves along 
C to the point (xo, yo). Hence 


lim + Ax, yo + Ay) - /(xp, yp) 
Aix— *0 Aa 


(3) 


(provided this limit exists) represents the value at (xp, 2/0) of the 
instantaneous rate of change of /(x, y) with respect to a as (x, y) 

2 /)' 


moves along C. We shall now show that 


du 


(i.e., the 


df(x xi) 

value of ' at a = ao) is equal to the limit (3), and then we 

shall evaluate (3). 

As the point (x, y) moves along C, /(x, y) is given by the 
formula /[p (a), 9(a)] according to (1). Hence 1 


2/) l ^ df\p{y), g(^)] 

du du J„„ 

^ /[p(ao + Ait), 9(ao + Aa)] - /[p(ao), (/(ap)] 
>0 


(Note that we write 


df{x, y) 
du ^ 


and not 


dM y) 

r- , 


because / is now 


* Since p and g are differentiable, they are also continuous. 
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regarded as a function of the single independent variable u,) 
It follows by (2i) and (23) that we may express the preceding 
result in the form 


y) 1 yp "t" ^y) 2/0) _ 

dxt Jtij AU—+0 Aw 

To evaluate the limit in (3) and (4), let us subtract and add 
/(^To, 2/0 + ^y) in the numerator of the fraction in the right-hand 
member of (4). Then this member becomes 


lim 

Au --*0 


/(xq + Ax, ija + ^y) - f(xo, yo + Ay) 

Am 

f(xe, 2/0 + Ay) - /(xo, yo) 


+ ' 


An 


(5) 


In case Ax and Ay 7^ 0 when Au 0, we may \vrite (5) in the 
form 


lim [ /(^o + yo + ~ yp + ^y) . ^ 

, fjxo, yo + Ay) - /(xp, yp) . . 

' Ay ’AmJ’ 

the general case where Ax or Ay may be 0 when Au 0 may be 
treated by the de\dce used in the proof of Theorem 5.5. By 
Theorem 3.2^ we may write (6) as 


lim 

Au— *0 


/(xp + Ax, yo + Ay) — /(xp, yo + Ay) 


+ lim 

Au— *0 


Ax 

/(Xo, 


lim^ 


yp + Ay) - /(xp, 
Aj/ 


2/0) 


lim 

^u-*o -Aw 


(7) 


provided the various limits exist. Since we assumed p and g 
to be differentiable, and since Ax = p(wo + Aw) ~ p(wo) and 
Ay = g(wo + Aw) — q(uo) by (2i) and (23), the second and 


fourth limits in (7) exist and equal ^ and . We next 

JWj JUg 

consider the third limit in (7), i.e., 


lim + A2/) - /(xp, yo) 

Au— *0 Ay 


( 8 ) 
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wherein Ay = q(vo + Au) — q{uo). Since 


du 


exists, it follows 


Uo 


bj'" Theorem 5.1 that g is continuous at ri — «o. Hence, as 
Am — > 0, Ay also — > 0 in (8). But 

f(xo, yo + Ay) — /(xo, Vo) 


as Ay 0, 


Ay 


Vo)- 


Therefore the limit (8) has the value /y(xo, yo)- ' 

It remains to consider the first limit in (7). Let 


V!(x) = Six, yo + Ay), 

where for the moment Ay is constant. By Theorems 10.1 and 
16.1, 

/(xo + Ax, yo + Ay) - fjxp, yo + Ay) ^ ipjxp + Ax) — y(xo) 

Ax Ax 

= V’^(xo d" 6 • Ax) 

= yo + Ay)l 

ax Jxo+O-Ax 

= /x(xo + ^ • Ax, yo + Ay), 

where 0 < 5 < 1. Having established this result for arbitrar}’- 
values of Ax and Ay, we may now tlaink of Ax and Ay as variable, 
0 being a function of Ax and Ay. It follows that if fx is con- 
tinuous, then 

/(xq + Ax, yo + Ay) - /(xp, yp + Ay) 

Au— *0 Ax 

= lim /^(xo 4- 0 • Ax, yo -f Ay) = /,(xo, yo). 


since Ax—*0 and Ay — » 0 as Am 0. 

We have now evaluated all the limits in (7) and we may sum- 
marize our results in 

Theorem 18.1. Iff is a real single-valued function of x and y 
having first 'partial derivatives with respect to x and y, if at least 
one of these partial derivatives is continuous,* and if x and y are 
defined as differentiable functions of u by the eqiiations x = p{u), 
y — then 


d/(x, y) 


du 


= fxixo, yo) • 



+ /i/(®o, yo) • 



(A) 


* The proof was given for the case where /» is continuous, but the proof 
is easily modified to meet the case where /y is continuous. 
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When expressed in general notation, (A) assumes the form 

df(x, y) ^ dfjx, y) ^ df(x, y) ^ . . 

(Ill dx du ^ dy du ^ ' 

where we have vTittcn/(x, y) instead of merely /in order to show 
explicitly that/ depends on x and y (see Sec. 23). With regard 
to the interpretation of (9), it should be obser^’cd that 


(a) It is implied in the notation 


^/(x, y) 


that a: and y have been 


determined as functions of w, say x = p(u)j V — ^00? that, as 
?/ varies, the point (Xj y) moves along that cun^e C whose para- 
metric equations are x = y ~ q(v). 
df(^x 1 /) 

(b) The notation — represents the rate of change of 

f{Xj y) with respect to n as the point (x, y) moves along the curve 
C in (a). 

(c) Even though x and y have been determined as functions 
of XI in (a), — - - and — arc computed by regarding x 
and y as independent "srith either y or x constant. 

We call the total derivative of/ vitli respect to w. 

Formula (A) reduces to a particularly important fonn when 
it is supposed that the parametric equations of C are expressed 
in terms of the arc length s of C, i.c., that n = 5 in (1). B}" (9) of 

Sec. 7, ^ = cos a and ~~ — sin a, where a is the inclination 

of the tangent line to C at the point s — So. If these values are 
substituted in (A), this formula assumes the special form 


^'1 


Xjo) cos a + /y(xo, Xjo) sin a. 


Formula (9) may be greatly generalized. Suppose, for 
example, that /is a function of x and y, and that x — p(w, v, xv), 
y = q(xi^ a, xo). Since /is expressible as a function of xi, r, and te, 
i.e.,/(x, xj) =/(p(iz, Vy xv), q{u, r, te)),/may have partial deriva- 
tives uitli respect to xi, e, and la. AVe may evidently UTite 

nmu. V . ..)) ^ whuT). 

dll du 
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there is nothing in this last notation to indicate that x and y 


dfjx, 2 /)^ 
du J ii,uj 


■to 


depend on v and w. We introduce the notation 

show that (a) x and y have been determined as functions of 
u, V, and w; and (b) v and w.are regarded as constant during 
the computation of the derivative in question. Two special 
cases of this notation should be kept in mind: The symbol 

indicates by the absence of any subscript that u is the 
du 

only independent variable; as indicated above, it is customary in 

this case to write instead of • Again, if x and y 

du du o I 

are themselves the independent variables, then this is indicated 
by the notation • however, if no ambiguity can arise, the 

dX / y 

subscript y may be omitted as iu Sec. 16. According to this 
notation, (9) would be written in the alternative form 


dfjx, y) ^ df(x, y) \ _ ^ df(x, y) \ _ , 

dri dx Jy du ' dy }x du ^ 

With this notation in mind, we may state 
Theoeem 18.2. If f is a function of a finite number n-i of 
variables x, y, z, • ■ • , and if each of these variables is a function 
of a finite number n^ of variables u, v, w, • - • (ni and being 
entirely independent), then 


dfjx, y, s, ■ ■ ■ ) \ ^ df(x, y, z, - • • 

du /v,io,... dx /v,z,...du/r,,w,... 

df(x, y, z, • ■ • ayN _ 


>y>^> ■ ■ ■ ) \ ^ df(x, y, z, • • • )\ toX 

dv /u.w.... dx / !/,s,...3y/u,„,... 

, dfjx, y, z, • • • ) \ ^ _ 

dy ) X,z,...dv } 


(B) 


lohere the dots at the end of each line indicate a finite number of 
terms. 
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(2x 

(Ju 


^ 1 . 



( 12 ) 


nnd that those results maj he substituted in (11) to obtain the desired 
formula 

Sohilioji b?j Dincl DiffercnUahon In the formula for/^^e may think of 
X and ij as functions of u and dilTerentiate / as a function of u by the ele- 
mentary formul is Thus. 

(H{t, y) _ (}{x-) J{xu) _ o dx J ^!/ , dx\ 

du dll * d u *^^d XI / 

= (2x - Zy)Y - 

du du 


Note again that the equation^i of C are not u^^ed in this differentiation, nnd 
are used onlv to enlculate dxfdii and dxj'du. Since (11) and (13) are the 
same, the final result, after snbbtitution of (12), mu‘'t be the same. In the 
e\crci‘'es belou it is best to caiT\ out the computations (11) and (13) first, 
check these rc^ulti^, and tiien to make the substitution (12). 

A third method for sohing this problem A\ould be to substitute the for- 
mulas for X and y in the formula for / and then diflcrcntiatc. The reader 
uill find by trial that this method is to be recommended onlj" uhen the 
formulas arc extreme h simple 


8 


Find 


d/(T, y) 
du 


111 the following cases b^ the two methods desenbed 

o 


in Fx 7 

(a) Six, y) = xhj - j/*, x 1 u and y - log tt 


(b) f(Xf v) = < — iof. ^ y " 

X - V 

(c) /(x, y) = '\/x — y; X iml y are defined as functions of u bv the 
equations u — 2 = sm (xu) and tt — 2 = log (?/ -b it) 

(d) fix, v) = Sin“* (t//x);xand yarc defined as functions of u by the equa- 
tions x“ ~ w -r 2 and Tan~* (rt 2) -f Tan"'* iy 2) = r/l 

9 Let us consider the special case of (9) where u = x The relations 
X = p(u) and y = giu) reduce to x = x (this being the formula for x m 
terms of the independent xanablc x) and y — g{x) Formula (9) becomes 


d/(x, y) ^ df(x, y) \ ^ Ofjx, iy) \ ^ 
dx dx )y di/ ) X dx 

since 1. Wliat do and ■ ) represent? Make clear the 

dx dx dx Jy 

cbfTerencc in significance of these de^^ atn es bj gn mg in each case the 
equation of the cur\'c along which the point (x, y) mo\es [sec paragraph (b) 
following Theorem 18 1] In which of those denvativcs is y variable 
dunng the limit process defining the dern ativc and m w hich is it constant? 
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ctfC^ 7 /) • 

Does the s 3 "mbol i — ^ have an}" significance if y is not a function of a;? 

dx 

Carry tlirough' this entire discussion for the case u — y, 

d/iXf y) df[x, y) 

10. Using the results of the preceding exercise, find — — and — — — 

when S{Xj y) = an d x and y are related by the equation — xif — y; 
also when fix, y) = %/ x- - y- and -\/a + V?/ = xy. Check j'our results 
b 3 ' differentiating / directlj’’ as a function of one variable bj' the methods of 
elenientar\' calculus. 

11 . If the coordinates of the point (x, tjj z) are determined by the equations 


X = pOO, y = 7 ( 1 /), z = r(u) (14) 

in terms of the parameter t/, so that, as 1 / varies, the point (x, 1 /, z) traces 
out a oxLYve C in space, then equations (14) arc called the parametric equa- 
tions of C. If / denotes a function of x, t/, and z with continuous partial 
derivatives, show that 

df{x, y, g) ^ ^ ^ ^ ^ dp ^ ^ ^ 

dit ^x/y^z du ‘ dy/x.z du du 

[Carr}' out the derivation in the following steps: ( 1 ) state the analogues of 
equations (2i), ( 22 ), and (4) of the preceding article; (2) subtract and add 
f{xoy yo d- Ap, Zq d- Az) and /(xo, po, zo d- As) in the numerator of the new 
equation (4) to get the analogue of (7); (3) appl}' the theorem of the mean 
to the first and third factors of the new equation (7) to get the analogue of 
(A). The discussion of the limits candcs over verbatim and need not be 

repeated.] Interpret — ^ ^ as in Ex. la, b, c, d. [Remember that C is 
du 

now a cun’-e in space and that /(x, p, z) is defined throughout space (or a 
portion of it)]. 

12 . State the formula for (d/du)/(xi, X 2 , ■ • • , Xn). [Note that there are 
as many terms in this formula as there are variables x,.] 

13. If the rectangular coordinates (x, p) of a point P are determined by 
the equations 


X = p(77, v), p == g(«, a), 

then u and v maj' be regarded as a second pair of coordinates of the point P 
(see Sec. 23). For example, if 

X = r cos 0, y ~ r sin 0, (15) 

then r and 0 are the polar coordinates of P, Again, if 

X = l(n — a), p = VW, 

then w and a are the parabolic coordinates of P. 


( 16 ) 
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22. The elevation E of each point P on the Eiirface of a rough ocean is 
Hix, y, t)j where (x, y) is the projection of P on a fixed horizontal plane M 
and where t denotes time (units in feet and seconds). The path of a small 
boat sailing over the water is given by the equations x = 7 ?( 0 , y = g{t)t 
z = E{Xj jr, t). Find dz/dt and interpret each quantity appearing in the 
result and interpret the result as a whole (sec Ex. 2), Under what condi- 
tions would the equations x = jKO? Z/ = 7(0 represent the projection of the 
wake of the boat on the plane Ml 

23. The temperature T at any point P of a substance and at any time t is 
T{x, y, Zy /). Find and completely interpret the formula for dTjdt when the 
point (x, y, z) moves along the path x = p(t), y = ^(0, 2 = r(0* 

24. Let r be the volume of a certain quantity of gas, T its temperature, 
p its unit pressure, and F its total energx’. The following relations occur in 


thermodjTiamics; v = ^^{Ty p), p = E{T, E). Find and interpret 

a,.\ 


du \ 

^r)i 


Is p regarded as constant or variable when one is computing 


Mlien one is computing 




^t) E ^ dT/p 

25. By repeated use of formula (B), find (d/dx)/(x, ?/, c) when y is given 
as a function of x and z, and z is given ns a function of x. 

2G. Given /(x, j/, a, r) with y a function of x and r, ^\^th u a function of 
y and r, and with x a function of r. Find (rf dv) /(x, y, a, r). 

27. Given /(x, y, a, r) with y a function of x, a, r; with v a function of a 


and v'; and with x a function of v and tr. Find 


28. Find: 


d 

(a) —fix 

Ox 


- ’A' 


(b) 


(c) 




(d) -—/(sm xijy log (x 


-) ■ 

Oh/ 10 

+ Vy) ) ; 

5 ;/ Jx 


[In prob- 


lems of this type it may be helpful to introduce new variables; for example, 
in part (a) let u = x *f !/» t’ = x — y, and express the result in terms of 
/« and /,.] 

Oz 


29. (a) If 2 = /(xT/), show that ; 


Oz 

- V— = 0 . 
Oy 


(b) 




. . Oz Oz 

show that X y — 

Ox Oy 


= 0. 


30. (a) If X = p(a) and y = 5 (a). find 


dy(x, y) 


Solution. Since 


d/(x, y) 
du 


= /r~ 4* fii^i it follows that 
du du 
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Since /x and fy are functions of x and i/, their derivatives with respect- to 
u are found in exactty the same wa 5 ’' as df/dxi. Thus, 


du ^ dx du dy dll dx- dn dx dxj du 


and a similar formula exists for {d/dn)fy. Substitution of these results in 
d‘J/du- gives 


d‘f _ ^ ^ ay dxdy ^ df d-y 

dll- dx\dn/ dydxdiidii dy\du/ dxdu- dy dii- 

(b) If a; = p(it, v) and y — g(u, v), find d-f/dii-, d-f/dv du, and d-f/dv^. 

(c) If X = p(u), y = qixi), z = r{xt), find 


d-z d-s 

31. If r = ip(x + iy) + yp{x — iy), show that — + — = 0, where 

ox- o?/- 

1*2 = —1 and where i is treated lilce a numerical coefficient when differentiat-- 
ing. 


USEFUL FORMULAS 

32. (a) If X = r cos 0 and y = r sin 4 ., show that 

where / is a function of x and y, [Note that formula (B) is applicable to 
the terms in the right-hand member of (17). If f is regarded as a function 
of r and <^>, (17) could be obtained by working with the left member, but 
the computation is more difficult.] In (17) the subscripts indicating the 
independent variables have been omitted; this is commonly done in those 
cases where the context itself indicates what they should be. 

(b) If X = r sin cos 2 / = r sin sin 0, z ^ r cos 4 ., show that 

(1) +(|) +(f) =(f) +K£) 

where / is a function of x, y, and 2 . 

33. (a) If X = r cos 4) and y — r sin 4 ., show that 

dx^ dy- dr- ‘^r dr r^- d4^^ 
where / is a function of x and y. 
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(b) 11 X ^ r sin <*> cos Of y ^ r sin sin 0, r *= r cos <^, show that 

gy ■ gy i ^ I ^ O^f 2 dj ctn 0/^ 

ax* dz- dr- ’ r= a<?.5 r* sin* ao* r Or r* a<>’ 

where / is a function of x^ y, and s. 

34. If/(x, y) tir\dg[Xf y) arc such that df/dx — dg/dytind Of/dy = —Og/dXf 
and if X — r cos <*> and y = r sin <», show that 

dr r 0^ r d<f> Or 

Under the preceding hypotheses show that the quantity in Ex. 33a is 0. 

35. If z =/(w, c) and y = g{Uf r) are such that Of/Ou = Og/Ou and 
df/dv « —a^/du, and if F is a function of x and j/, show by Ex, 30b that 

+ £2!¥/^£Y 

du* dr* \dx* d2/*/L Vw/ ^ \dc/ 

v/ 30. If (x, y, r) and (A", I", arc the coordinates of a point P ^^ith respect 
to two sets of rectangular axes with a common origin 0 and based on the 
same unit of length, it can be shown that 

X — fliA *1“ 5i3^ -T CiZf 

y = fl.X + bzY + CtZf (T) 

r = a:X -f 5,1” -f cZ, 

where gi, 5i, and ci arc the direction cosines of the A’-, 1”-, and Z-axes with 
respect to the x-axis, az, 6,, and c, those with respect to the i/-axis, and 
a,, bif and c, those with respect to the r-axis. Show tint 

where / is a function of x, y, and r. [Recall the formula 

cos 0 — cos ai cos a* cos /3i cos /3s “b cos vi cos 7 s (IS) 

for the angle between two lines.] 

37. Let the point (x, y, z) move along a cun’e C in space. If s is the 
arc length along C and if f denotes times, show that 

(Cf. Sec. 7.) If a, /3, and y arc the direction angles of a tangent to C, show 
that 

dx dy dz 

— = cos a, = cos Pf T" = COS 7. 

as ds as 
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Suggestion. Let (xo, 2 / 0 , 20 ) and (xo + Aa?, 2/o + A?/, 0o + As) be two 
points on C, let Ac be the length of the chord joining these points, and let a' 
be the direction angle of this chord with the x-axis. Then Ax - (Ac) cos a: 
and Ax/As = (Ac/As) cos cl. The first of the above results is obtained by 
taking limits under suitable hypotheses. Use these results to extend formula 
(AO to a function /(a;, 2 /, 2 ). 

38. EuleFs Theorem for Homogeneous Functioiis, If a function /(a;, y, z) 

is such that f[\x, Xy, X 2 ) = Vi 2 ), then / is said to be honwgeneous of 

order n. Thus, - xy, e^^^, and {x - y)/xy are homogeneous 

of orders 2, 0, and -1, respectively. Prove 

Theorem, If a function f{Xj 2 /, 2 ) fs homogeneous and differ entiablCf then 

df df df . 

ax ay dz 

Suggestion, Differentiate the relation hijj Xz) = 2/j 2 ) with 

respect to X by the method of Ex. 28 and in the result set X = 1. 

Extend this result to a function of arbitrarily many variables. Also, 
extend this result to higher derivatives. 

39. Theorem of the Mean for a Function of Two Variables, Let / be a 
function of x and y; let (a, b) and (a + h, 6 + /:) be two points. Consti*uct 
the function g{t) = f{a + th^ h -j- tk). Apply Theorem 10.1 to the quantity 
y(l) — y(0) to show that 

f(a -V h, b -V k) — /(a, 6) = hfx(a + aA, 6 + Ok) + A*/y(o + Ohj b + Qk)^ 

where 0 < a < 1. State this result as a theorem, and include in the hypo- 
theses of the theorem all the conditions / must meet. 

19. Differentiation of Implicit Functions. In order that the 
content of this section may be more easily understood, let us 
fiirst consider the following physical situation. 

A solid metallic hemisphere has its base in the xy-plane. Heat 
is being applied to this hemisphere over a portion H of its base 
(see Fig. 42) so that each point of H is kept at the temperature 
100°C. The rest of the base not in H is insulated so that there 
is no transfer of heat across it. The entire spherical surface is 
kept at 0°C. Let T{Xj y, z) represent the temperature (at a 
certain instant) at the point (a;, y, z) in the hemisphere. Let A 
denote a certain temperature between 0° and 100®. It is evident 
that r(a, 6, c) = A only at certain points (a, 6, c) ; in other words, 
the equation T{x^ z) ^ A is satisfiied only for certain points 
(a, 6, c). We say that the set of values a, b, c of y, z is a 
solution of the equation T(x, y, 2 ) = A if the number T(a, 6, c) 
is the number A, that is, if T(a, c) = A. In this illustration, 
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•what is the locus of the points representing the solutions of the 
equation T(xj y, z) = 0? Of the equation T{x, y, z) = 100? Of. 
T{x, y, z) - 10? Of T(x, y, 0) = 10? Of T(0, y, z) = 10? 
Of T{x, y, a/2) = 10, where a is the radius of the hemisphere. Of 
T{x, y, a/2) - 90? Of 7(0, y, z) - 90? Of r(a/4, y, z) = 90? 
How many solutions exist of the equation T{a/^^ i/, 0) =90? Of 
my, a/2) = 10? Of m a/2, a/4) =50? Of r(a/2, 0, 2 ) = 95? 
Of T(a/2, 0, z) = 10? 

Now let {xoj yo) arbitrary point in the base of the hemi- 
sphere. Docs there e.xist a wiiquc solution of the equation 
T(xo, yo, -) = /I? (The word xiniquc is always used in mathe- 
matics in the sense ''one and only one” and never in the sense 
“peculiar” or “unusual.”) To put the 
question another way, does there exist a 
unique point 2 = ro on the line x = Xo, y = yo 
at which the temperature is yl ? It seems 
intuitively evident that there exists such a 
unique point if (zo, yo) is not too near the 
circumference of the base; othennse, there 
is no such point. In other words, there 
exists such a unique point when and onl^' 
when (xo, yo) lies in a certain region D of 
the base of the hemisphere. Moreover, the extent of D depends 
on A, D being H when A = 100 and D being the entire base 
when A = 0. 
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Again, does there exist a unique solution of the equation 
T(xo, y, zo) = A? It seems evident that for most points (xo, 20 ) 
there are four, two, or no solutions, though for certain points 
(^ 0 , ^o) there are three or one. 

This illustration brings out three things: (1) In discussing the 
solutions of an equation /(x, y, z) = A, it is quite unnecessary' 
to think of / as being represented b}' a formula or to think of 
the equation as being “solved” for one of the variables in terms 
of the other two. (2) An equation /(x, y, 2 ) = A doas not 
necessaril}^ have a unique solution in one of the variables for 
given values of the other two variables, but may have either no 
solution or several solutions. (3) An equation /(x, y, 2 ) = A 
may have a unique solution in 2 for each point (x, y) of some 
region D of (he xxj-plane ndthout ha\mg a unique solution in z 
for each point (x, y) of the entire xy-plane. 
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The discussiou of this illustration should be kept carefully in 
mind during the reading of this section. It will be helpful to 
think of / as representing the temperature of the above hemi- 
sphere, and to think of D as a portion of the base of this 
hemisphere. 

I.et / be a single-valued function of the independent variables 
X, y, and z. We vdsh tO‘ give a precise meaning to the statement 
thav the equation /(x, y, z) — A defines z as a single-valued 
fun(.tion of x and y, where A is a constant. To make this 
meaning precise, we must avoid using any phrase like “solve 
for’'' or “in terms of,” and instead we must use the terminology 
of I)efinition 14.1. We shall state this meaning in two ways: 
first, in a simple, direct manner which has rather limited applica- 
tion, and second, in a more technical form of wide application. 

Suppose/ is a single-vahied /unction o/ x, y, and z such that, /or 
each point (xo, 2/o) in some region D o/ the xy-plane, the equation 

/(^a, 2 / 0 , z) = A (1) 

has one and only one solntion z = Zq, Then^ for each point 
(^ 0 ) Vo) in Z), the value of z is uniquely determined as the number 
Zq which satisfies (Ij. Since z has exactly one real value at each 
point (-To, Vo) in D, it follows by Definition 14.1 that 2 ; is a single- 
valued function of x and y defined over Z>, Let <p denote the 

function of x and y which represents the value of 2 , so that 

y)- ( 2 ) 

Then, from the manner in which the value of z is determined, <p 
is such that, for each point (xo, Vo) in D, 

* If 2 can be represented by a “formula'^ in x and y, i.e., the formula that 
would be obtained if the equation /(a;, y, z) ~ A could be “solved^* for 2 , 
then ip denotes this formula. For example, if x + 2?/ + 3z = 1, then 
z = ip{xj y) = (J)(l — X — 27/). But if there exists no such formula*^ for Zf 
and this is usually the case, what does (p denote? 

To answer this question we must generalize Definition 2.1 as follows: 
Let 2) be any set of elements a, c, • • • whatever. Also, let *Sf be any set of 
elements p, g, r, - • • whatever. If in any manner there is associated with 
each element of D an element of >Sf, then the abstract correspondence associat- 
ing elements of S with elements of D is called a function. If tp represents 
this correspondence, then ^(a) denotes, and is read, the element of S asso- 
ciated by ip with a. 

In the present connection, ip denotes the correspondence between points 
(®, y) of D and values of z. 
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^(^ 0 , 2/o) = ^ 0 . 

where zo is the solution of (1), Hence, for every point (to, t/o) 
in 2), 

/{Xo, t/c, c(Xo, ^o)l = A. (3) 

This discussion is summarized in the following definition.* 

Defixitiok 19.1a. If f is a single-valued fundion of x, y, 
and z such that j for each powt (x, y) tn some region D of the xy-plane, 
the equation 

fix, y, z) - .4 (4) 

has one and only one solution in z, then we say that this cquatioJi 
defines z as a single-valued imjdidt fundion of x and y over D, 
i.e.y z = y), and is such that f[x, y, c(x, y)] = .4 for each 

point (x, y) of D, 

This definition may be stated in geometric language: If on 
each line x = xo, y = yo intersecting D there exists exactly one 
point z = Zo at which the value of f is A, i.e., if on each such line 
there exists exacth’ one point z = zo on the graph of (4), then 
equation (4) defines z as a single-valued function of x and y over 
D. The student should construct various physical examples 
(analogous to the above hemisphere) to bring out the significance 
of this definition. 

Let us no\Y return to tiie discussion of the abow hemisphere. It is crident 
that the equation T{z, y, z) = ^-1 docs r^ot define x as a single-valued func- 
tion of 7/ and r. However, if we were to cut off a small portion R of the hemi- 
sphere around the point (a, 0, 0) ^rithout altering the values of T 'vsdthin i?, 
then, conHderiny only R as though the rest of the kcTnisphcrc did not txist, 
the equation T(z, y, z) = A defines r as a single-valued function of if and z. 

We may state this idea in more general form as follows: Suppose equation 
(4) defines z as a rnultiph-valucd function of x and t/, i.c., for certain points 
(t, y), equation (4 ) has two or more solutions in z. There may exist a region 
R of space such that, when / is considered as defined only in R, equation (4) 
defines z as a single-valued function of x and y. By this device of making 
z single-valued wo are able to discuss the continuity of r, the derivatives 
of z, and so on. Wc are now in a position to generalize Definition 19.1a. 

Defxs'Itios’ 19.1b. Let R be a region of space and let D be a region of 
the xy-planc. Supj^sc f is a singlc-ralucd function of x, y, and z sud, that, 
for each point (z:, yo) in D, the equation 

* The significance of (3) is illustrated by substituting z — \{\ — x — 2y) 
in (he equation z -f 2// -f 3z — 1. 
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/(a;o, z/o, z) ^ A (1) 

has one and only one solution z - zo suck that the point (xo, t/oj zo) is in R, 
Then xce say that unthin the region R the equation f(x, Vj z) = A defines z as a 
single-valued iviplicii function of x and y over D. 

We leave it to the student to state this definition in geometric language. 
It is e^ddent that the situation described in this definition can exist only 
when D is contained in the projection of R on the x7/-plane. In fact, for 
a given region R the maximum possible extent of D is the projection on the 
xy-plane of that portion of the graph of the equation /(x, ijjz) = A contained 
in R. Likemse, if the region R is to be such that within it the equation 
f(x, Pf z) — A defines s as a single- valued function of x and y, R must not 
contain two points on the graph of this equation having the same projection 
on the X7/-plane. 


We shall now derive a formula for 




1 


in the case ^vhere z is 


dxJvJ dyjj 


and 


determined as a differentiable function of a: and y by the equation 
f{x, y, z) = A. We first note the following comparisons: if f 
is a, function of the independent variables x, y, and z, then the value 
of / varies (in general) with x, y, and z, and if / is differentiable, 

~j are (in general) all different from zero. 

But if z is determined as a function of x and y over the region 
D by the equation /(x, y, z) = A, then, for each point (x, rj) in D, 
z always has just such a value that the value of / is alwaj^s A. 
Thus, as the point (x, y) moves in anj’’ manner in D, z varies in 
just such a waj’’ that the value of / remains constant and equal 

to A. Hence, for example, — 0. 

We know by formula (B) that, if / and z are differentiable, 

/ y y,z ^^/x,y dx/y 

If z is determined by the equation /(. t, y, z) = A, then we know 
from the preceding paragraph that the value of the left member 
of (5) is zero, wliile the first term of the right member is, in 
general, not zero. Hence 


y , z) 
dx 


dx 


) +^) ■ 
V v,z ^ 2 / X,v 


dX/ y 


= 0. 


( 6 ) 


As mentioned above, ^ is, in general, not zero. If we specifi- 
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cally assume / to be such that ^ 5 ^ 0, then we may write 
(6) in the form 


dz)^ 


il. 

a.: 


( 7 ) 


This is the formula desired. Other formulas of tins nature 
are given in the exercises below\ 

EXERCISES XX 

1. State in both gcometTic and nongeometric language exactly what is 
meant by sajang that the equation /(r, y. z) — A defines r as a single-valued 
function of y and z. 

Let/ be a single-valued function of a finite number of independent variables 
X, f/. Under what condition does the equation/(r. y. - - - , r) = .d. 

define u as a single- valued function of r, y, • • • ? 

2. tMiat does Eq. (2) represent ’ivith reference to the betnispbere dis- 
cussed in the preceding section? 

3. What is the difference in significance between the first two derivatives 
in Eq. (5)? In particular, state the functional relationships among the 
variables x, y» and r; state v, hether x, y, and r arc constant or variable during 
the calcuktion of these derivatives; state the equations of the curve along 
which the point (x, y, z) moves. 

4. The discussion in the preceding section may be summarized by 


the following formal rale for calcula 


Ling — I - 

OZ/y 


Regard the equation 


fix, y, r) = ^4 as defining r as a function of x and y. By formula (B) diuer- 
entiate both sides of this equation vrith respect to r. Equate the results 
ar> 


and solve for - 


-)• 

dxJ:, 


\^Tiy is it correct (according to this rule) to say that. 


c^(x, V, a)\ ^.4\ 

since f(x, v, z) = — j = — 1=0. but usuallv 

dX /y CX/y 

=0? Under 

last statement be correct? 

5. If/(x, y, c) = A, find: (a) j ; (!>) ^ ) ; (c) ^ ) • 

py/z: 

^ and—") 
dz/y dy/^ 


mconect to sav 


circumstance would this 


6. Find - 


from the following relations: 
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(a) - 3:2/ + 2/M® - 3 = 0; 

(c) s +2/ + M = 

(e) S(x+V + m) = ff(a^ 2 /M); 


(b) ze'’ (sin m) — 1 = 0; 

(d) M =/(a; 4- w, 2/ — m); 


(f) +/I 


(v+ii'j.O. 

\X= + u-/ 


7. Show that if ?/ is determined as a differentiable function of x by the 

relation /(x, y) == A, then ^ Use this result to obtain 

dx Jv\^j y) 

dy/dx in the foUo\\nng cases: 

(a) (xVa®) + = 1; (b) ax- + 2hxy + ctj- = d; 

y e* + e" = 2x1/; (d) Tan'^ 3x"-y = x-’y^; 

(e) i/e"’*'*' = cos ox; (f) y/x = log (x= + 2/®). 


Check these results by the methods of elementary calculus. 

8. If z = /(x, y) and <p(x, y) = 0, find dz/dx. 

9. Find — ) and — ) by means of the relation 

x^z,u / x,i/.r 


/(x, y, z, u, v) = A. 


10. A certain law of thermodynamics is represented by the relation 
pt;!--*! = C, where p and v denote the unit pressure and volume of a certain 
quantity of gas, and where C is a constant. Find the rate of change of 
volume wdth respect to pressure when the pressure is po. 

11., The characteristic equation of a certain substance is represented bj" 
the eqiiation F(p, r, T) = 0, where p, ti, and T, respectively, denote the unit 
pressure, volume and temperature of the substance. Show that 

dv/T 5^/p /v 


State the physical significance of each factor in tins relation and also of 
the entire relation. 

12. Given a function /(x, p, z) and given that the equation <p{Xj y, z) = 0 
determines each of the variables as a function of the other two. Is it true 



13. Let/(x, p, n) and g{x, p, u) be two functions of the independent varia- 
bles X, p, and u. If we form the equations 


/(x, XL, v) = A and g{x, xi, v) = B, (8) 

then these equations (generally) determine xi and v each as a function of x. 
(See Theorem 20.2 below.) This is intuitively e^ddent when we think of the 
equation /(x, xi, a) = A as being solved for v, gmng v = v>(x, u), and the 
result substituted in the equation g{x, xi, v) = B, gmng g[x, u, <p(x, u)] = B. 
This last equation may be solved for u in terms of x, giving tt — p(x); if 
this result is substituted in i; = <p{x, u), the resulting equation may be solved 
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for r in terms of giving v = q{x). It follows that u - p(x), v — q{x) 
are the parametric equations of the curv'c of intersection C of the two surfaces 
with equations (8). If / and arc clifTcrentiablc, then we may write 


ii (I 

-—fix, u, v) = —A = 0, 
ax dx 


“-(7(2*, u, t;) » = 0. 

dx dx 


Evaluate these derivatives by formula (B) to obtain two equations contain- 
ing dufdx and dvjdx^ as well as the various partial derivatives of / and g. 
Solve these equations for dufdx and dv/dx in terms of the remaining quanti- 
ties to show that 




/. 





du _ 

{7» 

i7r 

1 and 

dv 

'(7- 

0 : 

dx 

fu 

/. 

dx 

/- 

/. 



O' 

I 

! 

if7« 

<7. 


What quantity must be 7 ^ 0? 

14. Find dfj/dx and dzjdx from the relations 

X* -f y- + - 3, 

xy yz xz ^ Z. 

Evaluate these derivatives at (1, 1, 1) and (I, 2, 3). Why is the first result 
indeterminate and the second meaningless? 

, , di\ ^ , , 

15. Find — I and — I from the relations 

fix, i/, • • • , u, v) = A, g{Xy !/,•••, U, t’) = B. (9) 

Use determinants to represent these results. What quantity must be 0? 
What special form do these results assume when equations (9) have the 
folIo’VN ing form : 


16. Find * 


Ox 

Ov 


yu Ov/^ 


X ^ F{u, v), y = (?(iq v). 
from the relations 


x" 4- !/• + + r’ - 4, 

xyuv ~ 1. 


What is the significance of the indeterminacy of these derivatives at 
(I, 1, 1, 1)? 


17- Find 


OiA 5ti\ 

dx/y,.,. dx/y^j 


Ow 
and — 
Ox 



from the relations 


/(x, 1 /, * • • , u, i\ tr) = A, 
ff(x, y, - ‘ , u, V, ir) = B, 
h{x, r, it) = C. 
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Use determinants to represent these results. 


, du\ 

18. Find — ) 

!/fZ 


from the relations 


What quantity must be 0? 


X = 1/ + V + tp, 

1/ = 1/2 -f p- -f 
2 — 1/^ -r + IP*. 


Does — = ? What subscripts are implied in these derivatives? 

dx dz/du 

19. If f{Xj yr n, v) — A and if v and t; are functions of x and y, does 


dx 


-) 


'l How maj' 


and 

dxjy ^V/Z 


be evaluated? 


20. With reference to a certain quantity of fluid, let p, v, and 

respectively, denote the unit pressure, volume, temperature, entropy, and 
total heat added to the gas to bring it to the state (p, a, T, <f)). (Note that 
H is not the internal energy of the gas.) The following thermodynamic 
magnitudes are of frequent use: 

d/A 

Specific heat at constant volume: Cv = 1 

dT/r 

eH\ 

specific heat at constant pressure: Cp = — - I 

dT/ y 


^ = r- 




- 1 




dll\ 

Latent heat of expansion : Lr = — I = T — I 

dv / p dv / q 

Coefficient of cubic expansion: «« = r; ] ‘ 

V aT/p 

Isothermal modulus of elasticitv: Et ~ — 1 >^ ) 

dv/q 

Adiabatic modulus of elasticit 5 ’’: Ea = ) ' 

dvj^ 


(a) Write each of these definitions in words. For example, Cv is the 
instantaneous rate at which heat is added to the fluid per degree rise of 
temperature when the volume is kept constant; <xp is the instantaneous rate 
of change of volume per degree rise of temperature for a unit of volume 
when the pressure is kept constant. 

(b) What notations represent the instantaneous value of the following 
rates: change in volume per unit change in entropy when the temperature 
remains constant; change in volume per unit change in entrop}" for a unit 
volume when the temperature remains constant; change in temperature 
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per unit change in volume for a unit volume when the pressure remains 
constant. 

(c) If Pf Vf and T are related as in Ex. 11, show that ctpEr is equal to the 
rate of increase of pressure witli respect to temperature when the volume 
is constant. 

(d) If pj Vj 7", and <}> are related by the equations 

/(p, I’, T, <i,) = A, {/(p, V, T, <^) = D, 


show that E^IEt = CpfCt. 

(e) If p, r, T’, and arc related ns in part (d), and 




show 



21. If the equations /(x, ?/, u, r) = A and g{x, y, u, r) = B determine u 
and r as functions of x and p, and also determine x and y as functions of 
u and r, show that 


du Ox ^ Oil Oij j a. 0 

Ox Oil ‘ Oy Oil * Ox Ov ' Oy Ov 


Generalize these results to 2n variables. 

20 < 


ly 


& 


Fig. 43. 


Some Implicit Function Theorems. We have already 
discussed in Sec. 19 the question as to 
when the equation /(x, y, r) — .4 defines 
r as a single- valued function of x and y. 
But the criterion given is sometimes 
difRcuIt to apply in a practical case. We 
now vdsh to develop a more convenient 
t criterion that the equation /(x, y, z) — A 
defines c as a single-valued function of x 
and y. 

As a preliminar}" example, let us consider the equation 
F(x, y) — A vAih the graph C shown in Fig. 43. This equation 
determines p as a single-valued function of x in a small neighbor^ 
hood of P, but in no neighborliood, however small, of Q or P. 
(Within ever 3 " small neighborhood of Q or P a line x = Xo gener- 
ally meets the graph in either two or no points. Remember 
that every neighborhood of a point contains this point in its 
interior.) By Ex. XX, 7, 
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It is evident from (1) that if Vo) ^ 0, then Dxy]xo,y° has 

exactly one finite value. Therefore, if Fj/{xof yo) 0? (^o; Vo) 
cannot be the point Q (at which is infinite), nor can (xo, yo) 
be the point R (at wliich D^y has two values). We are thus led 
to the question, is the condition Fj,(xo, yo) 9^ 0 sufficient to 
ensure that {xo, yo) is necessarily a point in some neighborhood • 
of which y is defined as a single-valued function of x by the equa- 
tion F(x, y) = A7 Or might (xo, yo) be at S where D^y has one 
finite value, but near which y is not a single-valued function of x? 
These questions are answered in Theorem 20.1a beloy\ 

It must not be supposed that Fy cannot be zero at a point near 
which the equation F{x, y) = A defimes y as a single-valued 
function of x. It is evident from (1) that Py is zero at T and TJ 
{DxV being infinite at these points), and yet y is a single-valued 
function of x in a small neighborhood of each of these points. 
The conclusion to be dravm (presupposing Theorem 20.1a) is 
that the condition Fy(xo, yo) 5=^ 0 is unnecessarily strong. 

Theobem 20.1a. Let f be a real single-valued function of a 
finite number of independent variables x, y, • • • , n. If 
(p^o, yo, • • • , Uo) is a solution of the equation 

f(x, y, ■■■, u) = A (2) 

stick that (1)/ andfu are defined and continuous over some neighbor- 
hood N of the point (xo, yo, • • • , Uo), and (2) 

U(xo, yo, • • • , Uo) 9^ 0, 

then within some neighborhood N of {xo, yo, • • • , Uo) within N 
equation (2) defines u as a single-valued continuous function of 
X, y, • ■ • , say u = cp{x, y, • • • ), the domain of definition 
of u extends over the whole of some neighborhood D of (xo, yo, • • • ) 
in the space of points (x, y, • • • ).■ 

In this and the following theorems, we follow the convention 
that, when we indicate a partial derivative by subscript notation, 
such as/„ or /,.(x, y, • • • , rt), we shall always understand that 
this derivative is computed while regarding all of the variables 
y, ■ ■ • , a as independent with all of them constant except 
the variable of differentiation. 

In pro-^dng this theorem, we shall suppose for simplicity that 
there are only two variables x and u; the proof may be extended 
directly to^ the general case. We shall also suppose fu{xo, uo) 
to be positive; the case where it is negative is entirely analogous. 
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Since/u is positive and continuo\is at (a’o, i^o), there exists within 
N a rectangular neighborhood J? of (to, Uo) such that* /« is 
defined and remains positive over N. Since fu{xof Wo) is positive, 
/(xo, v) is an increasing function of u at u = vq. Hence, for any 
two values i/i and 7/2 sufficiently close to iio ^\*ith Ui < Uo < th 
and such that (xo, ni) and (xo, th) arc within iV, it follows by 
Theorem 6.1 that 




Boundary' of N 
i (rf, i/jl ixo, (xzf ^2)' 


I 

Locus of 


, . , points (x, u) 

Ufo, Ufy)* I ' 


f{Xo, Ui) < A <f{xo, 7/2), 

where A = /(xo, Wo). Since /(x, 7^1) is a continuous function of 
X at X = Xo, and since /(xo, 7/1) < yl, there c.vist values x[ and xi 
sutficientlj" close to Xo witli xj < xo < xj such that (xj, 77i) and 

(xj, 7 /i) are within and such 
that at each point of the line 
segment from (xj. Ui) to (xi, t/j) 
the value of / remains less than 
A, Likewise there exist values 
Xi and x” vith xi' < Xo < x'J 
such that (xi', 7^2) and (x", Un) 
are within N and such that at 
each point of the line segment 
from (x'j', 7^2) to (xi', 7/2) the value 
of/ rcinainsgreaterthan A. Let 
Xi denote the greater of xi and x'/, and let X: denote the smaller 
of xi and xi' . Since R is rectangular, the entire rectangle with 
vertices (xj, wi), (xj, 7/1), (x2, 7/2), and (xi, 7/2) Hes \nthin N. 

The interval t Xi < x < X2 serves as the neighborhood D of Xo 
mentioned in the theorem, and the rectangle f serves as the 
neighborhood A’* of the theorem, for let x denote an arbitrary 
value of X in the interv^al Xi < x < X2. Since 



(xj, Ui) j Ixo, Ui) (Xz, wiH 


Xi X2 

Fio. U. 


/(x, 7/1) < A < fix, 7/2), 

and since /(x, 7/) is a continuous function of ti over the inter\'al 
7 ii ^ 77 g 7/2, the value of /, while increasing from /(x, 7/1) t^ 


* This is the only property of /« that we shall use. Hence it would be 
sufficient to hypothesize this property instead of the continuity of /«. But 
in most cases arising in practice it is more convenient to npplj' the theorem 
as stated, for the continuity of /u is usually easier to establish than the 
invariance of sign of /„ over A^. 

t There is no implication that this is the largest possible neighborhood 
of the required sort. 
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/(a;, t^ 2 )) mnst pass through the value A at some value* u = il, so 
that/fe ii) == Aj where th < u < v-. Since /« is positive over 
fi^j increasing function of u over the segment jS of 

the line x == x within N, and there exists at most one value u 
ndthin S such that/(x, It) = ^4. Thus the equation /(rc, u) — A 
determines a unique value w = i7 in the interval < u < U 2 
for each value = a; in the interval Xi < x < X 2 ; that is, within 
N the equation f(x, ti) = A determines 'a as a single-valued 
function of x, say n = ^(^), and the domain of definition of 
extends over the interval Xi < x < x^- 
The continuity of u at x ~ Xo is immediate: the preceding 
argument shows that, no matter how close Ui and U 2 may be 
taken to Uo, there exists an interval about .To over which <p{x) 
remains between Ui and The continuity of u at any other 
point of the interval Ti < t < .To follows in an analogous manner. 

It should be noted that in the preceding proof we did not use 
all of our hypothesis as to the continuit}^ of / ; we used merely 
the fact that/(.T, n) is continuous in u when x is constant and that 
/(.T, 21 ) is continuous in x when 21 is constant (see Definition 15.3). 

Theorem 20.1b. If in Theorem 20.1a it is f 2 irther supposed 
that /x is defined and contimwus over Nj then 21 ^ is defined and 
coniin2ious over D, and is given bij the for7n2ila 


y, ■ ■ ■ ) 


fxjx, y, • ■ ■ , u) ^ 
y, • ■ ‘ ,v) 


where (x, y, • • • ) is any point of D, and u ~ (p{x, y, 

As in the preceding proof we shall assume that there are only 
two variables x and n, and we shall use the notation introduced 
during the preceding proof. Let x be an arbitrary value of x 
in the interval .Ti < x < X2, let it = <p(x), and let 


It + Alt = ip(x + Ax). 

Since f(x, u) has the constant value A for all .r- in the interval 
Xi < X < Xi when 11 = <p{x), it follows that 


f{x + Ax, u + Aw) — f(x, u) 
has the constant value zero. Hence 


fix + Ax, u + Alt) - /(x, u) 
Ai~»0 Ax 

* See Theorem 8.5, Chap. IX. 


( 3 ) 
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znd equals But (Zj :n^a 3 ’ be Trritten m tbe foxm 


lira 




{4; 


TTcere 


i/i 


fix -r At. u Su) — f(z -f* Ar. u) 


p;Ar, 


nen 0. 


^ /e(2: -r u; 


'^rheu A:; - 0. 


Br Thc-orera 10-L pfAr. Auj = //A -r Ar, a 5 • Au), vrhere 
0 < f < L Since i.- continuous, Av — 0 s5 Ar — ^ 0. nnd since 
/* is continuous. Hrn p'’'At, Aa) enis^s and equals ujx, a). Bv 

ir— 0 

L^pothes:-. ' ■ ousts and. equals /r(r, u). 

Since the limit ^4) enists zndfjx. H) 0. lira A a Ajt must east. 

that is lim —a: as = ^Jx) enists (see Ex. TV. iTj. 

Thus (A) may be tvritten as fJsZ, u) ’ :^Jx) -r fz{z, u;. Since 
the value of {4; is Z'^ro. it ioIIotcs that 


^-Jx) = -u/x, = 

The continuity of follovr- at once from the repres>3ntation 
Ux = ^/r A and the continuity o: /r and/-.. 

It should be notc-d that ve used the existence and continuitv 
of /r only at points on the uraph of cr. 

VZft novr visa to extend Theorems 20.1a and 20.1b to the ease 
vrhere r:e have tv/o equations 

Ffx. :a • — , u. r) = A, G(r, y. - • - . tu r) = B. (5) 


tST'iir.e tn^r sDevai lorm 


V ~ r;, rO; 

/ £Zid ^ oemq smsfo-TSLi-i-d. ^ c‘^<r it/ch fcr ictf^ 

Vi/^ id icrnt TOTion D cf zy~jic*x, 


"t = /{’A 0 , Vi ^ r; 


(7) 


hcz€ OT.S crjd vrJy fzZ'jiwn u ^ ti-., r — r;, u ^nd r each have 

esLsctiy one resJ v£,hfj at esch pod: (rj, v: d Z>. il iVJotts bv DediiticTi 14.1 
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that u and v are each a single-valued function of re and 2 / defined over D. 
Let ip and denote the functions of x and y which represent the values of 
u and V, so that 

u = <p{x, y\ V = y), ( 8 ) 

Then <p and ^ are such that, for each point (rco, ?/o) in D, 

<p{^ 0 i Vo) = 'Wo, 4'i^oi Vo) - Voj 
where wo and Vq satisfy (7). Hence, for every point (rco, 1 / 0 ) in D, 

= /[^(a:o, 2/0), v^(^o, 2/0)], 2/0 = 2/0), yo)l ( 9 ) 

We say that equations (6) define and r as single-valued implicit functions 
of X and y when u and v are determined as functions of x and y in the manner 
indicated above. We leave it to the student to generalize this discussion 
along the line of Definition 19.1b, and to extend this discussion to Eqs. (5). 

The following example illustrates the preceding discussion: If 


then 


u 1 ~ 

® 2 / = » 

V V 


X ~\-y 


X -hy 


( 10 ) 


( 11 ) 


Thus Eqs, (10) determine u and v as single-valued functions of x and y over 
the entire a; 2 /-plane except for the line ar + 2 / == 0. The significance of (9) 
is illustrated by substituting formulas (11) in (10), 

The condition given above that Eqs. (6) determine u and v as functions 
of X and y may be difficult to apply in a particular case. We shall now 
develop a criterion which is sometimes more convenient to use. 

Suppose the graphs of Eqs. (7) are plotted on the same axes. Then 
no and Vo are the coordinates of the point Po of intersection of the two graphs. 
The graph of the equation xo = f{Uj v) is really the section of the surface 
X = f{Uj v) cut by the plane x = Xo. If / is a continuous function, the 
surface x = /(w, v) is such that nearby sections x == xo and x = Xi are nearly 
alike; that is, the contours (see Fig. 45) 


Xq = /(k, v)y Xi = /(w, v) 

are close together when xq and xi are nearly equal. Like^vise, the contours 
2/0 = 9 {Uy v) yi = g{tiy v) 

are close together when yo and 1/1 are nearly equal. If the curves (7) inter- 
sect at an angle 7*^0, then, in general, the curves 


xi = f(ny v)y yi = g{n, v) 


( 12 ) 
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will intersect nt a single point Pi near Pc, i.e,, Eqs. (6) have a unique 
solution 1 / - ui, r = ri near the solution n = r = ro. Thus Eqs. (6) 
define li and v as single-valued continuous functions of x and y for values of 
X and y near zt, and that b. for all points 
(r, j;) in some neighborhood of yt). 

But suppose the cun'cs (7) arc tangent. 
Then no matter how close xi may be to zc and 
Vi to ycr the curves (12) will generally intersect 
in either tvro points or no point. (See Ex. 
XXI, 3.) In this situation there exists in the 
■’u xr/-plnne no ncigliborhood, however small, about 
fr-, yr) such that over it equations (6) define u 
and r as single-valued functions of x and y. 

Again, suppose one of the curv'cs (7) intersects the other at a node. Then 
the curves (12) will generally intersect in two points, so that here also 
Eqs. (6i fail to define n and r as single- valued functions of x and y over any 
neighborhood, however small, of (x?. f/c). 



Tio. 40. 



If/ and g are difTcrentiable at (uc, rt), then it follows from Ex. XX. 7, 
that the equation of the line tangent to the cur\'e Xc = /(«. t) at the point 
(i/c, To) is 

/«(uo, Vo) ' {u - Uc) -f /r(nc, rc) • (r - rc) = 0, (13) 

and the equation of the line tangent to the cur\’e yc = g(u. c) at the point 
(wo. ro) is 

Oui^io, Vc) • (n ~ Uo) -b 17r(nci Vs) • (r - ro) == 0, (14) 
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provided that /u(wo, vq) and vo) are not both zero and that ^u(wo) Vq) 
and gv{uot vq) are not both zero. The angle between these two lines is 
determined by the relation* 

_ t;o)(7r(ttO) yp) — fvjnoy Vo)gu(no, vp) 

^ fu(Uoj VQ)gu{Uo, Vo) +/r(Wo, Vo)gv(Uoj Vo) 


Let 


'(-) - 

\u, v/ 


\fubl, v) 
<?„(«, v) 


fv{u, t))| 

gv(.n, v)] 


The determinant J' 


“ Mu, v)gv(u, v) - Mu, v]gu(u, v). 
is called the Jacobian of the functions / and g. 


It is evident that 


M), 

\u, v/ 

if 0, 

\w, v/o 


where J\ 


(ii) 

\u, v/o 


denotes the value 


of J at (uo, t;o), then tan <f> 9 ^ 0 and the curves (7) cannot be tangent at 


(uoy Vo). Moreover 


, if/^) ^ 0 , 

\Uy V/o 


then fu{uoy Vo) and fviuoy Vo) cannot 


both be zero. It follows from the discussion of Eq. (1) that the curve 
iPo = f{Uj v) cannot have a node at («o, vo). Likewise, the curve y<j = giUj v) 


cannot have a node at {vo,Vo). Thus the condition J 


M) ^0 

\Uy v/o 


prevents 


the existence of each of the situations described above in which Eq. (6) 
failed to define u and v as single-valued functions of x and y. Wc are led 


to the question, is the condition /| 


(ii) 

V, v/o 


9 ^ 0 sufficient to ensure that 


Eqs. (6) define u and v as single-valued functions of x and y over some 
neighborhood of {xo, yo)? The answer to this question is provided bj^ 
Theorem 20.2a below. As in the case of Theorem 20.1a, it must not be sup- 
posed that Eqs. (6) cannot define u and v as functions of x and y over a 


neighborhood of the point (rco, yo) when F 


(-) 


0 . 


* The right member of this relation cannot be of the form 0/0, for suppose 

fttgv /r^tf = 0, (15) 

Ugu + Lqv = 0 , ( 16 ) 

where we omit the notation (uo, Vo) for brevity. By hypothesis, and fv 
are not both zero; suppose /„ 9 ^ 0. If we eliminate from (15) and (16), 
we find that fu{gl + gl) = 0. Since /« 9 ^ 0, it follows that g^ gl = 0, 
and hence that gu = fif® ~ 0* But gu and gv are not both zero. The same 
contradiction results when/y 9 ^ 0. This contradiction shows that (15) and 
(16) cannot both be true. 
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was (3), and the fraction Av/Ax which appears in the process 
may be written as 

Aa _ 0{x + Ax, y, ••• f u + At/) — g, • * * > tl) 

Ax Ax 


This fraction may also be broken up. In view of the fact that 
Ox = —Qxhv and On = ’-gulQr, hm Aw/Ax may be proved 

to exist as in Theorem 20.1b. The remainder of the proof 
is evident. 

The following extension of Theorem 20.2 may be proved b 3 ’^ 
induction. (See Ex, 4 and 5 below.) 

Theohem 20.3. Ld /i, ftf • • • j fn he real single-valued func- 
lions of a finite mivihcr of indcj)cndcni variables Xj, x^, • • - , Xj,; 
UifUt, • • • yUn. //(xi°\ • • • ' * • y is a solution 

of the equations 

/i(xi, • • • yXp] wi, • ‘ , Un) = /li, 




f Ufj 

, Xpj Uij 


, ^Jn) A 2. 
f Wn) = Ay, 


(19) 


such that /i, • • • . /n and all their first partial derivatives are • 
defined and continuous over some neighborhood N of the point 
(x\°\ * • • , and if at this point the Jacobian 


jf fitf^j * * * y /ft j _ 

\Wl, , vjo ^ 


Ml 

Ml . 

. ^ 

dui 

dllz 

dliji 


Ml . 

a/: 

01/ 1 

c)U: 

dtln 

Mu 

a/„ . 

. . Ml 

dUi 

5U; 

dn„ 


9^ 0 , ( 20 ) 


then xvithin some neighborhood N of (xi^\ ‘ (19) 

define Un as single-valued functions o/ Xj, • • • , Xp 

having continuous first partial derivativeSy and the domains of 
defimiion of Ui, and all their first derivatives extend over 

the whole of soxnc neighborhood D of (xi°\ * * • , xJfO Ibe 
space of points (xi, • * * , xf)\ furthermore y 


dUj 

dxj 


j( fuh. ‘ - Jn \ 

t It ^j} Ut^lt ’ y tin/ 


j(fuh ■ 

• ,/n\ 

1 


’ • yUnJ 
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Suppose that Eqs. (19) are of the special form 

aji = ) 'Wn)) ~ ‘ 

Xji — ^n(Wlj 

where in (19) 

/.(.'Cl, • • • , Xp] Wi, • • • , U„) = <Pi(Ui, • • • , lu) 

Then the Jacobian (20) assumes the form 


,n„), (21) 


Xi, and 

Ai = 0. 


/fh—Llo-fr*) = 
\iti, ■ ■ ■ ,uj 


d<pi 

d<pi 

dill 

du„ 

dipn 

dpn 

dUi 

dn„ 


Ufi 


>JpA ^ Q ^2ien Eqs. (21) define Ui, 

as single-valued functions of Xi, • • • , .'c„ over some region of 
the space of points (xi, • • • , x„), that is, 

Ml = ’^l(Xl, • • • , X„), - ' • , Un = i'niXi, ' ' ' ,X^. (21') 

The functions vJ',' are called the inverses of the functions and 
the operation of obtaining (21') from (21) is called an inversion. 
It can be shown (see Ex. 14 below) that if 

jf ^h • • ’ ^ 0, 

\Mi, ■ ■ ■ ,UJ 

then j( — - - ’ I ^ 0. Hence equations (21') may be 

inverted back to (21). If tii, • • • , a/;, 
and Xij • • • , .Tn are regarded as two 
systems of coordinates in 7i-dimensional 
space, then (21) and (21') determine either 
set of coordinates in terms of the other, 
and (21) and (21') are said to define a . 
transformation of coordinates. In partic- 
ular, consider the transformation 



(lto>Vo) 


Fig. 47. 


( X = <pi(u, v), 
I 2 / = <P2{‘U, v), 


with inverse 


I M = lAiG'c, y). 


y)- 



HIGHER MATHEMATIC.^ 


134 


(Chap. I 


If C is the paramclric curve u = t/e, i-c., the curv’e with equation 
Wo = y) parametric equations 

{x== <pi{Uo, v), 

\ y = s?:(wo, r), 


if C' is the parametric cur\’e v = Vo, and if u and v represent 
arc lengths along C' and C, respective!}*, then the angle 0 between 
C and C' at this point of intersection is given by 


sin = sin 0 — a) 


cos a sin ^ 
5x ^ ^ £x 
du dv dv 


cos P sin a 
i^JL = j( ?> y\ 

:? du V/, v) 


( 22 ) 


Thus, if ^ 0) then 0 0, and the parametric curves 

cannot be tangent. If w and r are arbitrary" parameters, then 


, „ dx dy J x. y\ dv dv 

A^vjTsTa’ 


(22') 


where s and c are arc lengths along C' and C, where u is a function 
of s alone along C', and v is a function of c alone along C. These 
results \^^ll be used in Sec. 19 of Chap. II. 

Consider the transformation 


X == ipiiu, r, ir), 

y ~ ^ 2 {w, r, tr), with inverse 
z = C 2 (ti, r, uOt 


{ u = ^i(x, y, z), 

< r = y, -), 

( IT = y, z). 


Let the parametric curv*es 



have direction cosines 

(I, 772, 7l), (L, M, N), (X, r), 


respectively, at the point Po == (uo, ro, Wo). If (a, 5, c) are the 
direction cosines of the normal A to the plane containing the 
tangents to C and C' at P, then 


a- -b 6- -r (T = 1, 


g! -b 5771 -b C7i = 0, oL -b 5Af + cN = 0, 
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mN — nM , nL — IN IM — mL 

» - — % — ' “ -nr-’ “ ” — k-’ 

where 

k = [{7nN - nMy + (nL - INY + {IM - viLy]^^- 

= [1 - {IL + mM + nNy]^^. 

If 6 is the angle between C and C", and if a is the angle between 
A and C”, then 


cos a sin 6 = cos aVT”— ^"cos^ 


= (aX + bix + cp)Vl - (IL + mM + nN)- 
= {mN - nilf)X + {nL - lN)ti + {IM - mL)v 



provided that u, v, w are arc-lengths along C", C, C. (Note 
that I = dx/dw, etc. If u, v, w are arbitrary, J must be multi- 
plied by ^ Thus, if 0, it follows that 

dsi dSi dss / \u, V, w/ ’ 

cos a sin 0 7 ^ 0, 0 0° and a 90°, and the three curves C, C, 

C" must intersect each other at angles ^ 0°. 

Example 1. For the transformation 


rr = r cos 



cos 9 
sin 9 


y = T sin 9j 


—r sin 9 
r cos 9 


= r. 


(23) 


Hence, in the neighborhood of any solution ajo, 2/o, ?*o, 9 q such that ro 5^ 0, 
Eqs. (23) define r and 9 as single-valued functions of x and y. If we restrict 0 
to be in the interval — 7r/2 < 0 ^ 7r/2 (cf. Definition 19.1b), then equations 
(23) have the single-valued inverse 


r = 's/ -j- y^ when a; > 0, r ^ y when « = 0, 

7* = — *\/ x^ + 7/2 when a: < 0, 0 = Tan“i 

X 

provided that r 0, i.e., that both x and y are not 0. 

Example 2, For the transformation 



t; = x + 7/, 


-2 

1 


= 2x + 2. 


( 24 ) 
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Hcncc in the neighborhood of any solution a:o» 2/o» t/o, Po such that t/" 5 *^ 0, i.e., 
a; pi —1, Eqs. (24) define x and y as single-valued functions of u and v. 
In Fig. 48 it is seen that the curves (24) are tangent at a: ~ - 1 but everj^- 
whcrc else cross at an angle 7 ^ 0. If we restrict a: to be ^ —1 or ^ —1 

(cf. Definition 19.1b), then xi and a deter- 
mine a unique point (x, xj) (the cur\’’e 
w = uo meets the cur\'c a = ao in only 
one point), and (24) has a single-valued 
inverse; xi and a are called parametric 
coordinates of the point (x, ?/), If (24) is 




solved for X and 1 /, it is seen that the domain of definition of the inverse of 
(24) is given by the relation w -f 2a ^ —1. 

Example 3. For the transformation 

a = X — !> = X + ?/*, (25) 



Hence J is never 0. 


Yet it is seen from Fig. 49 


that the transformation (25) docs not have a single-valued inverse unless 
we restrict t/ to be ^ 0 or ^0 (cf. Definition 19.1b). Since xt and a deter- 
mine a unique point (x, xj) (under suitable restrictions), u and a are called 
parametric coordinates of the point (x, y). 

Example 4. Our last illustration is based on the physical properties 
of superheated steam. By the degrees of superheat of a sample of steam at 
pressure p is meant the temperature of the steam above the boiling point of 
water at pressure p. Thus, steam at atmospheric pressure with a tempera- 
ture of 250°F. has 38° superheat. By the total heat of steam is meant the 
total quantity of heat that must be added to one pound of water to vaporize 
it and bring it to a given state of superheat and pressure. Suppose the 
temperature T and the total heat H of steam are given by the relations 


T = F(p, Sh H = ^{p, SI (26) 


where p denotes pressure and S degrees of superheat. The question arises, 
is the state of steam uniquelj' determined by the values of T and Hj that 
is, does (26) have a single-valued inverse? It is known of the functions 

F and (i> that J\ ) is never 0. Hence the cur\’’cs (26) arc never 
\Pf S/ 
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tangent, and in the neighborhood of any solution pof Sof To, Ho, (20) has a 
unique inverse. We leave it to the student to decide how it may be deter- 
mined whether or not (26) has a xinique inverse for all values of p and S, 


s mIB! 

sssaiilii!! 


20 30 40 60 80 100 200 300 400 600 1000 2000 3000 

log p 

Fig. 50. — Pressure-superheat steam chart. 


EXERCISES XXI 

1. Give the details of the proofs of Theorems 20.1a and 20.1b for the 
case /(a:, y, rt) = A. 

2. Give examples of functions /(x, u) to illustrate the need of the phrase 
''vdthin some neighborhood i?"' in Theorem 20.2a when N is the entire 
x?z-plane. 

3. Give examples to show how equations (6) may define u and v as 
single-valued functions of x and in some neighborhood of a point at which 

/ — equals zero. 

9u 9v 

4. Extend Theorem 20.2 to the case where three equations define three 
variables u, v, and w as functions of the remaining variables. 

/« U 

Suggestion, If the Jacobian J 9r 9 ^ 7 ^ 0, then the minor of 

}i\i hv hxc 

some element in the first column, saj^ /„, is not zero. By Theorem 20.2, 
V and w are determined as functions of the remaining variables. The proof 
now follows the same lines as in Theorem 20.2. 

5. Prove Theorem 20.3 by induction. 
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G. Theorem 20.1 mny be stated in simple geometric language for a func- 
tion /(x, y) in the following way: if the section of the surface z y) 

cut by the plane x ^ Xa has at the point (yo, zo) a definite, finite, and non- 
zero slope, then the section of the surface z =/(x, y) cut by the plane 
r = zo is a curv'c which defines j/ as a single-valued function of x near the 
point (xc, i/o). 

The following surfaces illustrate the variety of situations that may occur 
when the section x = Xo does not liavc at the point (t/o, So) a definite, finite, 
and nonzero slope. Sketch each surface, determine the slope (if it exists) 
of the section x = 0 at the point y ^ 0, z = 0, show the sections x = 0 and 
2=0, and state whether or not the section z = 0 is a curve which defines y 
as a single- valued function of x near (0, 0). 


(1) z = X - 7jK 

(2) z = x^ ~ y\ 

(3) z = x^ - y\ 

(4) z = X - y\ 


(5) z = x= - if. 

(6) z = (x - y)‘. 

(7) z = x^ H- 

(8) z = Vx'- + v'- 


(9) z = ^x'- + y\ 

(10) z = yV(l - x'-). 

(11) z = V y'-/(1 - x^) . 

(12) z = -^yVd -X--). 


7. If we regard the equations 

X =/i(u, v), y =/2(u, v), z =/a(u, v) 


as determining z, u, and v as functions of x and y, show by Ex. 4 that 



S. If u =/i(x, T/, z), V = fz(Xt y, z), w =/a(x, y, z), show that under 
suitable assumptions 

XVr Zj \x,y,Z/ 

9. If ui =/i(xi, • • ' , Xn), •••,«« =/»i(xi, • • ' , x„), show that 



(Sec Chap. VI, See. 4 for the use of Crameris nile.) 

10. (a) If /(x, t/, z) = 0, jr(x, y, z) = 0 arc the equations of a curve C 
in space, show that (with certain exceptions) the equations of the tangent 
line to C at (xo, t/o, zo) are 


X — Xo 


y -yo 


Z — Zo 


j(fJ) 

\y, z/„ \z, i/o \x, yj„ 
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(b) Discuss the geometrical situations arising when one or more of the 
Jacobians are equal to zero. 

11. (a) In Example 2 above, plot the points = l,v = 1;« =2, y = — 1; 
u = —2, a = 0. Hu and v are represented as the rectangular coordinates 
of a point in the wt^plane, plot several of the cun^es x — Xo and y = t/o in the 
ut*-plane. 

(b) In Example 4 above, what are the pressure and superheat of steam 
when T = 400, H = 1250; T = 900, H = 1450; T = 300, H - 1150. 
Sketch a few graphs to represent the inverse of (26). 

12. Discuss the transformation 

X = §(7z ^v), y ^ ^/^ 

in which v and v are called parabolic coordinates, 

13. Discuss the transformation 


u ^ X- - y, 



14. (a) Show that if 

X == /(n, u), 



y = i/Ob t?) 


V = ^(x, y), . 


(b) Extend this result to n functions of n variables. 

15. (a) Show that if 

X a), y = g{u, a), 


and 

then 


« = <p{t, 5), V == ^(r, s), 


^ X, A J 

\r, s / \w, V/ \r, s / 


(b) Extend this result to n variables. Show that the results of Ex. 14 
are special cases of these results. 

16. If $ and tj are functions of the three variables x, y, z and if x, y, and 2 
are functions of the two independent variables ti and Vj show that 
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2L Functional Dependence. To introduce the concept of 
functional dependence, let us consider the follovdng simple 
example: Suppo^^e 

« = /(aj, !/)t f = y)> (1) 

vrhere / and (j have continuous first partial derivative^- TTe 
say that n and r fundionallij related if, for each point (x. y) of 
some re^on D of the ar^-plane, u and r alwaj^s comprise a solution 
of an equation of the form 

^(u, r) - 0, f2) 

where is dill eren liable and such that and are never* 
simultaneously 0 at an^* point (v, r). If we differentiate (2) 
vritli respect to x and y, %ve find that 


'Wr + = 0, 

~r = 0. 


Since and are never simultaneously 0, w'e majv- eliminate 
and from (3) to obtain the result that 



We have thus shown that if u and v arc fundionaUy d^pcn&nt 
over D, (hen their Jacahian (4) is identically zero over D, 

The converse of this theorem is also true, namei 3 ’, if the 
Jacobian (4) is identically 0 over D, then u and r are fundionaUy 
dependent. If /-, /y, g^j are ail identically zero, then / and g 
are constants (see Ex. V, 13). This ca=e is of no Intercast and w*e 
pass over it. Suppose 2/o) 3=^ 0. By Theorem 20.1, the 

equation u = /(x. y) determines x as a differentiable function of 
n and t/, hay x = c(u, y), in .some neighborhood of (zo, Uo, t/o)- 
By (1), V = g[<piu, y), y] and 

^ a, 

dyj^ dxjydyju ‘ dy/-' 

Since u = f{Xj 7j), 



• This restriction can be considerably vreakened- 
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Since /- is continuous and jz[xo, tjo) 0, /s(x, y) 9^ Q over some 
neighborhood N of (xo, 2 / 0 ) and (6) may be solved for — ) at 
all points in N, If we substitute this result in (5), we find that 

d.T/ j/ dyjx / X dX/ y 

dy/ tx 

dx) p 


By h}^othesis, J ^ 0. Hence —j ^ 0 Avherever fx ^ 0. 

Thus t; is a function of ic alone in some neighborhood of ao, 
say V = (p{u), and n and v are functionally dependent. 

These results are summarized in 

Theorem 21.1. If xi — /(x, y) and v = g(Xj y)j where f aijd g 
have coniimious first partial derivatives^ then xi and v are fxindionally 


dependent when^ and oidy when, 
the xij-plane. 



= 0 ot;cr some region of 


Example. The functions 


u == D = log y — log X 

are functionally dependent, for 



X y 


It turns out that t; - log 3 + log log u = 0. 


WTien Theorem 21.1 is extended to n variables, we obtain 
Theorem 21.2. If 

Ml = /l(xi, Xi, • • • , = /.(.ri, .To, • • • , Xn), 

■ • • , Un UiXi, Xo, • • • , x„), ( 7 ) 

where all the functions fi have continuous first partial derivatives, 
thenui, • ■ ■ ,Un are functionally dependent when, and only when, 

• • • ', tI) ~ ^ region D of the space of points 

• • • ,x„). 
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11 there ejdsts a lunctional relation 

such that • 


^(Hl. • • • 

, «•-) = 0, 

• ’ , are nev 

■er all simult; 

a-^ aui , 

, dS du^ 

ctij dzi 

* dlU dXi 


, dS du^ _ 

dui dZr, 

' du^ 6z^. 


= 0 , 


(S) 


= 0 , 


and elimination of the deiivatives &<! / 

A,. . . - 

(S) 


- , cp/au^ from 


leads to the result that ^ 0* 


Conversely, suppose / ^ 0 throughout some region JD, and 
suppose some derivative of one of the us is not 0 in D, say 
Bui/dxi, Then the first of the equations (7) defines as a 
funciion of t/j, , 2 -^ in D, say Zj = c(n, z^. • - • , z,)- 

Then by (7), 

Ut = /tlc(?/:, Z;, • • ‘ , x^), Z;, ■ - • . zj. • ■ - , 

= frW{Ul. Z;, • ' • , Zs), Z;, ■ * • , Z-zj. 

If vre follovr the same procedure as in the proof of Theorem 21.1, 
vre find that 


Since / ^ 0 in D 


i^^XrET- 
■ = » 


in D. Thus our 


problem is reduced to the case of ?? — 1 functions in n — 1 
variables. The theorem follovrs at once bv induction. 


EXERCISES XXn 

1. Dctermiiio ^hich of the foUo^tnng sets of mrctions are fuactionany 
dependent; 

(s) r = ti — r -- 3. y = — 2 :.t -f “t 7. 

Co) r = S-j ~ 4r — y = 2t: — r Sv, r “ 6u -f Sr ~ 2z — 1. 

(c) tr = sia — yl, r “ cos^ (r — v). 

(d) r = 1.’ - r^, y = - r". 

2. Carry out in detail tie proof cf Theorem 21 St for ihe cese n = 3. 

3. If tr is a function of u and r zjch that <r(v* — r^, — ir^) ~ 0, sho*^ 
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4. Consider the pair of lines 


u — aix + hy + ci 
V = + hy + C2 


0 , 

0 . 


(a) 

(b) 


Prove that 


Prove that if 


if 

V. y/ 

if ) 
V/ 


^ 0, the lines intersect in exactly one point. 

= 0, with at least one of the elements of J in 


each row not zero, the lines are parallel. 

(c) Find a criterion for distinguishing between the case where u and v 
are coincident, and the case where w and v are parallel but not coincident. 
5. Extend Kx. 4 to the case where there are three planes 


u = aix + h}ij + ciz + = 0 , 

V = dzx + bs?/ + CiZ + ^2 = 0, 

w = a^x + hy + czz + ds =0. 

22. Normal Denvative. In formuJa (A') of Sec, 18, nan 2 e}y, 

= Mxo, yo) cos a + fy(xo, i/o) sin a, (A') 


dfjx, y) 
ds 


Jxo,yo 


dfjx, y) 
ds 


jxo,yo 


represents the value at (a^o, yo) of the rate of change 


of fix, y) mth respect to the distance s transversed by the point 
(x, y) while moving along the curve C wdth equations x = pis), 
y = qis). It was pointed out at the beginning of Sec. 16 that, 

dfix, y) 


at the fixed point ixo, yo), 


ds 


may have different values 


JaJOit/o 


according as the point (x, y) moves along different curves C, s 
of course always being measured along the curve traversed by 

(x, y). Since 


ds 


has a definite value for each curve C 


through (xo, yo), 1 is & function of the curves C through 

Jxo.Vo 

(a:o, yo)- But we can say even more than this. 

In formula (A'), the coefficients /i(xo, yo) and /„(xo, yo) are in 
no way related to the curve C, for they are determined entirel}’’ 
by the function / and the point (xo, yo)- Hence, for a given 
function f and a given point (xo, yo), the only variable in (A') is 

a, that is, the value of (^o, yo) depends only on a. This 

fact is of such fundamental importance that we shall elaborate 
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upoa it. Let C and C be any two curves in the zi/-plane through 
the point (xoj yo) and ha^dng there the common angle of inclina- 
tion a, and let s and s represent the arc lengths along C and C. 

Formula (A') shows that equals — 


where (x, y) moves along C in — — and along C in 


7 /) 


In 



ds ^ d3 

other words, the value at (xo, yo) of the rate 
of change of /(x, y) vith respect to arc 
length is the same for all curces h axing 
the same direction at (xo, Vo). This comtnon 

y) 


X vah/c of 


ds 


for all curves C x\ith 


direction a at (xo, yo) is called the space rate 
of change of / at (xo, yc) in the direction a, or. in more technical 
language, the directional ffenrafire of / at (xo. yo) in the direction 
a. To ddcrminc the directional derivative of f at (xo. yo) in any 


given direction a, it is necessary merely to find 
formula {/V) for the proper value of a. 


by 


Since, for a given function the value of — at the fixed 

ds 


point (xn. yt) depends onix" on 


d/(x, y) 


is a function of the 


one variable a and may be denoted bx’ f^fa), tlie subscript So 
indicating that / has been differentiated ^^ith respect to s and the 
derivatix’c evaluated at (xc, yo). We know from elementary 
calculus that ftfa) ims a maximum at a — cm if ao is a solution 

of the equation (a) = 0 such that (ex) 

(la * fia^ * ‘ 

formula (A'), 


< (). Bv 




-/r(xp. 7/o) sin a -f /v(xo. r/f.) co^ a. 


( 1 ) 


The x’arious solutions oro of the equation -j-ft (a) = 0 are exd- 

da ® 

dently gix'en by the formula 

Uo) 

tan ao = 7-7 

MXo, yo) 


( 2 ) 
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the case where ao is an odd multiple of 7r/2 being treated in the 
usual formal way. Furthermore, 




da^ 




- [/x(a;o, Vo) cos ao + /„(.ro, yo) sin ao]. (3) 


If this expression has a negative value, ao maximizes /,^(a) ; if this 
expression has a positive value, ao minimizes /»„(a). The case 
where (3) has the value zero is taken up in Ex. 5 below. 

Equation (2) always has exactly two solutions ao and a'o 
between 0 and 2ir rad., and a^ = ao ± tt. Since 


and 


cos aj = cos (ao ± ir) = —cos ao 
sin a'o = sin (ao ± r) = —sin ao, 


the values of (3) for ao and aj are numerically equal but of 
opposite sign. Hence either ao or a'o, say ao, is a value of a 
for which /s^(a) has a maximum and the other, a^, is a value of a 
for which fsj^a) has a minimum [unless (3) has the value zero 
for both ao and ao). /»„(«) has no other maximum or minimum 
value for a between 0 and 2Tr. 

Definition 22.1. Let ao denote the unique direction at (xo, yo) 


in 


„j,iA 

as 


Jxo,I/o 


is a maximum^ let C be any curve in the 


X}j-plane through (rco, yo) with slope tan ao there, and let 11 , instead 
of s, denote the arc-length of such a curve C. Then the symbol 
df {x y) 

— -4 — indicates by the letter n that the point {x, y) moves along 


some curve C having slope tan ao at (xq, yo ) ; 

dn 

the normal derivative of f at (xq, yo). 


is called 


x<i,Vo 


Since ao maximizes 


df{x, y) 
ds 


Jxo,Vq 


, it follows that — f ^ 
dn 


IS 


the maximum value of 

ds 

y) 

dn 


J *0,1/1 


. The reason for calling 


*0,]/0 


the “normal ” derivative lies in the follovdng theorem 


which will be proved in Ex. 7 below. 
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Theorem 22.1. If /(x, y) is a given function, if (xo, ijo) is a 
giveji point, and if ao is determined by equation (2), then a line with 
direction angle ao is normal to the curve f{x, y) == ivhere 

k = Rxo, yo). 

In successive columns of the following table are shown the 
various possible combinations of signs of /-(xo, yo) and/j,(xo, ^o). 
liMien these two quantities arc both positive (second column), it 


/y(xo, yo) 



- 


/x(xo, yc) 


_ 1 

- 

4- 

ao 

I 

ir 

in 

IV 


follows by (2) that tan ao is positive, and hence that ao is in the 
first or third quadrant. By the above definition, ao maximizes 
/,^(a). Hence (3) represents a negative number, tliat is, 

fzi^o, Vo) cos ao + A(xo, yo) sin ao 

is a positive number. Since /j(xo. yo) and/y(xo. yo) were supposed 
positive, the signs of cos ao and sin ao show that ao cannot be in 
the third quadrant. Therefore ao must be in the first quadrant 
as indicated in the tabic. It is left to the student in Ex. 4 below 
to carr}’^ through this argument for the remaining columns of the 
table. 

It follows from the table that sin ao and cos a© alwa 3 ’'s have the 
same sign as /v(xo, yo) and /x(xo, yo), rcspectivel 3 ^ From this 
fact and (2) it follows that the formulas 


cos ao = 
sin ao = 


yo) 

VUAxe, 2/o)]= + I/v(aro, 2/o)]= 

fvjXo, 7/o) 

V[/r(xo, yo)]- + [ACa^o, I/o)]= 


(4) 


determine cos ao and sin ao in sign and magnitude. Substitution 
of these formulas in (A') leads to the result that 


dKx, y) 
dn 



(j^o, J/o)]= + [/b(xo. yo)]-. 


( 5 ) 
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It is seen from (2) and (5) that — is represented in 

direction and magnitude by the vector whose a;- and y-compo- 
nents aref^ixo, yo) and fu{xo, yo). In vector analysis, this vector 
is denoted by grad / and is called the gradient of f. 

EXERCISES XXm 

df (ic y ) 

1. (a) Find ^ — when f(Xj y) = — 3zy and the point (a;, y) 

ds Jl,2 

moves along the curve C \\dth equation y = x- — a: + 2. 

Suggestion. To evaluate cos cc — dx/ds arid sin « = dy/ds^ find 
tan ct = dy/dx from the equation of C. 

(b) Repeat (a) when the equation of C is y = 3 — (1/a;); when the 
equation of (7 is y == 2 + log x] when it is known of C merel}’' that its slope 
at (1, 2) is 1. 

2. Find the direction ao of the normal derivative of /(x, y) — x* — 3xy 

at (1, 2), and find — both (5) and (A'), 
an Ji,2 

3. Find the directional derivative of f{xj y) ~ — y at the point 

(2, —2) in the direction a = 150°. Find the direction of the normal deriva- 

df ix 1/1 

tive of this function at (2, —2) and find — 

an 

4. Show that the signs of/r(xo, yo) and/i/(a;o, yo) determine the quadrant 
in which ao lies as indicated in the above table, 

5. Show that (1) and (3) can both have the value zero only wlien 



yo) =/y(xo, yo) = 0, (★) 

[Set (3) equal to zero and eliminate ao from the resulting equation and (2)]. 

df (x 7 /) 

In case (1) and (3) are both zero, so that (*) holds, - ■ = Oin 

_ xo.yo 

everj" direction, and ao is indeterminate. The full significance of condition 
(*) is discussed in Sec. 25. 

6. If in formula (2) we think of (xo, yo) as an arbitrary point, then we 
may omit the subscripts and the formula 


tan ao = 


Mx, y) 
Mx, y) 


determines ao at each point (x, y). In this formula, x and y are independent. 
But suppose we determine y as such a function of x that the graph of y 
is a curve 0 whose slope at each point (x, y) on it is tan ao. Two things are 
evident; (1) y must be such a function of x that 


dx f x(Xj y^ 


( 6 ) 
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Hince dy/dx represents the slope of C and since tan a© = fv{x, 2/)//x(a:, y). 
Conversely, cverj’’* solution y of Eq. (6) has for a graph a curve with slope 
equal to tan ao at each point on it. It tlicreforc follows that the set S of all 
solutions of (6) defines exact!}' the set of all cun'cs with slope tan ao at each 
point on them. (2) At cock point (x, y) on any particular cun'c C of the set 
S the directional derivative of / is a maximum in the direction of C since 
the slope of C at (x, y) is tan ao. Hence n may be used to denote the arc 
length of C and df{x, y)/dn is the normal derivative of /at each point of C. 
[Koto that this last assertion was true in Definition 22.1 for only the par* 
ticular point (xo, yo) on C.\ Thus the cur\'es of the set comprise all the 
loci that may be traced out by a point P moving so that the value of/at P 
is always changing at the maximum possible rate. 

Methods for integrating Eq. (G) udll be given in Chap. III. How- 
ever, (here is one particularly simple case where the integration may be 
effected at once. If dy/dx — v?(a:)/v^( 2 /), write this relation in the form 
^{y) dy = <p{x) dx and integrate f both sides. Integrate Eq. (6) by this 
method in the following cases and state the significance of the solutions; 

(1) /(x, y) = xy. (The solution of (G) in this case is x’ — y- = c, where 
c is an arbitrar}” constant. For each value of c this equation defines a cur\*e 


C such that, at any point P of 


C, 


d/(x, y) 

ds Jp 


is a maximum in the direction 


of C.) 

(2) /(X, !/) = x» + 

Solution, log y ~ log x log c, where the constant of integration is 
written as log c. This solution reduces to y = cx. 

(3) /(I, y) = (X-- + y'-)-^K 

(4) fix, y) = log (x - !/). 

Check the interpretation of part (1) in the following manner: Let c = 3. 
Find the slope of x* — j/- = 3 at (2, 1), find tan ao at (2, 1) by formula (2) 

of Sec. 22, and compare results. Find 


dn 


2.1 


by (5) of Sec. 22, find 


d/(x, y) 
ds 

compare results. 


2,1 


by (A') when (x, y) moves along the cur\'c x* — p* = 3, and 


7. (a) Find a formula for the direction ai in which — ~ — I ~ 0. 

Jxo.ya 

Show that tan ai is the slope of the curve /(x, y) — k at thq point (xo, yo). 
Show that the directions ao and ai are at right angles. Prove Theorem 22.1. 

(b) Check Theorem 22.1 by plotting on the same axes a few of the cur\-es 
C of Ex. 6 and a few of the ounces /(x, y) = kin the case where /(x, y) is the 
function of part (1) of the preceding exorcise. Repeat this check by taking 
/(x, y) as the functions of parts (2) and (4) of the preceding exercise. [To 


* It will be shown in Chap. HI that Eq. (6) has a one-parameter family 
of solutions. 

t Sec Chap. II, Part A. 
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plot log (x - y) == kj write this equation in the form x — y - - k^i and 

choose various values of k\] 

(c) Why does the equation (x^ + = k represent the same set of 

curves as the equation + ?/- = k? [Note the last sentence of part (b).] 
Why are the solutions of parts (2) and (3) the same in Ex. 6? What would 
have been the solution to part (4) of Ex. 6 if /(x, y) had been sin (x ~ i/)? 

— 2/? — 2/)? v^here v? is an arbitrary function? State a general 

theorem wliich is exemplified b}^ the answers to the preceding questions. 

8. In Exs. 6 and 7 it was shown that at any point (x, y) the direction 
along which a function /(x, y) changes most rapidly is always orthogonal 
to the direction along which/ is constant. This result has many important 
ph 5 ’'sical applications, a few of whicli we now state. At any point in a mate- 
rial substance the flow of heat is always in the direction along which the 
temperature changes most rapidly; hence the flow of heat in a thin flat sheet 
of material substance is always along the set of curves orthogonal to the set 
of cun’^es of constant temperature (isothermals). At any point of an electric 
field the force acting on a charged particle is always in the direction along 
u'hich the potential of the field changes most 
rapidly; hence in a plane electric field the force 
acting on a charged particle is always orthogonal 
to the curves of constant potential (equipotential 
curves). If something of variable concentration 
is diffusing through space, such as a solid as it 
dissolves in a liquid which is not being stirred, the 
flow at any point is always in the direction along 
which the density changes most rapidly; hence the patlis of diffusion in a 
thin fiat layer of material are orthogonal to the curs^es of constant density. 

Suppose the functions /(x, y) of Ex. 6 represent temperature, potential, 
and concentration in connection with physical situations of the sort just now 
described. Give the physical interpretations of the curves plotted in Ex. 7b. 

9. Show that y j ~ where is the angle between the 

directions along which df/ds and df/dn are taken. (If df/ds is taken in the 
direction a, then \p ao — a. Expand cos and evaluate dj/dn^ cos ao, 
and sin ao by formulas (4) and (5) of Sec. 22.) 

Note that if ^ = 90®, we obtain the result found in Ex. 7a. Also note 
that df/ds is a maximum when — 0. 

Check the above formula hy means of the results of Exs. 1, 2, 3 above. 

The above formula may be ^‘derived” geometricall}’’ by drawing the 
graphs Cl and C 2 of the equations /(x, y) = kij /(x, y) = where kz — ki 
is numerically small, taking PQ orthogonal to Ci, noting that (see Fig. 52) 



approximately, ^ ass^ing the sector PQQ^ to be approximately a right 
triangle so that PQ = PQ' cos 



Fig. 52. 
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10. SboTT hy the preceding exercise that the sum of the squares of the 
directional derivatives of /(r, y) at a point P along any t*£ro perpendicular 
directions is always the square of the normal derivative of /(r, v) at P. 

11. Tind the directional demiative of J(Xy y) along the curve x = p(v), 
y = 9(ti), where u r. 

12. Find a formula for the normal derivative in polar coordinates. {See 

N ^ df(r^ 0) df , 1 ^/ . , . , 

Ex. XIX, 32.) Show that — — — cos C -r " r" t^here is the 

ds or r xjB 

ancle between the direction in which df, ds is taken and the direction 

13. If T represents a temperature distribution over a plane area, then 
dT /dnis called the isr^.pcrcture gradierJt. Find the temperature gradient at 
(1, t'/ 4) when Tir^ B) = (sin 2fv/rk In what direction is it taken? 

14. Derive the formula 


d/(r. y, c} 1 
ds Jr 


-JJx:. ytr ri) cos a -r/ifx:. yr, r*) co=: 3 


-r/rfx:. p:. Zi) cos 7, (7) 


where x ~ p(f). y = z — t(s) are the parametne equations of a cun-e 
in space with arc length c, and where 3, 7 nre the direction ancles of this 


the point (x^, p:, C:). Show that — 1 may be regarded 

ds Jrn,ii;.r5 

determining a directional derivative in space, 

d/fr, V, r)l 

15. Find the direction along which ri I I? , 

Jtw, 


; a maxiinum and 


find tills maximum value. 

Solulion. It vrill be shown in Sec. 25 that the coordinates 3t. of a point 
where a function y(<x, 3) ha? a maximum are determined as a solution of 
the pair of equations go (a, 5) = 0, g^{ct. 3) = 0. (We omit all reference to 
second derivatives for the sake of simplicity.) Let us apply this result to 
(7i, regarding 7 as a function of a and 3 determined by the relation 


cos* a -r CO'* 3 -p cos* 7 == I. 


(S) 


Difi'erentiation of (7) gives 



= -fz(xi^ Vi^ rj sin a - fz{x.. yj, 
== cr) sin 3 - /rfxf. y.. 


. . dr 
re) sin 7 — » 
5ct 

dr 

Zi) S-M 7 


(9) 


Before w e set these e.xpressions equal to zero, let us simplify them. DiS^er- 
entiation of (8) with respect to a and 3 gives 


dr 

-2 cos tt sin cc — 2 cos 7 sin 7 — = 0, 

da 


—2 cos 3 rin 3 — 2 cos 7 dn 7— « 0 

33 
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If we solve these identities for sin y{dy/da) and sin y(dy/dp)f substitute in 
(9), and then set (9) equal to zero, letting (ao, To) denote a solution of 
the equations so obtained, we find that 


cos ao 


VO} 2o) 
fz{X0j 7 / 0 , Zo) 


cos To, 


cos /3o = 


^1/(^0, tfO} 2Jo) 
/zC^O, Ifoj ^o) 


cos 7 C. 


These formulas, when substituted in (8), show that 

fx(XQf yOf Zo) _ ^ fvixoj 7/o, 2o) 

+/v V /z +/v 

/»(a:o, yoj Zo) 


cos To “ 


Vfs +Sl 


where (xo, t/o, Zo) has been omitted from the denominators for brevity. 
Formulas (10) determine by means of the direction angles ao, ^o, To the 
d^^ 


direction in which 


ds 


is a maximum. If we substitute (10) in (7), 


a:o,i/o,2o 


we find that the normal derivative is given by the formula 

= '\/[/i(a:o, 2/0, Zo)]“ + [/^(xo, Vo, Zo)]' + [/.(xo, Vo, Zo)]', (11) 


dn 


s:o,yo,£o 


where -p 
dn 


-df 


and where n has the same 


Jxo.J/o.ro 


is the maximum value of “ 

Jxo.yo.so ds 

significance as in Definition 22.1. 

Compare these results with those obtained above for a function of two 
variables. Define grad /. 

16. By reasoning as in Ex. 6, derive and interpret the systems of equations 


^ _ Mx, y, z) ^ 

V/“ +/= +fi 

and 


fv(.x, y, z) 


dz 


Mx, y, z) 


VfT+ff+ft ds V/; +Jl+f. 


dy _ fyjx, y, z) dz fAx, y, z) 

dx Mx, y, z)’ dx fx{x, y, z) 

What is meant by a solution of the system (12)7 How does such a solution 
define a curve in space? What is the significance of the curves determined 
by (12)7 

Methods for integrating (12) will be given in Chap. III. Show that 
y = ax, z = bx, where a and b are constants, is a solution of (12) when 
fix, y, z) =x^ + + 22 . 

cos where 4' is the angle between 

XOtl/0,20 

the directions along which df/ds and df/dn are taken. Extend the result 
of Ex. 10. 


17, Show that 


Ja:o,i/o, 2 o 


M 

dn 
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Suggestion, Recall that cos ^ = cos a cos 4* cos ^ cos -h cos y cos ye. 
Sec Ex. 9. 

IS. Show by Ex. 17 that the surfaces /(x, tjf z) = /: are orthogonal to every 
cun’c represented by a solution of (12). Xote that the numerical example 
of Ex. IG illustrates this result. Extend the dh^cmssion of Ex. S to phj’Eical 
situations in space. 

19. Iliustrate all the results of Exs. 14 to IS by means of the function 
f(z. z) = xyz. In Exs. 14 and 15, take (xt, t/f, re) as the point (1, 2, 3); in 
Exs. 14 and 17 take a — ^ = ^/4. y = r/2. Integrate equations (12), 
using Ex. 0, (1) as a clue to guess the solutions. 

20. Find a formula for the normal derivative of a function defined over 
three-dimensional space in polar coordinates. (See Ex. XIX. 32.) 

21. Find a formula for the normal derivative of a function defined in 

cylindrical coordinates (r, z), where x ~ r cos <>, y = r sin r = z. 

22. Extend all the above results to functions of n variables. 

23. Point Functions. Invariance of Directional Derivative. 
In this section we shall show that the directional derivative is an 
invariant. However, before considering this matter we must 
first distinguish between a point function and a function of 
several variables. 

If a pli 3 "sical situation determines at each point of space the 
value of some phx'sical quantitj' Q, such as temperature, densit}", 
potential, stress, acceleration, * • • , then we max" indicate the 
direct connection between the values of Q and the actual points 
P of space by representing the value of 0 at P by Q(P). The 
notation Q(P) stresses the fact that the values of Q are correlated 
directly' \nth points P quite independenth' of any coordinate 
s 3 'stem which may be used to locate P, and without the aid of 
an 3 " formula. 

Defixttiox 23.1. //, by any means, the vahtc^ of some quanlUy 

f arc defer??] i‘ncd af, and correlated directly with, the actual points of 
some portion of space, thenf is cxiUcd a point functio7i. 

The following examples illustrate this idea: (1) If at each point 
P near a certain magnet the field has a definite strength F 
measured in some s 3 "stem of units, then P is a point function and 
we denote the value of F at P by F(P). (2) Let C be a familx^ 

of curx'es in space such that exactl 3 ' one cun^e of the family 
passes through each point of space, and such that each curv-e has 
a definite curv-ature K at eacli point P on it. Then K(P) is a 
point function defined bx^ this famil 3 " of cun^es. The value of K 
is quite independent of an 3 ’’ coordinate S 3 ’^stem used to locate P. 
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We should note that the concept point function is quite in 
contrast to that of a function / of three variables (such as a 
formula) where the value of the quantity / is determined for 
each set of values of the three variables. Thus, the value of / 
for the values a, 6 , c of three variables is denoted by f{a, b, c). 
This symbol in no way implies that a, b, and c are the coordinates 
of a point with reference to any coordinate system; or if a, b, c 
are the coordinates of a point, the symbol in no way indicates 
the particular coordinate system in mind. The actual symbols 
used for the three variables under consideration are irrelevant; 
for whether we vuite/(a:, y, z), or/(w, v, w), or /(^, y, f) is immate- 
rial, since these symbols all denote the same number when 
(x, y, z), (u, V, lo), and (f, 17 , f) denote the same set of numbers. 

Now suppose that/(P) is a given point function and suppose 
that we introduce a rectangular coordinate system (x, y, z), a 
polar system {r, <^>, 6), and some other system (X, y, v) for repre- 
senting points P, where now, in contrast vnth the preceding 
paragraph, we use a definite set of letters to refer to a definite 
coordinate system. If /r is the function of three variables 
(formula) such that/(P) = /r(a:, y, z) when P and {x, y, z) denote 
the same point, then fr is said to represent the point function / 
in the {x, y, z) coordinate system. Similarlj'-, if fp and fc are the 
functions of three variables such that /(P) = /p(r, <^, 6) and 
/(P) = /c(X, y, r) when P and (r, (f>, 6) or P and (X, y, v) denote 
the same point, then fp and fc represent / in the (r, 0 , 9) and 
(X, y, v) systems. It is evident that fr, fp, and fc are all different 
and that none of these functions can be identified vnth / itself ; for 
example, if fr represents the temperature at P, no formula for 
the temperature of a certain substance can be identified with the 
temperature itself. Furthermore, fp can be determined from fr 
by the equations relating x, y, and z with r, 4), and 0 ; fc may be 
obtained in a similar manner from either fr or fp. However, it 
is inconvenient to retain the various subscripts on the letter f 
and it is customary to omit them. But then we have the 
paradoxical situation that ‘ 

S{P) = f{^, y, 2 ) = fir, <f>, 9 ) = fix, y, v) ( 1 ) 

in which ix, y, z), ir, 4>, 9), and (X, y, v), while representing the 
same point, do not represent the same set of numbers (see the 
preceding paragraph) and in which the letter f denotes four 
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4. In a certain coordinate system the coordinates (u, r, tr) of each point 
P arc related to the rectangular coordinates (x, y, z) of P by the equations 

u = x(x -}*!/), c « (x 4" T/)(x + r), tv = x(x -f z). 


Do the functions tf -- — ~ ) and represent the same point function? 

\tr a/ X 

5. Givxn a point function /defined in space and a cun’c C in space repre- 
sented in two different ways by parametric equations involving two different 
parameters u and xi\ Compare /(u) and/(i/). 

C. Given the surface S whose parametric equations in a rectangular 
coordinate system are z ~ r), y - r), and z = e). Let / 

be a point function. Discuss fully the notations /(w. r) and/fn'’, r'), where 
u' and r' provide a second representation of S. 

7. Prove formula (2) in Sec. 23. 

Hint. Xotc that/A*(Pc) = ^ ^ But/(X, P, Z) ^ fix, y, z) 

Jr, 


when (X, P, Z) aiul (x, y, z) represent the same point since / is a point 

y( X, zj 

dA' Jr, 


function. Hence 


mi' 

_ cV(x. y. c) 1 

dX Jr„* 


This last derivative 


may be evaluated by formula (B). The quantities /r(Pc) and /z(Po) a.re 
treated sirnilarlj*. The combined coefficient of/i(Pc) reduces to cos a b\' 
(IS) of Ex. XIX, 3G. 

S, Show that the normal derivative and the direction in which it is taken 
arc invariants with respect to rectangular coordinate systems based on the 
same unit of length. 

Hint. To show the invariance of the normal derivative, note Ex. XIX, 
36. To show the invariance of the direction of the normal derivative, 
express cos Ac. cos Pc, and cos Co in the (X, P, Z) system, evaluate cos ao, 
cos /3oj and cos 7c in terms of Ac. Bct Ce, and the direction angles of the 
(x, y, z) a.\cs with reference to the (A”, P, Z) system, and show that the 
results reduce to the usual formulas for cos ofc. cos and cos 70 in 
the (x. y, z) system. 

9. If / is a point function, if C is a cuix'c in space, and if u is a parameter 
determining the position of the point P on C, show that df{P)/du is an 
invariant when calculated in any coordinate system. 


24. Differentials. Let /(x, 7/, • • • ) be a function of a finite 
number of independent variables x, 7/, - • • . Since each of the 
variables x, 7/, • • ■ is independent, Ax, Ay, • * • may be 
assigned arbitrary values; that is, Ax, Ay, • • • are independent 
variables.* 


* We do not assume that Ax, Ay, • - • are small or are approaching zero. 
In certain applications it is necessar}" to assume that these variables are 
arbitrarily large. 
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We define the differential d/ of / by the relation 

d/ = /=(x, y, • • • ) A-'p + y, • • • ) ^2/ + • • • • (1) 

(cf. Sec. 8). It should be noted that the value of d/ depends, 
riot only upon the values of Ax, Ay, ■ ■ ■ , but also upon the 
values of x, y, • • • at which the partial derivatives of / are 
evaluated. Thus, the value of df at the point (x'o, yo, • • • ) is 
df = Mxo, yo, • • • ) A.t + f,j{xo, yo, '••) Ay . 

If yj • • • ) is merely the quantity x, then it follows by (1) 
that dx = Ax. Similarly, dy = Ay, • • • . Thus the differ- 
ential of an independent variable is the same as its increment. 
Hence we may write (1) in the form 


d/ = Mx, y, ■ • • ) dx + fv{x, y, • ’ ■ ) dy + ■ ■ • , (2) 


where x, y, ■ • • are independent variables. Now suppose that 
X, y, • • • are not independent but functions of a finite niunber 
of independent variables u, v, • • • . It follows directly from 
(2) that, j{x, y, ■ ■ • ) being regarded as a function of the 
independent variables zi, v, • ■ • , 

df = ~ du + ^ dv + ' ■ 
du dv 


But the coefficients of du. dv, ■ ■ ■ , may be evaluated by 
formula (B). Hence 


d/ 


^ dx 

dx du dy du 


+ 


— ^ 


dti 


Ldx dv dy dv 


dv + 


3xVlj‘''‘+S* + 




dy\du 


■■■) 


du + 

dv 




It follows by another direct application of (2) that 


dx du + ~dv + 
du dv 




( 3 ) 
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It is endent that (3) reduces to (2) by ^^rtue of these relations. 
This proves 

Theorem 24-1. ///(x, t/, • * • ) is a differentiable function of 
a finite number of variables , then, whetha^ y, • • • are 

independent or not, 

df = y, ■ ■ ■ )dx+ Mx, y, ■ ■ ■ ) dij + ■ ■ • . 

Higher Differentials. For certain of work, some people 

prefer to use differential*?, Wc shall let d% (Pf, - - ' , df 
denote differentials of / of the second, third, • • • , and nth 
order, respectively, wliere 

df - d{df), d'f = didff), •■■,(?"/ = d(d-^/). 

If / is an independent variable, we define 

dff = 0, dy - 0, • • * , df - 0. 

Consider a differentiable function / of the two variables x and 
y. Then 

rf:/ = d{df) = rfx + I d{dx) + rfy + I didy). (5) 


Since 


Jt) . i/ar') 

\dx/ dx\dx/ 

dK\ = ±(^1\ 

\dyj dx\dyj 



dy^~,Jx 


d-f 

dy dx 


dy, 


dy = 


d"-f 


, , dx + dy. 
dx dy dy- 


(C) 


Eq. (5) may be TOttcn in the form 


i-S = g (*)> + 2^^ i, + g »)= + I + I <i=,. 

Similar expressions may be found for df, * • • , df. If x is an 
independent variable d-x = 0; likewise if y is independent, 
d-y - 0. 


EXERCISES XXV 

1. If /(x. y) = X* — Zxy, find dj when x = 2, t/ = 3, Ax - 0.05, and 
Ay = —0.02. Also find A/, wJicre A/ = /(x -f* Ax, y -f At/) — fix. y). 
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2. If 6 — a, and if -4, and a are measured to be 30®, 45®, and 250, 

sin A 

respectiveb^, find the error db in the calculated value of b due to errors 
dA — 0.002 rad., d B = —0.003 rad., an d da = —0.005. 

3. (a) If a = + c- — 25c cos A, and if 6, c, and A are measured to 

be 12, 15, and 30®, respective!}^, find da when dh =0.1, dc = —0.2, and 
dA = 0.04 rad. [These measured values of 5, c, and A are to be used in 
parts (b) and (c) of this problem.] 

(b) Find the maximum value of da when db = ±0.1, dc = ±0.2, and 
dA = ±0.04 rad. by selecting the signs properly. 

(c) What is the largest value dA may have in order that da may not be 
greater than 0.01 when dh ^ dc — 0.001? 

(d) Find dA when 6 = 12 -f 0.002^2^ c = 15 - 0.057^, and a = 20, 
where T represents temperature in degrees centigrade, given that T is 
originally 0 and that dT = 10. (First compute dct, and dc.) 

4. If s = where = u + a, 7/ = 2u — v, find dz when u = 1, 

tt = —2, dit = 0.1, and dv = 0.05 by two methods: (a) by computing dz in 
terms of dx and dy, and (b) by substitution of x and y directly in the formula 
for z. 

5. Let us consider equation (2) when there are only two variables x and y. 
On the graph of /(x, t/) show the geometric representation of fv(xof t/o) dy, 
fxixoj yo) dx, and fxixoj i/o -f dy) dx. (Remember that, in the notation of 
Ex. XVII, 4, /x(xo, yo) = tan tp and/i,(xo, yo) = tan ^.) What quantities 
are approximated by 

fvixoy yo) dy, /x(xo, yo + dy) dx. and /y(xo, i/o) dy +/x(xo, yo + dy) dx 

when dx and dy are small? (See Sec. S.) How does df differ from this 
last quantity? What three sources of error are involved in the use of df as 
an approximation of the quantity f{xo + dx, yo + dy) — f(xo, i/o)? Show 
that the point (xo + dx, yo + dy, /(xo, yo) + df) lies in the plane tangent 
to the graph of / at [xo, yo, f{xo, yo)i 

6. If / is a point function, is the differential df a point function? Is it a 
function of six variables? If it is neither of these things, what is it? Can 
df be described in any sense as an invariant? If so, prove. 

Hint. Consider df as being evaluated at a point pair (P; P'), where P is 
in the space {xi, a, xo) and P/ is in the space {du, dv, dtu). What are the equa- 
tions for the change of coordinates in the two spaces? 

7. Prove: If df is known to be equal to 

df — Xi dxi + Xz dxo Xn dx„, 

where Xi, • • • , are functions of xi, • • • , x„, then df/dXi = Xi, where 
the partial derivative is taken holding aU the x*s fixed but x* (t = 1, « • • , n). 

8. Let X = r cos 0, y ^ r sin 6. Calculate dx, dy, d% dhj for: (a) the 
case when r and B are independent variables; and (b) the case w'hen r = 
and B = log (4s + 30, where s and t are independent variables. 

9. Develop an expression for d^f in case /.is a function of two variables 
X and y; for d"/. 
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over some neighborhood N of (a, b), and the sign of the last term 
of (3) is the sign of /«(<?, h), Tliis proves 
Theorem 25.1. // /(x, y) has cotUinuous second dcrimiives^ 
ff (^) holds j then f has a relative 

nunimnm at (a, b) if /rrCO: b) > 0, aiidf has a relative maximum 
at (a, h) if fzz{ci) b) < 0. 

EXERCISES XXVI 

1. Expand by Mnclaurin^s theorem: 

(a) sin (xr/). (b) e* cos y. (c) \/x — y. (d) log (x -b y). 

2. Derive Taylor’s theorem for a function of x, y, and r. 

3. Examine for maxima and minima: 

fa) x-y *f xy* — x. (b) x* -f y’ x -f y. (c) x® -f 3x“ — 2xy -b 5y* ~ 4ir. 

4. Find the shortest distance between the lines 


(y = X -b 1 
<2 = 2x 


and 


= 2 -* 
= 2 -f 


X 

X 


5, Apply Theorem 25.1 to Ex, XXI 1 1, 15. 

6. If u = /(x, y, r). where x. y. r are connected by the relation 


<)(x, y, 2 ) = 0. 


show that, to determine the maxima and minima of /, the relations 


^ 0, — ) = 0 

dx/y dy/- 


may be replaced b^’ the relations 


<>(t, y, 2 ) ~ 0, 




== 0, 






0. 


(6) 


iSi/yyc5fion. 


substitute for 


Oz 

dx 


du\ du\ 

Evaluate — I and — I by formula (B), and in the results 

dx/y dy/ar 

- ) and — ) the values of these quantities found by means 

^/v dy/x 


of the relation <>(x, y, z) = 0. 

7. Show that equations (C) are obtained when one seeks the maxima and 
minima of t7 = /(x, y, t) + y, r), where X is a constant to be deter- 
mined by the relation dV /dz = 0. 

The de\dce of finding the maxima and minima of u in Ex. 6 by introducing 
the function U and the constant X is called the method of Lagrange's 
multipliers. 

8. Extend the results of Exs. G and 7 to the case where u = f(x, y, r, w) 
with «^)(x, y, 2 , tzO = 0, v^(x, y, z, ir) = 0. 

9. Find the “station values of u when u = xyz tvith x 4- y -f r = 1. 
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INTEGRAL CALCULUS 
PART A. INDEFINITE INTEGRALS 

1. Introduction. In tliis chapter we shall first briefly review 
some of the elementary methods for finding indefinite integrals, 
and then we shall give an introduction to line, surface, and 
volume integrals. Following this we shall develop the theory 
of Riemann integration. Finally we shall take up the question 
of evaluating improper integrals. In Part B of this chapter we 
shall place particular emphasis upon' the physical applications 
of definite integrals. 

2. The Indefinite Integral of a Function f(x). We say that a 
function* F{x) is an integral of a function /(x) if DiF(x) = f{x). 
Thus, x^ + 7, x^, and x^ — 2 are integrals of 
3.x^ since Dx{x^ + 7), D^x?, and Dx{x^ — 2) 
are each equal to 3x^. Again, log x and 
log fix are integrals of 1/x since D* log x and 
Dx log fix are each equal to 1/x. 

An integral of/(x) is sometimes defined to 
be a function F(x) such that dF{x) = /(x) 
dx. In this sense, x^ is an integral of 
3x^ since d(x^) = Sx^ dx. This definition of an integral is 
evidently equivalent to the one given above. 

If F(x) is an integral of f(x) and if Co is any real number, then 
F(x) + Co is also an integral of /(x). Thus, if f{x) has an 
integral F{x), then f{x) has infinitely many integrals. However, it 
is not generally the case that all integrals of /(x) are obtained 
by giving C all real values in the formula F(.x) + C. For 
example, if /(x) = — .x/Vl — this function being defined 
only over the interval — 1 < x < 1, then one integral of /(x) is 

* In this section we consider only real single-valued functions of a real 
variable. 
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the function F{x) = Vl -- x-, where — 1 < r < L Another 
integral of /(x) is the function G{x) such that (see Fig. 53) 

i Vl — when —1 < X < 1, 

X when x is rational ^ith |x’ § 1, 

0 for all other x, 

since D/j[x) = J{x) in the interv^al —1 < x < 1 and since G(x) 
is discontiniiouSj and hence nondifferentiable, outside this 
interval. (Cf, Chap. I. Theorem 5.1.) In fact, G(x) could have 
been defined as any n on different i able function outside the inten-’al 
— 1 < X < 1. It is evident that G(x) is not repra-entable as 
Fix) -f C for any value of C. But for our present purposes the 
nondifierentiable part of G(x) is of little interest and we shall 
consider onh^ those integrals F(x) of a function /(x) which 
have the same* domain of definition as /(x). Thus, we shall 
consider integrals of — x/\/l — x^ like \/l — * x= -r Co, but 
not like G(x). 

Defixitiox 2.L Wc denote an arbitrary integral of fix) 
[having the same domain of definition as /(x)] hy I^^fix); we call 
Izf(x) the indefinite integral of /(x). 

If fix) has at least one integral, then fix) is called integrahle^ 
TheoPvKM 2.1. Let fix) he an integrabk function of x whose 
domain of definition is a single inicrj'al I ^ finite or infante in length. 
If F{x) is any integral of fix), then 

I__/{x) = Fix) + C, (1) 

where (1) is to be interpreted as asscriinn that any integral whatever 
of fix) is representable as Fix) + C hy proper choice of the mimhcr 
C, (f.c., that every integral of fix) may he obtained by giving C all 
real values in the formula Fix) + C). 

* This restriction, u'hile .entisfacton' for those functions ordinarily met 
with in practice, v.-ould be unsuitable in a technical treatment of this subject. 
Thus, Jet F(z) be the function such that F(t) ^ when x is rational and 
F(x) = 0 when x is irrational; let f{z) - DiF{x). Then fix) = 0 when 
X = 0 and fix) is defined nowhere else, (Cf. Chap. I, Ex. II, Ij and II.) 
While fix) has at least one inte^l, e.g., F(r), it is seen that f(x) has no 
integral G(x) with the same domain of definition as fix), for the domain of 
definition of fix) is the single point x = 0 and no function (?(x) defined 
only &tx — 0 can have a derivative. Hence the above restriction removes 
from ronsidenvtinn all integrals of/(x). 
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Let be an arbitrary integral of f{x). It is readily seen by 
Theorem 10.3 and Ex. XI, 5 of Chap. I that G(x) — F(x) = Co, 
so that G(x) = F(x) + Co- Hence G(,x) is obtained by giving C 
the value Co in the formula F{x) + C. Since G{x) is an arbitrary 
instance of Ixf(x), (1) holds. 

The fact that F{x) was an arbitrary integral of f(x) in Theorem 
2.1 implies that, if G{x) is any integral of f{x) other than F(x), 
then Ixfix) = G(x) + C. Likewise, since log C takes on all real 
values when C takes on all positive values, Ixfix) = F(x) + log C. 
It is e\’ident that infinitely many other formulas for representing 
may be constructed. No inconsistency arises when we 

write 

hm = F{x) + c, Ixfix) = G{x) + C, hfix) = F{x) + log C, 
etc., if we do not regard Ixf{x) as being or denoting any of the 
formulas F{x) + C, etc., and if instead we interpret each of 
these relations as indicated in Theorem 2.1. To obtain any 
particular integral of /(a:), different values of C must, of course, be 
used in the various formulas F{x) + C, F{x) + log C, etc. 

Example 1. If f{x) = xf 1 — z^, then f{x) is defined over the single 
interval —1 < a: < 1 and, by Theorem 2.1, 

lx [x/ y/ 1 — X-) = — y/ 1 — + C 

since — VTT rc- is an integral of 

Example 2, If j{x) = cos 2a:, then /(a:) is defined over the entire a^axis 
and lx cos 2a: == \ sin 2a: + 0, 

We give three examples to illustrate the fact that Theorem 2.1 is false 
whenever the domain of definition of is not a single inter\'al (see Ex. I, 
3). 

Example 3. If f{x) = then S{x) is defined for all x except a: = 0, 

and the domain of definition of /(x) is not a single interval. One integral 
of /(a:) is the function F{x) = l/o:, and another integral of /(a:) is the function 
G{x) such that 

- when rr > 0, 

X 

- + 2 when a: < 0, 

X 


- + Cl when a: > 0, 

X ' 

- + C ^2 when a; < 0, 

X ' 



or more generally, 
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where Ci 9 ^ CV There exists no ^nglc number Co such that 
G(x) = F{x) 4- Cc. 

Hence G(x) is not among the functions reprc‘=cntcd by the fonnuia F(x) -f C 
and it is 7wt the case that 7^ ( — 1/x-) — (1/x) -f C, 

Example 4. If /(x) — c«c* trx, then /(x) is undefined for integer values of x. 
While an integral of /(x) is — (1/r) ctn it is not the case that 

7, CSC* rx - — “ ctn rx 4- C, 

for an integral of f(x) not represented by this formula is the function 
G(x) — — (1/^r) ctn rx 4- (xj^ where [x] denotes the greatest integer not larger 
than X. 

Example 6. If /(x) = then /(x) is undefined at x = 0 and 

an integral o{ f[x) not represented by the formula 4- C is tlie function 

Gix) such that (7(x) = uhen x > 0 and (7(x) = 4“ 1 when 

X < 0. This example illustrates the fact that Theorem 2.1 may fail even 
when/(x) docs not become infinite and lias a limit at cverj/ point x — a. 

To tn^egrafr f(x) is to find a representation of /./(r). In the 
sjnnbol Zr/W, f(^) is called the integrand. When integrating 
f(x) by Theorem 2.1, the constant of irdcgratioTi C should always 
be included, for it is by evaluating C properly that we obtain 
an integral which has a specified value for a given value of x. 
(This tnll appear later to be of great importance in the applica- 
tion.«5 of integrals.) For c.xample, to find the integral of Sx- 
'which has the value 5 when x = 2, we first find 3x- = 4 - C, 

and then we determine C from the equation 2^ 4“ C = 5. The 
function — 3 is the desired integral. 

3. Properties of Indefinite Integrals. In this section we shall 
list a few of the element ar}" properties of indefinite integrals. 

I. If f{x) is an intcgrahic fundion of x, then -D.[/r/(x)] == /(x). 

Thi.*^ follows immediately from the concept of an integral and 

Definition 2.1. 

II. If f{x) Q7id g(x) are intcgrahic and have for their domain of 
definition the single interval J, then the function <p(x) = /(x) 4- g(x) 
is intcgrahic and* 

* Since the integrals in (1) are indefinite, a constant C should be added 

to the right member of (1). But it is customar>' to omit this constant 
and to interpret the symbol == as meaning “dificrs by only a constant 
from.** This comment also applies to other equations invoKdng integrals, 
Buch as (4), (5), (S), and (11) below. 
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I J/(^) + 5(^)] = (1) 

Let F{x) and G(x) be integrals of f(x) and cj{x). By Theorem 
2.1, IxJix) = F{x) + Cl and g(sc) = G{x) + Co. Hence 

I m + I m + Cs, (2) 

where Cs = Ci + C 2 . But 

H.[F(.r) + G(x)] = D,F{x) + D,G(x) = f{x) + g(x). 

Hence [F{x) + C(a:)] is an integral of [/(a;) + g(x)] and, by 
Theorem 2.1, " 

I [/(a;) + gm = Fix) + Gix) + C 4 . (3) 

Since the right members of (2) and (3) differ by only a constant, 
(1) holds. 

III. If f{x) is an integrable function whose domain of definition 
is a single interval and if h is any constant, then hf{x) is integrable 
and 

bWW] = &[b/W]. (4) 

This property may be proved in the same manner as the 
preceding property. 

Example 1. By (1) and (4) it follows that 

I (4x® -i- 5 cos 3x) = 1 4x® +15 cos 3x — 4 1 x® + 5 T cos 3x 

'■•X 

4x^ 5 . 

- — + “ sm 3x + C. 

7 o 

As indicated above, Iug(u) denotes an arbitrary integral of g(u) when u 
is independent. But if u is a function of x, say u = /i(x), then we regard 
lu g(u) as denoting any function of x that mv^y be obtained by integrating 
g(u) with respect to u and substituting u = /i(x) in the result. Thus, if 
lu giu) = G(u) + C when ii is independent, then g{u) = G[h(x)] + C 
when u = h{x). 

In the following three properties we shall assume that all of 
the functions involved meet the conditions of Theorem 2.1. 

IVa. If fix) can be written^ in the form fix) = giv) ■ DxU by 
properly choosing u as a differentiable function of x, say u = hix), 
and if giu) is integrable, then fix) is integrable and 
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Not only can G{x) be any integral of g{x) in (11), but it is 
often possible to choose G{x) so that the last integration in (11) 
is simplified. This is brought out in 

Example 5. Pind I, lop (x 4-3). Unless wc happen to know an integral 
of log (a: 4- 3), we should not take g(,x) as log (x 4-3). Hence we choose 

g(x) = 1, h{x) = log (x 4- 3), 

BO that 

G(x) = X + /;, DMx) = -4-r. 

X 4“ 3 

where f: is some number to be determined. By (11), 

J log (x + 3) = (x + k) log (x + 3) - J 

If we choose k = 3, the integration of the last term is simple, and wc find 
that 

I log {X 4- 3) - (x 4- 3) log 4- 3) - X 4- C. 

4. Elementary Integration. Since ^ it follows 

that* 

Ij'" = + C. (n^-l) (1) 

Again, since r ■ = [/i(:r)]” • D:h(x), it follows that 

71 4“ I 

+ c. (« ^ -1) (2) 

^Yhen (1) and (2) are compared, it would seem that (2) is more 
general than (1). Hence in constructing a table of integrals it 
would seem that wc should include (2) rather than (1). But it is 
sufficient to include (1) because (2) maj' be derived from (1) 
in the following way: Let ti = h{x). Then by (5) of property 
IVa, 


I Wiix)]’' ■ DMx)] = I n" = + C 

X u 71 “T r 


71 + 1 


* In this section and in Table II we leave it to the student to modify 
integral formulas wherever nccessarj" in the light of E\*amples 3, 4, 5 of 
Sec. 2 and Ex. I, 3. 
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This de\ace is vers’’ important, and the student should become so 
fanuliar ndth it that he performs it automatically. For e.xample, 

1 COS = sin It + C 

ti 


becomes 


T [cos h(x) ■ DJi(x)] = sin ?i(x) + C, 

(3) 

and in general, 


I^ff(w) =G(«) + C' 

(4) 

becomes 


{g[h(x)] ■ DM^)\ = G[hix)] + C. 

(5) 


The student should wuite out Table II below in terms of h{x). 


Examples. By (2), 

J (cos- hx sin 5x) = [(cos 5x)=(— 5 sin 5a;)] = — ^ cos^ 5a; -f C, 


where 


h{x) = cos 5x. 


The coefficient —5 is introduced into the second factor of the integrand in 
order that this factor may be represented as Dxh{x). By propert}^ III, this 
coefficient is compensated for introducing the coefficient — J before Ii. 
As another example, we have by (3), 




(cos \/x) 


2^/xJ 


= 2 sin a/® -f C, 


where 

h{x) = “x/i- 


^3^ (4), (5), and formula (3) of Table II, 

(3€^“^** sin X cos a;) ~ ? J (2 sin x cos a;)] = + 0^ 

where 

h(x) =sin-a;. 

These examples show that, when the integral formulas are written in 
terms of /i(x), it is unnecessary to apply property IVa in each individual 
problem. 
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(7) 

(S) 

( 9 ) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(1^) 

(15) 

(16) 
(17) 
(IS) 
( 20 ) 
( 21 ) 
( 22 ) 
(23) 

(25) 

(26) 


+?T#+To)*' 


(Divide out the iiist fraction.) 


1 ^ pin (r-^) 

3\/i -f 1 ' . 


(In the firpt fraction let x = u%) 


J( VsTTl X’ - 2i + 5 ) 

^ (r cos Z‘ -i-x cos z* sin x*) dz. 
J(..v 2x® -* 1 -f- sec* Sr) dx. 
r (esc 2d sin* 30 'f tan 76} dO. 


r/ 30 1 \ 

1 1 tan* — -r sec 50 -h — - ) dO. 

2 syn 46 J 

J " (tan 3r -f ctn 3x)* dr. 3x -r dr. 

f/r’' -f ^ ^ \ ^ 

I I ^ ^ £in CQS ^ 

J ^r* -f 2r -f 7 \/l ~ 9x*/ 

J' ^sfn* I -f sec* ^ -f co5^ dr. 

J' (5c^ ** see* 7r — 7**) dr. (24) ein 6r - c*) dr 

r/ 2r 2r\ ^ 

I I ctn* /X “h tan* — sec 77 j dr. 


f X X ^ \ 1 

sfn* “ d- sec^ - -f co5^ — J dr. 


(5c^ ** sec* 7r — 7**) dr. (24) j ^ ein 6r - c*) dr 


ctn* 7r “h tan* ■ 


[c^-s 3r cos 2r 4* (cos Sr)”'-'^ sin 3x1 dx. 
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(27) J (cto= 3e + csc3 5e ctn 50) d6. (28) J j p' y + ctn dx. 

^dx. 


(29) 

(30) 

(31) 

(32) 


2 -h rc — X- 
2 


+ tan^ a? 


/Cvi^ 

J f L cos^ 4x 

J + 6 r ■ ^ 


+ sin^ X cos® X 


li 


6x + 25 
1 


x\^ 9x- + 12a; + 2 


+ X sec 


dx, 

C?X. 

^ dx. 


(33) I ( sin^ 3a; cos* 3a; + 


(34) 


/(" 

ff — ^ 

J \9x^ + 12 


) 


+ “ 


■\/3 + 4a; *- ix-J 
cos® 5x 


dx. 


12x + 5 sin* 5a; 

J (r^V= ^ 

^ dx. 

(40) ( ( — ~ ■ + cos^ 5x ) dx. 

J \ V 2ax — x2 / 


) 


dx. 


(36) 

(38) 


+ ctn^ 2x 


(42) 


J(v5-4— 

ff— 1— +^V- 

J V 1 “ cos 2x cos* 2x j 

I I : H cos^ 3x sin* 3x I < 

J \ 1 4* cos X J 


(39) I (cos® 2x + sin® 2x) dx. 

(41) 

J ^ cos z 
r/ 7 

+ cos^ 3x sin* 3x J dx, 

(43) ( (sec® X tan x + cos® Sx'x/ sin 5x) dx. 

yjTan"* X 


(44) 


r/eTan-> = 

J\n^ 


+ 10’^ + 


dx. 


1 +rE= 

3. Generalize Theorem 2.1 in the light of Examples 3, 4, 5 of Sec. 2. 


6. H3^erbolic Functions. In the previous section we encoun- 
tered hyperbolic functions. Since these functions appear very 
frequently m the scientific literature and are quite useful, we 
shall devote a short section to them. We define the hyperbolic 
cosine, sme, tangent, secant, cosecant, and cotangent as follows; 
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cosh u = 
sinh n 
tanhtt = 


2 

c« 

2 

c“ — c~“ 


scch u = 
csch u = 
ctnh w = 


2 

c'* + 

2 

gu ^ g--u 


( 1 ) 


The following elemcntar}" identities result immediately from 
the definitions of the hyperbolic functions: 

cosh- w — sinh- n = 1. 
sech- w + tanh" ri = 1. 
ctnh" XI — csch- xi = 1. 

cosh (i/ ± r) 5= cosh xi cosh v ± sinh u sinh v. 
sinh (u ± v) = sinh xi cosh v ± cosh xi sinh v. 

. , / , . tanh XL ± tanh v 

1 ± tanh XL tanh v 

cosh 2u = cosh" w + sinh" w = 2 cosh" xi 
sinh 2u = 2 cosh u sinh xi, 

2 tanh u 


1—2 sinh" w + 1. 


tanh 2u 


1 + tanh^ w 


/cosh w + 1 

/ 2 

. , 71 /cosh 1 / — 1 

sinh 2 = ±J 2 


cosh I- ^ 


( 2 ) 


tanh 




J: 


cosh XI 


2 vcosh u + 1 
cosh u -f cosh r ^ 2 cosh 


cosh XI — \ 
sinh n 

cosh 


sinh u 
cosh 7/ + 1 


cosh u — cosh i? — 2 sinli ^ sinh ^ 

sinh XI ± sinh r = 2 sinh ^ cosh 


cosh XL = sinh xi D^xi. 
jD* sinh XI = cosh xi D;;Xi. 

Dj. tanh xi = sech- xt D^xl 
Z)z sech u = — sech xi tanh u D^u. 
Dx csch 77 = — csch w ctnh u D^xi, 
Dx ctnh u = — csch" u D^u. 
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If « = cosh X, then x is a function of u denoted by x = cosh“^ u 
and X is called the inverse hyperbolic cosine of u] if rt = sinh x, 
then X = sinh~^ u] the other inverse hyperbolic functions are 
defined in a similar manner. 

If X = cosh"i u, then u = cosh x — Hence 

« = ^ — 1 e® = « + a/ — 1, and x = log (xi + s/ xiP- — 1). 

Thus cosh~^ u — log {u + -s/u- — 1), u’here « ^ 1. Similar 
computations -with the other inverse hyperbolic functions lead 
to the following results; 


cosli"^ w = log {u ± a/w- — 1), where w ^ 1. 
sinli"! u = log {u + -s/ u~ + 1). 

tanh“^M = ^ log \ - — — t where < 1. 

sech“i u = log — 1^, where 0 < w ^ 1. 

osch- » = log (i + + l). 

ctnh~^ 71 = ^ log - — where > 1. 

2 ° n — 1 


( 4 ) 


The student will better understand the significance of the inverse 
hyperbolic functions if he vdll compute cosh [log (w + a/?/' — 1)], 

(1 1 + u\ 

2 directly by (1). (Cf. Exs. I, 5 and 6, of 

Chap. I.) 

The folloudng formulas result directly from (4) ; 

Dx cosh~i M = — jr } DxU. 

Vu-^ - 1 

D~ sinh~i u = — , . DxU. 

a/JJ+T 

Dx sech-i V = — - t- 7 ■■■ DxU. (5) 

-UA/l -71- 

Dx csch"^ u — — >= = DxU. 

uVl + tt" 

Dx tanh~r u = j DxU ~ Dx ctnh“r 

X Mr 
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EXERCISES n 

1. Prove formulas IG, 19 to 22 of Tabic IL 

2. Using definitions (1) in See. 5, prove each of the identities (2). 

3. Graph the functions in (1) and by means of these graphs sketch the 
graphs of the functions in (4). 

4. Prove formulas {Z), (4), and (5). 

5. Construct a table of integrals for the hj’porbolic functions to corre- 
spond to formulas 5 to 14 in Table II. 

G. In Table II express each integral involving an inverse hyperbolic 
function in tenns of the equivalent logarithm given in (4). 

7. Show that 

e“ = cosh u “T Einh u, = cosh ti — sinh v. 

Evaluate: 

8. f . ^ dx. 9. r -y dx. 

J V5z* +3 J Vx- - 4X -f 1 

10 . f ==J===Tdx. 11 . 1 “ 

J - ISx + 14 J 2 - lor - 9r- 

12. The circular trigonometric functions may be defined as follows: 


cos 0 

-f 

see 0 

2 


2 

-h c**® 


sin 0 


CSC 6 

2: 

(6) 

2t 

~ c.f _ e-.» 

tan 0 


ctn 0 

j(f' + c-‘») 


- ri- 




Assuming that formulas (G) hold for any complex number 0, show that 

cosh (ix) ~ cos X, cos (tx) = cosh x^ 

.sinh (ix) = t sin x, sin (tx) - i sinh x, (7) 

tanh (ix) — t tan x, tan (tx) — i tanh x. 

Show by (7) that the well-known trigonometric identities result when u = ix, 
r = ij/ are substituted in (2). Show that 

= cos 0 i sin 0, e’^- — cos 6 ~ i sin 6 

Relation between Circular and Hjrperholic Geometry. The locus defined 
by the parametric equations 


X “ a cos 6, 

y = a sin ^ 

is the circle x® 1 /* = a*. If 0 = 0, then xo = a and j/c == 0; if 0 = Oi, 
then Xi ~ a cos 0i and y\ ^ a sin 6i, Let A and B be the points (a, 0) and 
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(a;i, 2 / 1 ). The area K of the circular sector AOB is K = (0i/2) a^, where is 
measured in radians. Since 0i = cos^' {xi/a)y it follows that 


01 


a* 


-1 

cos ^ — 


a 


Hence, if a == 1, the paravietcr 6 in (8) is tioice the area of the circular sector 
AOB, 

The locus defined by the parametric equations 


X = a cosh iij 
y a sinh u. 


(9) 


is one branch of the hj’^perbola X“ — y^ ^ a\ If %t = 0, then a;o = a and 
yo = 0; if w = uij then xi — a cosh in and yi — a sinh m. Let A and B' be 




the pomts (c, 0) and ( 0 : 1 , yi). The area K of the hyperbolic sector AOB' can 
be shown bj^ the methods of Sec. 13 below to be 

„ fxi + V XI - a^\ . Ki 

^ = 

Since wi = cosh”"^ — > it follows that 


2K xi 

= “T = cosh"^ — 
a- a 


Hence, if a ^ I, ike 'parameter u in (9) is tiaice the area of the hyperbolic 
sector AOB\ 

The hyperbola x- — t/- = a* may be represented parametrically as 

X — a sec 0, 
y — a tan 0, 

where 0 is the same angle as in (8). By (9) and (10) it follows that 
cosh u sec 0, sink u — tan 0, 


( 10 ) 
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where — r/2 < 0 < ?r/2. From these relations and (1) it Is seen that 

sech u = cos csch u = ctn B, 

tanh V ~ sin ctnh n esc 6. 

The relation sinh it *= tan 0 detennines 0 as a function of u, i.e., 
e — Tan“^ sinh u. This function is called the gudcrmannian of v and is 
denoted by 0 — gd v. 

6. Integration by Parts, Formula (11) of Sec. 3 is called the 
formula for integration hj parts. While we ha%'e alreadt^ given 
an example to show the significance of this formula, wc shall 
give another example to show bow (11) may be repeatedly used 
to evaluate a given integral. 

Example. To find /, let g(z) ~ c-, h{z) = x*. Then 

G{x) = it-", D.h(x) - 2x, 

T 21 

and (rV") = "“3! To evaluate this latter integral, let 

g{x) == c^r Fiix} = X. A second application of (II) shows that 


I X* 2r 2 

{x‘-e^) = -r' - -r — t"' 4- C. 


EXERCISES m 

Integrate* 


1 . J X cos 2x dx. 

2. J log (3x -r 1) dx. 

3. dx. 

•L J* e*' sin 3x dr. 

r 

r 

5. 1 ^ dr. 

6. 1 X sin X cos x dr. 

J \/4x* 4-9 

r* 

J 

7. 1 xV*" dr. 

8. log 2z dx. 

9. ^ xe" sin (c") dx. 

10. J* X- sin fx dx. 

a. J'z 3x dx. 

12. I see* X dx. 

13. 1 cos’"* or dx. 

- 

J 



V 
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7. Integration of Rational Fractions. In this section we shall 
develop a procedure for finding the integral of a rational fraction 
f(x)/g{x), where /(*) and gix) are polynomials in x with g{x) 9 ^ 0. 
Since this method depends on certain'^properties of polynomials 
and fractions, we shall begin with a rdsumd of those properties. 

A polynomial of degree n in x is a function P{x) of the form 

P{x) = Oo + aix + a 2 X- + * • • + a„a:”, (1) 

where n is a nonnegative integer, ao, ai, • • • , a„ are complex 
numbers,* and a„ t^.O. For example, x* — 3x + 2, —5x, and 7 
are polynomials of degree 4, 1, and 0, respectively. We shall 
regard 0 as a polynomial of degree 0. A polynomial P(x) is 
said to vajiish identically [P(a:) s 0] if it has the value 0 for 
all complex values of x. Two polynomials Pi( 2 :) and Pzix) are 
said to be identically equal [Pi(a;) = P 2 {x)] if their values are 
equal for all complex values of x. It is evident that the sum, dif- 
ference, and product of two polynomials are again polynomials. 

A value r of x for which the value of P(x) is 0 is called a'zero of 
P(x) or a solution of the equation P(x) = 0. Thus, 3 is a zero 
of — 5x + 6. 

Theorem 7.1 {Factor Theorem). Lei P(x) he a polynomial 
Co -f aix + •••-{- a„x’' of degree n > 0. If r is a zero of 
P(x), so that P(r) = 0, then x — r is a factor of P{x), that is, 

P(x) = (x - r)Q(x), (2) 

tohere Q{x) is a polynomial of degree rj — 1. 

Since P(r) = 0, 

P(x) = P(x) - P(r) 

= ai(x - r) -f a 2 (x= - r=) -h • • • -}- a„(x" - r"), (3) 

where a„ 9 ^ 0. Each term of the right member of (3) has x — r 
as a factor. [Cf. Chap. I, Sec. 5, formula (3).] Hence x - r is a 
factor of P(x), and P(x) may be written in the form (2). Since 
the term of highest degree in Q(x) is a„x"-J with a„ 0, Q{x) 
is of degree n — 1. 

As an illustration of this theorem, we know that x — 3 is a 
factor of X- — 5x -f 6 because 3 is a zero of this polynomial. 

* By a complex number we mean a number of the form a -f hi, where 
a and b are real numbers and = — 1. ^ 
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The converse of this theorem is also true, for if x ~ r is a factor 
of P(x)j then P(x) may be expressed in the form (2) and it is 
immediately evident that r is a zero of P(x), 

Theohem 7.2 {Fundamental Theorem of Algebra). Every 
polynomial P(x) of degree n > Q has at least one zero. 

The proof of this theorem will be given in Chap. V. 

Theorem 7.3. If P(x) is a polynomial 

Go + GlX + • ' ^ + GnX'* 

of degree n > 0, then there exists exactly one set of n complex ntim-^ 
hers, ri, rs, • • • , Pn snch (hat 

P(x) ^ an(x - ri)(x - r^) ■ - • (x — r„). (4) 

By Theorem 7.2, P{x) has at least one zero r,, and b^^ Theorem 
7.1, P(x) == (x rj)Q(x), Repeated applications of Theorems 
7.2 and 7.1 to Q{x) lead to the result (4). Moreover, P(i) 
cannot be factored in essentially an}’’ other way, foj the right 
member of (4) shows that the only zeros of P(x) are tJie numbers 
• • • ? and X r can be a factor of P(x) only when r is a 
zero of P(x) (converse of Theorem 7.1). 

The numbers ri, • • • , rr. of the preceding theorem need not 
all be distinct, as is illustrated by the po]>momial x= — 4x + 4. 
As an immediate consequence of Theorem 7.3 wc have 
Theorem 7.4. A polynomial of degree n > 0 cannot have 
more than n distinct zeros. 

It follows from this theorem that if a pohmomial P(x) has the 
value 0 for all values of x, then this poljmomial cannot be of 
positive degree, i.e., it must be merely a constant. This constant 
must e\ddentl 3 " be 0. Hence we ma}’’ state 
Theorem 7.5. A polynomial P(x) vanishes identically when and 
only when all of its coefficients arc zero. 

If two pol}TiomiaIs 

Go + GiX + • ' ' + Gr,x” and ho + hix + • • ■ + hr.x” 

are identically equal, then their difference vanishes identically. 
By Theorem 7.5, all the coefficients Go ho, Oi — hi, • • - in 
their difference are zero. Hence, corresponding coefficients of 
the two polj’Tiomials are equal. This proves 
Theorem 7.6. Two polynomials qq + axx -f • • • 4 - atnX^ 
and ho + hix • 4 * hnX” are identically equal when and only 

when m ^ n and Go = ho, Gi = hi, * • • , a„ = bm- 
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The two follomng theorems wall be particularly useful: 
Theorem 7.7. Let P(x) be a polyno?mal of degree n > 0 with 
real coefficients. If ri = a + pi is a zero of P(x), where a and P 
are real mmbers, then ra = a — Pi is a zero of P{x). 

In Eq. (1) set X = a + pi. "We may express the result in 
the form 

P(q: + pi) = R{a, P) + iS{ot, P), (5) 

where Pfa, p) denotes the real part of P{cc + pi) and where 
S{cc, P) denotes the collected coefficient of i in P{a + pi) after 
P(a + pi) has been multiplied out and simplified. Since the 
coefficients of P(x) are real, R(a, p) contains no odd powers of P 
and S{a, P) contains no even powers of p. Hence 

P(q; — pi) = R{a, P) — iS(oc, p). (6) 

If X = a + is a zero of P(x), then P(a ~j- pi) = 0. By (5), 
R{a, p) = S(a, P) = 0. By (6), P(q: — Pi) = 0, so that a — Pi is 
a zero of P(x). 

Theorem 7.8. If P(x) is a polynomial of degree > 0 with real 
coefficients, then P(x) can be written as the product of linear and 
quadratic factors, where each factor has real coefficients and luhere 
no quadratic factor is factorable into linear factors with real coeffi- 
cients, i.C; 

P(x) s a„{x — ri)(x — rs) • • • (x — rf)(x^ + cix + df) 

{x- + cox + do) • • • {x- + cix + di), (7) 

where k -j- 21 = n. 

To each real zero ri, • • • , r*.- of P(x) corresponds a real factor 
(x - ri), • . . , (x - n) of P(x) in (4). If a + pi is a zero 
of P(x) vith P iri 0, then by Theorem 7.7, « — pi is another 
zero of P(x), and the product 

[x - (a + j3f)][x — (a — Pi)] ^ x- — 2ax + '+ p- 

has real coefficients. Thus all factors in (4) having complex 
r’s combine in pairs to give real quadratic factors of P(x), and 
P(x) reduces to the form (7). 

We are now ready to take up the integration of rational 
fractions. A function of x is called a rational fraction if it is 
expressible as the ratio /(x)/£ 7 (.r) of two polynomials /(x) and g(x) 
with 5 f(x) 9 ^ 0. If the degree of /(x) is less than the degree of 
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then the fraction f(z)lg(x) i= called prcrpcr; othenrbe the 
fracijon is called improper. For example, 



Is a proper fraction, and 


j} X 

3 r = 1 


and 




- I 


2 z 


-i- A 
* 


are improper fractions. If /(x) and ba%"e no common 

factor (other tlian a constant), then the fraction jiT)Jgix) i? 
said to be in hfjrcd 

It is v/ell hnovrn that hr the process of long division ever/ 
rational fraction F(z)/g(x) can be expressed in the form 


F(x) 

q(j} 


Fix) 



v/here Fix) i- a pohmoinial and vrhere S{x)/g{x) is proper. 
{F{x) ^ \i Fix'jlgtx) is alread3' proper.] Hence, io evaluate. 

dx ichcn the inkgrand k a ralional fradwn, tf^ducc the 

integrand to low ad terrri/:^ and if the integrand k improper, expraj: 
the integral in thr form 


where Fix) ki a polynomial and where fix) fgiz) r> proper. 

We rliall novr shoiv hoiv the third integral in (Sj mav be 
evaluated hr breaking up the fraction fix)igix) into a sum of 
simpler fra^^tions called partial fradionsi, 

Thkokem 7,9. Lei f(x)lgix) he a proper fradion. If gix) 
coniaim the fador z — r czadhj rn iimee, to that 


g(x) xz ix — rj^Qiz). 

where tn ^ 1 and Q(j) 9 ^ 0, then fix)/g< 7 ) may he repret ended 
in the form 


/fa) _ ^ j Mx) 

g{x) " (x - rr ‘ fa - r)”-=Q(x)’ 

trftere A is a amdarU, h(xj is a polynomial, and the Iasi fraction 
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Moreover. A and h(x) can be determined in 


( 10 ) 


in (9) is proper, 
exactly one way. 

Consider the identity 

/(.-c) ^ A , /(a:) - AQ{x) ^ 
g{x) ~ {x - r)'^'^ (x - r)”'Q(x) ' 

where A is a constant to be determined. By Theorem 7.1 and 
its converse, the numerator /(x) — AQ(x) has (x — r) as a factor 
if and only if /(r) — AQ(r) = 0. Since Q(r) 0, the preceding 
relation holds when and only when we take A = f(r)/Q(r). 
Hence, w'hen A is determined in this way, but in no other way, 
the factor (x — r) may be di'V’ided out of the last fraction in ( 10 ) 
and (9) results. [Note that if f(x) also has the factor x — r, 
then /(?’) = 0 and A = 0. Thus the operation (9) merely 
removes the common factor x — r from /(a:) and < 7 ( 0 ;).] 

It follows that if the operation (9) is performed on the fraction 
h{x) 


{x — r)’""^Q(a;)’ 


the result is that 


h(x) ^ B h{x) 

[x — r)'"~^Q(a;) ~ (x — r)’"“^ (x — r)"‘~‘^R{x) 

Hence, if the operation (9) is repeatedly performed, we find 
that 


/(^) _ All I A 12 _J_ . . . _|_ 

g{x) (x — ri)”i (x — ri)”'i“^ x — ?’i 


4- I 

(x — 7 - 2 ) 


A 2 , 


+ 


A,. 


kl 


(x - r/t)”t 


+ 


+ 


+%!. (11) 


X - rk'^ giixY 


where gi(x) contains no real linear factor. Since the successive 
coefficients A,-,- are uniquely determined, f(x)/g{x) has only- 
one expression of this sort. Moreover, the order in which 
^i, r- 2 , • • • , Vk are chosen is immaterial. For example, suppose 
?'2 had been taken first. If we add all the fractions in the right 
member of (11) except A 2 i/(x - r 2 )”‘=, we find that 


fM = A 21 hjx) 

g{x) (x - rs)”'^ (x - r 2 )’"*->Qi(x)’ 

Since this result is of the form (9), A 21 must be the number given 
by (9). 
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Example 1. Resolve 
By (10), 


(X - 2)Hx -f 3) 
X A 


into partial fractions. 

, X - A{x -f 3) 

+ — r-^Tx* where /(x) «= x 


(x - 2)*(x +3) (x 2)= (x 2nx 4- 3) 


f(2) 2 

and Q(x) = x 4- 3. But A ~ h— = r* Hence 

Qk2) o 


I 


- -f 


Ux ~ 2 ) 


(X - 2)=(x 4-3) (x - 2)^ (x - 2)-(x 4- 3) 
2 3 1 


^ + l 


5(x *- 2)^ o (x - 2)(x 4-3) 
Another application of this procedure shows that 
1 


(X - 2)(x 4- 3) 


.'f-! L-\ 

5Vx-2 x+3/ 


Hence 


3- 2 __3 3 

(x - 2)=(x 4- 3) 5(x - 2)-- 25(x - 2) 25u 4- 3)’ 

Theorem 7.10. Lei /(x)/f7(x) be a proper fraction. If g(x) 
contains (he factor x- + cx d exactly in iimes^ so that 

g{x) ^ (x= + cr 4- d)^Q{x), 

where X' + cx + d docs not have equal zeros j m ^ 1, and Q(r) 0 
when r is either zero of X' + ex + d, then f{x)/g{x) may he repre- 
sented in the form 

f(^) _ + B A(t) 

yix) (x^ + cr + d)- (x- 4- ex 4- d)— 'Q(x)' ^ ^ 

where A and B arc constants^ and the last fraciioji in (12) is proper. 
Moreover, A, B, and h{x) can he determined i?t exactly one way. 
Consider the identity 

fix) ^ Ax + B fix) - (Ax + B) Q(x) 
p(x) (x- 4- ex 4- d)” (x= 4- ex 4- d)^ Q(x) ^ ^ ^ 

where A and B are constants to be determined. Let ri and 
be the distinct zeros of x- 4- ex 4- d. By Theorem 7.1, the 
numerator /(x) — (^x + B) Q(x) has x- 4- ex 4- d as a factor 
if and only if 
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/(n) - {An + B) Qin) = 0 , 
f{n) ~ (Ar. + B) Qin) = 0. 

The only solution of these equations is 

_ Qi'r^) - /O’"-) 7? = nQ(n)f{n) - nQ{n)f{n) 

in " n) Qin) Qin) ’ in - n) Qin) Qin) 

4 where the denominators of A and B are 0 because Q(ri) 9^ 0, 
Q(,-2) 5=^ 0, and n 7^ n. Hence, when A and B are determined 
in this way, the factor x- + c."?: + d may be divided out of the 
last fraction in (13) and (12) results. 

It should be noted that + a: + d has distinct zeros when it 
is one of the factors in (7), for 

+ ex + d s [.T — (a + /Sf)]!-!; — (a — /?f)] 
with ^ 7^ 0. Moreover, A and B are real, for let 

/(ri) = Riia, jS) + iSiia, p), Qin) — Riia, P) + iS^ia, P), 
where ri = a + pi. Then 


fi^i) = /(« - pi) = Biio:, P) — iSiia, P) 


and Q(r2) = R^ia, P) — iSnice, P). Since 


2ipA 


in — n)A 


fin) fin) 
Qin) Qin)’ 


Ri “H iSi Ri — iSi 2 i(I? 2 <Sii — R1S2) 

R2 “h iSi Ri — iSi R\ -f- »S| 


Since i divides out, and Ri, Si, Ri, S2, and P are real with P 9^ 0, 
A is real. It ma3'- be shown in a similar manner that B is real. 

By Theorem 7.8, giix) in (11) may be broken up into quadratic 
factors as in (7). Hence the operation (12) may be repeatedly 
applied to /i(x)/(/i(x) in (11) mth the result that 


/(^) _ .dll _j di2 L . . . 

gix) ~ ix — ri)’"i (x — ri)™-^ x — ri 

4- ... 4. 4. ... 4. , Biix + Cii 

(x - ri.)™t ^ ^ .X - r* (x2 + cix + di)”. 

4- ^12X + C 12 I ... I + Cl,n, 

{x^ + CiX + X- + cix + di 

Bi\X Cli L . * . d Bi,niX “1- 

{x^ + cix + di)^i + cix + di 


+ • * ' + 


( 14 ) 
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This representation oiJ{x)/g{x) is cvidentlj^ the only possible one. 

The coefficients ^, 7 , i?./, and C;/ in (14) may be determined 
in three ways: ( 1 ) By the method indicated in the proofs of 
Theorems 7.9 and 7.10. (2) By clearing (14) of fractions, equat- 

ing the coefficients of like powers of x (b}^ virtue of Theorem 7.6), 
and solving the resulting equations. (3) By clearing (14) of 
fractions, substituting for x as man}^ different values as there are 
unknovm coefficients, and sohdng the resulting equations. 

^Vfter the coefficients in (14) are determined, J dx may 

be found as the sum of tlie integrals of the separate fractions 
in the right member of (14). All of these integrals may be 
evaluated by the methods discussed in the preceding sections 
together vdth the formulas 


f 1 - ^ 

J (ax= + bx + 

f ^ 

J {ax^ + 6 x + c)"+‘ 


2 ax + b 

7 i(4ac — 6-) (ax- + bx + c)” 

+ 2(2n - l)a C 1 

n(4ac — b‘)J {ax + 5x + c)” 

— ( 2 c + bx) 

n(4ac — b‘){ax’ + 6x c)"' 

_ h( 2 n - 1) r 1 

7 i(4ac — b‘)j {ax- -r 6x + c)” 


dx. 


dx. 


Examination of the results of these integrations leads us to 
Theohem 7.11. Evenj rational fraction f{x)/g{x) with real 
coefficients 7nay be integrated and the integral consists of the sum 
of only rational fradionSj logarithms of rational fradzonSj and 
inverse tangents of rational fradions. 


C 2 

Example 2. Find | — dx. 

^ X- ~~ 2x 

Since x* — 2x = x(x — 2), ;ve may write 


X* 


2 


- 2x 



B 


X -2 


Clearing of fractions, we find that 

2 ^ A{x ~-2) +Bx. (15) 

To determine A and B by equating coefficients, we first collect like powers 
of X, obtaining 


2 ^ {A ^B}x - 2.4, 
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and then we set 

A + .B = 0, -2A = 2. 

It follows that 1 = -1, B = 1. Or we may determine A and B by sub- 
stituting two different values of x in (15), the values 2 and 0 being the most 
convenient since they make one or the other of the coefficients of A and B 
equal to 0. We find that 

2 = 2B, 2 = -2A, 

and as before, A = -1, B = 1. Hence 

f-J— *:= f— 

J x^ -2x J X J X ~ 2 

C(x — 2) 

= — log a: -b log (s — 2) -f log C = log 

X 

Examples. Find da:. 


We may write 


2x- -f8x— 5 C 
x-{x — 2) X“ X X — 2 


Hence 


and 


2x- + 8a; 4 ^ A(:r — 2) + Bx{x — 2) + Cx^ 

^ (B + C)x^‘ 4- (A -- 2B)x ~ 2A, 


-2A = -4, 


( 16 ) 


J5 + C = 2, A - 2B - S, 
so that A = 2, B == —3, C — 6. TJuis 

J x^{x — 2) J x^ J X Ja; — 2 
2 

3 log re 4- 5 log (a; — 2) + C' 

X 

2 , , - 2 )' ^ 

b log b C. 

X x^ 

We might have determined A, By and C in (16) by setting x equal to 2, 0, 
and some other value, say 1- 


Example 4 
We may write 


. Find J — 


2a:’ + 32’ - 2x -b 1 


2 ( 2 ’ -b 1)’ 


dx. 


2 * - 22 ’ + 32’ - 22 + 1 _ A , Bx + C Dx+E 

r T~' . ~T + ■ 


2 ( 2 ’ -b D’ 


2 ( 2 ’ -b 1)’ 2 ’ -b 1 
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Hence 

X* — 2x^ J- Zx* — 2r 1 — 4* 1)^ 4- x{Bx 4- C) 4- s:{z* -f* l)(Dx 4“ H). 


We leave it to the student to show that A = /? = !, C = /> - 0. £* = —2. 
It follows that 




- 2 j ^ + 3i’ 


r(x= + 1)' 


J rf, = Ji d, ^ -f 


■ dx 


= log s - 


2(i' + 1) 


- 2 Tan-' x + C. 


EXERCISES IV 


Evaluate: 
dx 


( 2z^ ^ j 4- 3) 
(x^ 4- 1)= 


^ I 

s. f 

J 2{I - 1)' 

„ C dx 

'■ J + r 

9. 

J (X - p)- -f <? 

f 4 - ar= 

f 


13. 


15. J 


4 3j 4 3 
2x3 4 ox— 3 j. 
dx 


m ^ 1. 


(x - c) 

(Bx 4 C) d!x 
4 px 4 7)*' 


2 . f-^- 

4. f-i^. 

J x3 4 4 x 

r ._..£ : - -g£ 

J (r - DCi' 4 

J(? 


D* 
5x* - 1 


:dx. 


4 3)(x= -2x4o) 
dx. 


■ dx. 


12 . 


14. 


f 2x 4 3 
‘ J x3 4 x^ - 2 . 

2 . fl+flzii 
J x< — 5x= 4 

. f — !_ 

J (9x5 iG)= 

■J. 


2x 

5x 


dx. 


Bx 4 < 
4 px ■ 


4 
dx. 

' dr, p5 — 4^ < 0, 


m > 1, p5 — 4^ < 0. 


8. Integration by Substitution. To integrate by substitution 
we change the variable of integration b\" means of formula (S) 
in Sec. 3 (see Example 4 follovsing this formula). While there 
is no general rule for determining x = ^(w) in (S), we list below 
a few substitutions which are effective in certain cases. 

Let R{a, fi) be a rational fraction in a and (i.e., the ratio of 
two poljmomials in a and 0). Then, for example, E(cos' x, sin x) 
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denotes the result of substituting a = cos^x, ^ = sins in 
R{a, 0). In particular, if R{a, f^hen 

J2(cos- X, sm x) 

To integrate: 

1. J' cos X 22(cos2 X, sin x) dx; let sin x = z, obtaining 

> 

B(1 - z”-, z) dz. 




2. J* sin X jB(sin2 x, cos x) dx; let cos x — z, obtaining 


-J 


22(1 — z^, z) dz. 


3. J 22(sin x, cos x) dx; let tan | = 2 , obtaining 


1 + z= 


4. ^ 22 (tan x) dx; let tan x = z, obtaining J' dz. 

5. J 22(x, Va" X**) dx; let x = a sin z, obtaining 

^22 (a sin z, a cos z) o cos z dz. 

6. ^ R(x, Vo^ + X-) dx; let x = a tan z, obtaining 

J^22(a tan z, a sec z) a sec^ z dz. 

J' 22(.x, v^X" — a-) dx; let X = o sec z, obtaining 
22(a sec z, a tan z) a sec z tan z dz. 
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Thus the number F(a:)]S is the same for every integral F(x) of 
f(x). 

Definition 10.1. If f{x) meets the conditions of Theorem 
2 .I 3 then we define the symbol Ixf(^)]a relation 

]' = F[x) = F(6) - F(a) , (2) 

where F{x) is any integral of f(x). 

In view of the relation beUveen tlie symbol Izf{x)]a and the 
definite integral oif(x) defined in Sec. 13, page 207 it is custom aiy' 
to use the notation fafi^) dx instead of 


Example. 




3 



The preceding discussion 


is illustrated by the fact that wc may also write 



a:* dx 



= 21 . 


If X = ip{n)f where ?/ = a when x = a and n = ^ when x = b, 
then it follows b}' ( 8 ) of See. 3 that 


f fix) dx = lf(x) Dux] dll = lfh(ii)]Du<p(u)l du. (3) 


EXERCISES VI 


Evaluate: 


■r 


dx. 


cos- X dx. 


dx 


=r 

7. liy arc the s 3 'inbols ^x dx and sec- x dx meaningless? 


— X- 


•r 


-fc* 

X cos rx dx. 
dx 




11. The Indefinite Integrals of a Function of Several Variables. 
The concept of an indefinite integral ma}^ be extended to func- 
tions of several ‘variables. We sa 3 " that a real single- valued 
function F(x, y) is an integral with respect to x of a function /(x, y) 
dF(x^ 7 /) 

^ — dx — “ integral of /(x, y) with respect to y 
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is defined in a similar-manner. We say tliat f(x, y) is integrahle 
with respect to a: (or y) if /(.-r, y) has at least one integral with 
respect to x (or y). 

If/(x, y) — x/y/l — X- — y-, this function being defined only 
when x~ + y- < 1, i.e., onlj'- inside the circle x- + y- — 1, 
then an integral of f(x, y) ndth respect to x is the function 

F{x, y) = -Vl - X- - y- + cos y + 3 since = Six, y). 

Other integrals of fix, y) may be eonstructed by extending F{x, y) 
in a nondifferentiable manner as in Sec. 2. However, we shall 
consider only those integrals of a function fix, y) which have the 
same domain of definition as /(a;, y). 

Definition 11.1. We denote an arbitrary integral of fix, y) 
with respect to x [haning the satne domain of definition as fix, y)] 
by ffix, y) dx, and lue call j fix, y) dx the indefinite integral of 
fix, y) with respect to x. 

The indefinite integral of fix, y) with respect to y is similarly 
defined. 

Before we state the fundamental formula for representing 
indefinite integrals, M'e must introduce a concept which rvill be 
used again in Part B of this chapter. 



Fig. 5G. 


An x-axial region B of the xy-plane is a portion of the a;y-plane 
such that, if Z is any line meeting R and parallel to the a;-axis, 
the part of Z in Z2 consists of a single interval, finite or infinite in 
length. The term y-axial is similarly defined. If R is both 
a;-axial and y-axial, then B is called axial. Thus, in Fig. 56, 
A, B, C, and D are axial, but E and F are not axial, though E 
is i-axial and F is y-axial. 

Theorem 11.1. Let fix, y) be a function integrdble luitli respect 
to X whose domain of definition is an x-axial region D. If Fix, y) 
is any integral with respect to x of fix, y), then 
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jKx,yy^^ = Pi.^,y) + ‘pUi), ( 1 ) 

where <p{y) is an arbiirary fundion of y defined over D, and where 
(1) IS to be interprded as asserting that any integral whatever of 
f(Xj y^ with Tcspcd to x is representable as F{x, y) + tp{y) by a 
proper choice of 

It is seen that all the functions represented b}' the formula 

dF(x "if) 

F(x, y) + <p(y) are integrals of f(x, y), for — ^ — = f(x, y) and 
= 0 n-liatover ^(y) may be. To shovr that the formula 

oX 

F{x, y) + <p(y) represents all integrals of /(x, y) [ha^dng the same 
domain of definition as f(x, y)], let y) be an}^ integral of 
/(x, y) and let i/ = be the equation of any line I meeting D 
and parallel to the x-axis. Since D is x-axial, the part of I in 
D consists of a single inten'al /. Since 

F>tF(x, yo) ^ ijo) 

in 7, it follows by Theorem 10.3 and Ex. XI, 5 of Chap. I that 
G{Xj yo) ^ F(Xf yo) + C. Since this result holds for each fine 
y = Vof C has a definite value for each value yo of y. Hence C is 
a function of y, sa}' C = 7/(l/), and we may write 

G(x, yo) - F{x, yo) + 7/(yo). 

It follows that G{xj y) ^ F(x, y) + 77(y), where H{y) is a par- 
ticular instance of tf{y). Since G{x, y) is an arbitrary integral 
of /(x, rj), (1) holds. 

A similar tlieorem holds for //(x, y) dy. Thus, 


/ 

J 


VT 

V\ 


dx = -Vl - X- - y- + ^(y); 

- X‘ - V 

dy — — Vl — X- — y- + yp{x). 

- X- - y 


These integrals are computed by formula 1 of Table II while 
treating i/ or x as numerical constants. In general, //(x, y) dx 
and ff{x, y) dy are evaluated b^^ regarding x and y as independent; 
the methods of the preceding sections apply since the integrand 
is treated as a function of onl^’' one variable. 

The discussion in Sec. 2 regarding different representations 
of 7s/(x) may be extended to the present situation. 
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The following example illustrates the fact that Theorem 11.1 
is false when the region D is not x-axial. ^ Let D be the non-x- 
axial region consisting of the two squares shown in Fig. 57 and 
let /(a;, ?/) = 0 at every point in D. One integral of f(x, y) with 
respect to x is the function F(x, y) such that F{x, y) = 1 at every 
point in D, F{x, y) being defined nowhere else. Another integral 
is the function G{x, y) such that 


p, A _ / 3 at every point {x, y) in D for which x < 0, 

’ 1 2 / Ht every point (x, y) in D for which x > 0. 

It is impossible to determine a function <p{7j) such that, for the 
entire region D, G{x, y) ~ F(x, y) + (p(y). Hence it is not the 
case that //(x, y) dx = F(x, y) + 

Properties I to V in Sec. 3 may be readily 
extended to functions of two variables. 

In contrast with the symbol //(x, y) dx, 
we introduce the symbol //(x, y) dx in 

Definition 11.2. Ijy is a function of x, say 
y = q{x),then f f{x,y) dxisdefinedby the relation Fig. 67. 


.n 


ff(x, y) dx = jf[x, q{x)] dx, 

provided this latter mtegral has meaning. 

Symbols like Jf{x, y) dy, ff(x, y) du, and //(x, y, z) dx are 
similarly defined. In every case where an integral is written 
with d, rather than with d, the integrand must be expressed as 
a function of only the variable of integration before the integral 
can be evaluated. Thus, if y = v^x + 1, then 



J 


x(x + 1) dx = ^ + ^ + C. 


It is evident that //(:r, y) dx and //(a;, y) dy are entire!}^ different functions. 
For example, if y- = z, then /(x -f y^) dx ^ + C, whereas 

J* (a; + %/) dj/ = ^ + C, 

Moreover, the functions + C and (2 j/V3) + C are not reducible to one 
another by means of the relation y- «= z. However, we may change the 
variable of integration by means of 
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Theokem 11.2. // X and y arc diymniiahh fvnciions of each 
other ^ ray z — ;^(|/) and y = c^x), il^Kn 


J/(2-. y) dy = f [fiz, yj Dzj} dz. 


( 2 ) 


We leave tbe proof of this tbeorcni to the reader. 

If r(x. y) is an xDte^ral of /(x, y) vrith respect to r, then 
y) dr is zbe function of v given by the formuln 


Since flfjiz, y) or is a fnnetion of y. it may {tmder suitable 
conditions) be integrated tvith respect to y: vre denote xhis 
integration bj' Js.l'f(r, y) brdy. This symbol is interpreted 
as though it were v.Titten Jll/rZJt /fr, y)vi\cy. the irmer 
integration and substitutions being penormed Srst. The 
sjnnbol Jl fifi/fr, -/) dr dy is referred to variously as a repeated^ 
itcrakd, or douhJr intearaL Thus, 


X X’ ^ - X ~ ^1-.’ * 

Other integial*^, such a- Jl Js : f(r, y) ay dx and 

are computed in a similar mann^'^r. 



^ ~ y'j ^z. 

2. Shorr thst if fCz^ y] is t!c£ned over sa z-Zizdzl r^gioTi is stich that 
/r(x, y) = 0, then/ is n function o: union e. (See Dn X^TT. 33. o: Chsp. L) 

3. Find / /Xr, y; cx ^rLen Xa) /(r, y) = nnd y = r*; fol/iX, y) = — - — 
find y = 2z- — I. Find //{r. y) cy ‘s^hen /fr. y) = ry and y ~ sin r. 
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4. Find //(a:, y) dwwhen (a)/(x, y) = x- — xy and x — 1/u, y = 2u + 1; 
(b) f{x, y) = X- — xy and x = sin u, y = cos u; (c) f{x, y) = x sin y and 
X = y = 2m. 

5. If /(x, y) = 1/(1/ — x)=, then the functions 

— 1- 1 when X > y, 

y 

h y wnen x < y, 

y - X 

are integrals of fix, y) with respect to ar, but there exists no function (p{y) 
such that G{xy y) F{x^ y) + ^{y). Explain. Find representations for 
y) and //(x, y) dij, 

6. Find //(x, y) dz and //(x, y) dy when 

(a) /(x, y) = l/(x“ — 2/“)* (Consider the four parts into which the 
xy-plane is divided by the lines x = ± 2 /.) 

(b) /(x, y) = l/(x- 4“ y^)* (For / /(x, y) dx consider the cases y ^ 0 and 

y = 0). 

(c) /(x, 2 /) = x/\/ x2 - ?/ - 1. 

(d) /(x, ?/) IS the function discussed in connection with Fig. 57. 

(e) Show how //(x, y) dx may be represented by properly breaking up 
the domain of definition of/(x, y) into x-axial regions. Show that Theorem 
11.1 is never valid when the region D is not x-axial. 

7. Define //(x^ y, z) 5x. Define an x-axial region in 3-dimensional 
space. State and prove Theorem 11.1 for a function /(x, y, 2 ). 

S. Prove Theorem 11.2 b}^ means of property IVb in Sec. 3. Verify 
this result when /(x, y) = yc^ and y — \/x- 

9. (a) Under what conditions is it true that 

J f(x, y) du = J* [/(«, 7 /) 2)x 77] di = J* [/(s, D^w] dtjl (4) 


Verify this result when /(x, y) = x- — xy and x=:l/u,y=2n + l. 

(b) When is it tnie that //(x, y. i:) dx - / [/(x, y, 2 ) D.x] dzi Interpret 
and illustrate. 

10. (a) Define and illustrate integrals of more complicated types, such as 
J/(^> where x and y are independent but z = ^(x, y). 


(b) Show that 


J y, 


y, 2 ) 52, where in both 


integrals x is constant but where s = s^(x, y) in the first integral and 
y — z) in the second. 

11. Show that the value of y) dx is independent of the integral 

Fix, y) chosen in (3). State all the conditions that must be met by/(x, y), y, ’ 
and the **limits of integration’* p(y) and g(y) in order that this result may 
be valid. 
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12, Evaluate: 

r2a rz'i 

(a) 2y0ydx. 

JO Jo 

n2a n:^* 

(b) I 2p ax dy. 

Jo Jo 

ri ri rv-- 

(cl I 1 1 X dz dz dv, 

Jo J-/* Jo 

“'X/oX ---f 

(e) I 1 p sin 0 vp dO, 

Jo Jo 

(0 f f f ydzSydx. 

Jo J-Vo^Jo 

^12 pr/2 rcos & 

(g) I 1 1 p" sin af? dr. 

Jo Jo Jo 

nr/2 no n^,/c^rt 

fh) rCrcosO 

Jo Jo Jo 

r sin fl r) ar dr dQ, 


13. Suppose that /[/(r, p) Dxy] dr = F{x) -f Ci v;hcn y = v^(r). Then 

DxFiz) =/(x, If) DxVr where y = v'(x). (5) 

Again, suppose that //(x, y) dy 4'Cp) -h C; when x = where and < 
are both arbitrary and wholl}" independent of each other. It is c\*idcnt that, 
in general, F{x) G, for ^ varies with 6, w’lxilc F docs not. 

Point out the fallact’ in the following arfrument : After completing the integra- 
tion to determine 4'{y}. let us set y = v(^)» Then = Dp<J>(y) D^y, 

where y is independent in and xvhere y = ip{z) in D^y. But 

« /(x, y) [just as in (5)], and in this result we may {as always) 
write y = cfx). Hence 

D,'t»!v-(xj] = /(x, y) Dry, where y ~ c(x). (G) 

By (5) and tC), F{x) and «^[v^(I)] have the same x-dcrivativc, and In* Theorem 
10.3 of Chap. 1, F{r) = ^Iv-(x)) + C. 

12. Exact Differentials. AMiile //(x, y) dx is meaningless 
unless 2 / is a function of x, saj" y = ip{x), yet it is sometimes 
possible to represent the quantity’ / /(x, t/) <fx + / g{x. y) dy by a 
formula even when ^(x) is not explicitly given. We wish to 
see when and how this may be done. 

It was shovTi in See. IS of Chap, I that, if y is a differentiable 
function of x. say y = o(x), then 

= /x(^, y) + fM y) D.y. (1) 

Since the two members of (1) denote the same function of x, y 
being given as a function of x, it follows that* 

* Throughout this discussion we assume that the conditions of Theorems 
2-1 and 11.1 are alwa>*s met. 
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= Jfx(x, y) dx + J [/y(x, y) D^y] dx. (2) 

If the relation y ~ <p(x) determines a; as a function of y, say 
X = ^(y), then the last integral of (2) may be written as 

ffy(x> y) dy 


by mrtue of Theorem 11.2. Since J dx = f(x, y) + C, 

it follows that (2) may be written in the form* 

y) dx + J/„(x, y) dy = /(x, y) + C, (3) 

where in both members of (3), 2 / “ z = ^{y)* In no 

event are x and y to be thought of as independent in the right 
member of (3). 


Example 1. If f{x, y) - xij, then y) = y, fy{x, y) = rc, and (3) 
becomes 


j y dx j X dy - xy + C. (4) 

To evaluate the left member of (4), x and y must be functions of each other. 
Suppose y = so that x == ’s/y. Then the left member of (4) becomes 
(x^/3) + {27j^-/S) + C. If in this formula we substitute y = x^, the result 
is the same as that obtained by subs ti tilting y — x- in /(x, y) = xy. If ivc 
had taken y = log x, so that x = then the left member of (4) becomes 
(x log X — x) + + C, Substitution of y — log x in this result and in 

fi^i y) = ^y leads to the same function of x. Thus, no matter how y may 
be represented as a function of x in (3), direct evaluation of the two members 
of (3) always leads to equivalent results. 

As a consequence of (3) we have 

Theoeem 12.1. The expression ]M{x^ y)dx-\-^N{x^ v) dy 
may be evaluated by the formida 

Jm(x, y) dx + fN(x, y) dy = f{x, y) + G (5) 

if arid only if there exists a function f{Xj y) such that 

Mx, y) - M{x, y), Sy{x, y) = N{x, y). (6) 

*It must be remembered that y) dx f(x, y) + C. Ho^Yever. 

y) dx= f{x. y) + X(y). 
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For example, 

J' (x’ + 1/5) di + J' ( 2 x 1 / + cos 2 /) d!/ = ^ + X2/5 + sin 1/ + C, 
for + ^!/~ + sin y + = X-’ + y-, and 

^(t ■*" + sin y + =r 2xy + cos y. 

It is customary to write p) dx + /iV(x, y) dy merely as 

fM{Xy y) dx + N{Xj y) dy, it being implied that x and y are 

always inverse functions of each other in the two parts of the 

integral. We say that M{x, y) dx + N{x, y) dy is an exact 

T-/r 7 -f 1 1 -r dM{x, y) diV(T, ?/) 

differential if and only if ^ prove 

Tueorem 12.2. A 7icccssary and sufficient condition that there 
exist a function f{x, y) such that 

J M (x, y) (lx + h'iz, y) dy = fix, y) + C 

is that Mix, y) dx + Nix, y) dy be exact. If M dx + A' dy is 
exact, the function fix j y) is given by the formula 

fix, !/) = f V) 5x = i«(x, y) + ^(y), 

where m(x, y) is any integral of M with respect to x, and where 

N — idm/dy) being independent of x. 

To prove the theorem we seek the conditions under which we 
may determine a function /(x, y) such that (6) holds. We 
observe that every function /(x, ij), such that /.(x, ij) = Mix, y), 
is represented by 

fix, y) = f y) dx = w(x, y) + ^^(y), (7) 

where m is any integral of M vith respect to x, and where it 
remains merely to determine ^iy) so that 

fvix, y) = ^IMx, v) + ^(y)j = Nix, y), 


( 8 ) 
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( 9 ) 


We assume that j M{x, y) dx, ^J) dy, and 

exist, and that exists and is continuous. 

OX dy 

that ip{y) can be determined so that (9) holds when and only 
when N — (dm/dy) is a function of y alone. But N — (dm/dy) 
is a function of y alone if and onl}’- if 


dAI(x, y) 

dy 

It is apparent 


dx 


iV(x. „) - 


dN{x, y) _ d-m(x, y) _ , 

dx dxdy ■ ^ ^ 


(Cf. Ex. VII, 2.) By Theorem 17.1 of Chap. I, 


_ dM^, y) ^ Hence (10) holds when 
dy 


( 11 ) 


dhn{x, y) _ d77i{x, y) 

dx dy dy ^ dx 
and only when 

dM{x, y) ^ dN{x, y) 
dy dx 

It follows from (9) that (p{y) is determined as stated in the 
theorem. 

Example 2. In the case of / + y-) dx + (2xy + cos y) dy. 

My = N’x = 2i/, and/(x, y) = /(x^ + y‘) dx = (xV4) + xi/- + <p{y)j where 


<piy) 


- [(2xy + cos ?y) — 2xy] ^1/ ~ J* cos ydy = sin y + C. 


Hence 


J 


[(x^ -f y'^) dx ^ (2X7/ 4- cos y) dy] = ^ + xy^ + sin y + C. 


Example 3. In the case of Jy dx + x-y- dy, 

Myix, y) ^ 1, Nz{x, y) = 2xy\ 

My ^ Nxi and /y dx -f x=y- dy cannot be evaluated by (3). 

Definition 12.1. Let (a, h) and (c, d) he two pairs of values of 
X and y with U t^c and b d. If y ^ q(x) and x = p(y), q and p 
being mutual inverses^ and if q is such that 

b = q{a), d == g(c), 


( 12 ) 
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Defino the symbol P dx + Q ‘I’J + 11 <1^, stating the analogue of 

(12). 

State and prove an extension of Theorems 12.3 and 12.4. 

15. Evaluate /J;;;’ (i + 2iz + 2yz) di + (2j/ + 2xz) dy + (i* + 2xy) dz. 

10. Evaluate 

/liJio (^ + ?/ 4* 4- ^hf 4- (3c 4- 1/ 4- dz, 

17. Evaluate 

/[sin (x 4- r) 4- (x + y) cos (x 4- z)] c/x 4- sin (x 4- z) dy 

4- (x 4- !/) cos {x 4- z) dz, 

PART B. PEFINITE INTEGRALS 

13. Construction and Evaluation of Definite Integrals. To 
construct the definite integral of a function fix) over an interval 
a ^ T g 6 ^Yc must first define the limit of a sequence of numbers. 
Let 01 , 02 , • ‘ , On, • • • be a infinite sequence of real numbers. 

We say that this sequence has the 
limit .4 if the successive terms of 
the sequence become and remain 

y*^A—c »C7 *09 arbitrarily close to .^1. It may be 

_ *03 sho\\*n (cf. propert}’ Gof Sec. 3, 

* 4 * ' g ~ * 8 * lb ^ Chap. I) that this definition may 

be expressed in the following form : 

1*10. as. 

Definition 13.1. Let Oi, 02 , 
• • • , Ofi, * • • 6c o sequence of arhilrary real numhers. If, for 
every 'positive ?iu7nbcr e, however small, there exists a positive integer 
72 0 such (hat 

la„ — /1| <6 for all n > Ua, 
then the sequence Oi, a^, * * • is said to have the limit A, Tl"c 
denote A hy lim a„. 

n — ► « 

This definition may be interpreted gcomcfricall}^ as indicated 
in Fig. 58. The similarity of this definition until Definition 3.1b 
of Chap. I should be noted. Sec Chap. IV for a detailed discus- 
sion of the properties of sequences. 

Examples. According to Definition 13.1, wc see that: 

1. The sequence 31, 3L 3i, 31, ' * • , 3 + (1/n), • • • has the limit 3. 

2. The sequence 2.1, 2.9, 2.01, 2.99, 2.001, 2.999, • ■ * has no limit. 

3. If a is any constant angle, then the sequence 1, cos a, 1, cos 1, 

iS 


Fio. as. 


cos 1, cos 
3 * 4 


has the limit 1. 



Sec. 13] 


INTEGRAL CALCULUS 


207 


4. The sequence 2''-, 2^ 2^^, 2^, 2^^ • • • has the limit 1. 

5. The sequence 2», 5, 2^^ 2^, 5, 2^^ 2>^ 2^, 2^^ 5, 2l«, • • ■ has 
no limit. 

We may now define a definite integral. 

Definition 13.2. Let f{x) be a real single-valued fiinciion 
defined over the interval a ^ x ^ b. Perform the following 
operations: 

I. Subdivide the interval from x = a to x ^ b into an arbitrary 
finite number ni of nonoverlapping^ subintervals h, Jo, • • • , 

of lengths AiX, A^x, • ^ , A„ x which need 720t be equal, 

II. I 7 i each interval choose aii arbitrary nu7nber x,> thus^ x\ 
is a number m 7i, X 2 is a 7iumber in /s, etc, 

III. Fonn the sum 

ni 

Si = AiX 

t = l 

== /(xi) AiX + /(xo) AoX + • • * + f(Xn) An X. (1) 

IV. By repeated applications of steps I to III^ construct an 
infi7iite sequence 

ni 712 

= ^f(xi) LiX, So ~ ^f(xi) AiX, • • • , 

t = i .- = 1 

TDfc 

& = ' (2) 

t = l 

in any manner such that 

lim dk = 0, (3) 

k — *■ CO 

where 5^ is the length of the longest interval in the sum Sk. 

If lim Sk exists and has the same value for every possible construe- 

tion of the sequence (2) meeting condition (3), then this limit is 
denoted by Slf{x) dx, i.e., 

SV(a:) dx = lim Sk. (4) 

® k^ to 

We call SJ/(x) dx the definite integral (or Riemann sum) of f(z) 

* It is permissible for two adjoining subintervals to have a common end 
point. An interval I ,■ may include both, either, or neither of its end points. 
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xviih respcd io x from a; = a /o x = 6, and we call a and h the limiUs 
of integration. We say fhalf(x) is summahle from x = ato x ^ h 
if Saf(x) dx exists. 

In step IV it is to be understood that the numbers x,- and A,x 
in any one sum of (2) have no relation to tlie numbers X{ and 
A»x in any other sum of (2); in other vrords, the sums of (2) are 
constructed indcpendenth" except for condition (3) on di. 

In Part C of this chapter vs'c determine the class of functions 
fix) for which S^/(x)dx exists; we mention in passing that 


;/W 









/ 

it > 
— n — r 
^ 1 


_ ^ 


L 

[b 

X{ i 


3r7;j ^ 


Pic. 59. Fig. 00. 

Slf{x)dx exists when f{x) is continuous over the inten^al 
u ^ a: ^ 6, and also in certain other eases. 

Perhaps the simplest interpretation of (1) is obtained nith 
the aid of the graph of/(x). Suppose that the graph of/(x) is a 
continuous cur^^e and that the region ABQP bounded b^" the 
graph of f{x), the ordinates at x = a and x = h, and the x-axLs, 
has a finite area K. It is e\ddent that /(x,) A,x represents the 
area of a rectangle of height /(x,) and base A,x, and that the sum 
(1) represents an approximation to the area K of ABQP. 

We shall now show that 

S*^/(x) dx = area Tv of ABQP. (5) 

Construct the sums 

ni ri 

*Sl = Xx, Hx = '^f{x'^ AiT 

as in Definition 13.2. where in Si each x, is chosen so that/(xf) 
is the maximum value of / in the inten^al AiX, and where in 
each x[ is chosen so that /(xj) is the minimum value of / in the 
interv^a! A,x. Then (see Fig. 60) 

Si ^ area K of ABQP g Si. 
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Construct in this manner two sequences Si, &, • • • and 

si, S 2 , • • • as instep IV of Definition 13.2. As mentioned above, 

SS/(a;) dx exists because f{x) is continuous. The existence of 

Slf{x) dx implies that lim Sk and lim Sk exist, and that 

00 > 00 

lim Sk = lim Sk = S /(^) (®) 

X'— f 00 CO ° 

On the other hand, Sk ^ area K of ABQP g Sk for each k, and 

lim Sk S area K of ABQP ^ lim iSt. (7) 

k~—^ flo k"^ oo 

Equation (5) follows at once from (6) and (7). 

In Sec. 14 we shall give several examples to show how (1) and 
(4) arise in connection with the computation of various physical 
and geometrical quantities. 

Example 1. Find an approximate value of Sj dx. 

Divide the interval from x = 1 to x = 2 into 10 parts of length 0.1; and 

let xi = 1.0, X 2 = 1.1, Xz = 1.2, ' - • , Xio “ 1.9. Then 

10 

S = A.a: = (l.O)HO.l) + (1.1)=(0.1) + ■ • ■ + (1.9)=(0.1) = 2.185. 

1 = 1 

If instead we let Xi = 1.1, Xa = 1.2, * ' • , xio = 2.0, then 
10 

S = A.® = (l.l)^(O.l) + (1.2)2(0.1) + • • • + (2.0)»(0.1) = 2.485. 

t = l 

We see from the graph of /(x) = x= and (5) that, because of the way the x’s 
were chosen in s and 5, 

2.185 g = 2-485. (8) 

Theoeem 13.1 {Fundamental Theorem of Integral Calculus). 
Let f(x) be a real single-valued function defined over the interval 
a ^ X ^b. If* S^f{x) dx and hf(x) dx exist, then 

^ (9) 

Subdivide the interval from x == a to x — 6 into ni subintervals 
-fi, * • • , /n^ having a, xi, • • • , x,j^_i, 6 as successive 
endpoints. Let F{x) be an arbitrary integral of /(x), so that 

* We mention in passing that this condition is always met when /(x) is 
continuous over the interval a ^ x ^6. 
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DxF(x) = fix). Construct the sum (1) bj’- choosing the numbers 
Xi in the followng way: By Theorem 10.1 of Chap. I, there exists 



that 

F(x,) - Fia) 


F'iT{){x, - a). 


and xi — a = Jux, 

/(xi) Aix = F(xi) — Fia). (10.1) 

With the aid of Theorem 10.1 we 
may determine in a similar manner 
value.s X;, xj, • • • , x^^ within /;, Iz. 
•••,/„ such that 


/(X.) A:x = Fix,) - Fix,), 

fix,) Ajx = Fix,) — Fix,), • • • (lO.i) 

/(x„,) A„ X = Fib) - F(x„ 

If we add all the equations (10.1) and (lO.i), we find that 


nj 

^/(Xi) A.x = fix,) AiX A- fir,) A-x + • • ■ A- fix.,) A„x 

= Fib) - Fia). (11) 

Thus we have const nictcd the sum (1) in such a way that we have 
been able to evaluate it. If we construct each sum in the 
sequence (2) in this same manner, alwa\’s determining the points 
Xi by the theorem of the mean as indicated above, then every 
sum iSjE: in (2) has the value F{h) — F{a) as in (11). Hence 

lim St = Fib) - Fia) = ^ fix) dx. (12) 

Jr--* ec 

By hji^othesis, S‘/(x) dx exists. By Definition 13.2, 

SI fix) dx = lim St, 

ir— ♦ « 

SO that (9) follows from (12). 

It should be noted that the proof of this theorem is purely' 
analytic and involves no reference to the graph of f{x); in par- 
ticular, no mention is made of the area of vmy figure. Hence 
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(9) holds no matter n'hat interpretation, physical or geometrical, 
is given to /(x) and S^/(x) dx. However, the various steps of 
the proof may be interpreted geometrically with the aid of Fig. 61 . 

It was pointed out in Sec. 6 of Chap. I that, if f{x) — DJ^{x), 
then the slope of the tangent to the graph of F(x) at x = xo is repre- 
sented by the ordinate to the graph of f{x) atx — Xo. It now follows 
by (5) and (9) that the area under the graph of f{x) from x — aio 
X — b and above the x-axis is represented by the difference between 
the ordinates to the graph of F(x) atx — a and x = 6. This latter 
result pro\ddes a method for constructing the graph of F(x) 
from the graph of fix): erect ordinates at various points between 
X = a and x = b, and estimate the areas Ai, A 2 , • • • of the 




successive strips bounded by these ordinates and the graph of 
fix). Choose the initial ordinate MP at x = c arbitrarily, and 
plot points Pi, Pn, • • • as indicated in Fig. 63 to obtain the 
graph of Fix). 

Theorem 13.1 provides a method for evaluating S^/(x) dx 
in the event that fa fix:) dx exists. However, there e.xist func- 
tions /(x) such that SJ/(x) dx exists while fa fix) dx does not exist 
(see Ex. IX, 7) and in such cases S*/(x) dx must be evaluated by 
special deidces (see Ex. IX, 8). Conversely, there exist functions 
fix) such that /^/(x) dx exists while SI fix) dx does not exist 
(see Hobson, “Theory of Functions of a Real Variable,” 3d 
edition. Sec. 348). Moreover, the definition of Sa/(x) dx can 
be extended to point functions (see Sec. 15), whereas the defini- 
tion of fix) dx does not admit of such an extension. While 
it is common to denote S^/(x) dx by ft fix) dx, it is seen that 
S*/(x) dx and ft fix) dx are essentially distinct in nature, and one 
should not try to merge them merely because they are sometimes 
equal in value. 
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Example 2, Find the area A bounded b}" the cur\'cs Y *= 10 -f 3x — x* 
and y = X -f 7. 

These curves intersect at points with abscissas a: = — 1 and x = 3. By 
(5), (see Fig. 64) 

\Yc ma}’ simplify this compulation by (15) of Ex. 3: 

A = Sli O' -y)dx= SI, (3 + 2i - X’) ds ■= Y. 


EXERCISES IX 

1. Ah in Example 1, find approximate values of: 

(a) X* dx, (l>) - cfx. (c) sin x dx, 

(d) Sj°logioxdx. (o) So^'^’di. 

Cheek your results by (9). Sketcli the areas represented by these integrals. 




2, In Definition 13.2 it was assumed that a ^ b. If n > 6, we may 
define Sa/(x) dx exactly ns in Definition 13.2 if we interpret all the Atx’s as 
negative (inasmuch as x decreases in going from a to 6). Show that 

SVwdx = -S“/(i)rJx. (13) 

3. Let /(x) and y(x) be inlegrablc and summable. Show by (9) that 

S 6 etc Oc 

^/(x) dx -b 0^/(3:) dx = 0 ^/( 3 :) dx. (14) 

S i Oi^)] dx = 3 fix) dx ± § y(x) dx. (15) 

§ kf{x) dx = fix) dx, where h is a constant. (16) 


[See Sec. 27 below for the case where /(x) and p(x) arc not integrablc.] 

4. Find the areas bounded by the cuiv^cs; 

(a) r = X- and y - 2 - x. (b) F ~ x< and y == x*. 

(c) Y ^ X* and y = x. (d) Y = x^ and y = 2x - xL 

(e) xy 3 and x + 2y = 5. 
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(f) 2x^ — a;j/ + 6 =0 and = 15a; +79. 

(g) y = Sin-ix, y - r/2, andx = 0. (h) t/ ~ 2i/ + x = 0 and x = -3. 

{Take y as the independent variable in parts (g) and (h).] 

5. Show that the area of the ellipse (x-/a-) + = 1 is irab. ^ . 

6. Find by a definite integral the area of a segment of a circle of radius a 
and altitude h. Check your result by the methods of elementary geometry. 

7. Show that the function 

^ W a ^ X <c and when c < x ^ h, 

fw "I 0 when x = c 

has no integral, and hence that /a/(x) dx does not exist. Show that 
Sa/(x) dx exists and equals 6 — a. (See Fig. 65.) 

8. It will be shown in Part C of this chapter that* 

3^/{x) dx = 3 g{x) dx (17) 

if / and g differ in value at only a finite number of points, or if (/ is defined 
at only a finite number of points where / is undefined. It follows that, if 
we can construct a summable function g differing from / in the manner 
indicated and such that /J g(x) dx exists, then we can evaluate B\f{x) dx by 
(17) and (9). Thus, if in Ex. 7 we let ^(x) =1 for all x in the interval 
a ^ X ^ 6, then 

Sim dx - Si g{x) dx - 1 dx - 6 - a. 


When possible, construct a suitable function ^(x) and evaluate: 


(a) 


(c) 


X log X dx. 

s” 


0 

ir/2 


1 — COS ; 


-r/2 Sm^ X 


dx. 


(b) 


(d) 


dx. 


S I X 

0 a/ 1 — x^ 

X^ 


9. Show that Sj/(x) dx does not exist when 



1 when X is rational, 

0 when x is irrational. ‘ 


10. If /(x) = — log X, show that Sj/(x) dx does not exist. 

Sttggcsiion. Let Nij iV' 2 , ' • • be a sequence of positive numbers such 
that iim + 00 . Remembering that lim (— log x) + 00 and that 

«3 X — ^0 

— log X ^ 0 ■ft-lien 0 < X g 1, show that Sk in (2) can be made >A^* by 
properly choosing Xj. Since lim iVjt -->■ + w , lim « and SJ/(x) dx 

00 eo 

does not exist. However, it will be seen later that the region bounded b}’ 
y — — log X, X = 0, X = 1, and y = 0 has the finite area 1. This result 
indicates that Definition 13.2 is inadequate when /(x) becomes infinite. 
(We shall discuss this difficulty in Part D of the present chapter.) 

* Definition 13.2 may be extended to the case where /(x) is undefined at a 
finite number of points in the interval a ^ x ^ 6 if it is stipulated that the 
points Xi in (1) and (2) must be taken where /(x) is defined. 



214 


HIGHER MATHEMATICS 


[Chap, ll 


11, Wc say that/(x) is unbounded in the mtenai ^ z ^ h if there are 
points m this interval at which |/(x)| > iV, however large N may be Show 
that Sa /(x) dx as giv'on by Definition 13 2 nev cr exists w hcn/(x) is unbounded 
and cv’orj where positive (or negative). 

Show that, if /(x) is everywhere positiv'c (or ncgativ'c), then S* /(x) rfx, 
SL«s /(x) dx, and Sl^/(x) dx never exist m tlie scn«c of Definition 13 2 
Howev’er, integrals of these t>pcs arc verj common and useful when defined 
as in See 31 below 

12 Lct/(x) be given by tlie following graphs In each ease, construct 
the graph of the integral r{x) of /(x) passing through (0, 1) Dstimate 
areas by means of small squares 



(a) <6) (c) (rfl (e) 


13 Using Theorem 10 1 of Chap I in the manner indicated in the proof 
of Theorem 13 1, but applied to the entire interval from x = o to x = 6, 
prov c 

TiiEonKAt 13.2 {llicorern of the Alcan for Integrals) If f{x) 
IS continuous over the interval a ^ x ^ h, then there exists a lalue 
$ o/ X, a < $ < 6, such (hat 

(b - a)f(0 = 


Illustrate the meaning of this theorem with the aid of a sketch and (5) 

14. Elementary Applications of Definite Integrals. In this 
section v\e give a number of examples 
to show how definite integrals ma}'' be 
used to evaluate various physical and 
geometrical quantities 



Example 1. Find the area bounded bj 
the continuous curv c r = f(0) and the radius 
vectors at = a and 0 - ^ 

Subdivide the angle ^ — ci into smaller 
angles* AO In each angle AO take values 
0, and 0l so that r» — J{0t) and r[ = f(o[) 
are the maximum and minimum vmlues of r — f(0) in the ith angle AO 
Draw arcs of circles w ith center 0 and radii r, and r[ Then 


• In this example w e take the increments A.O as equal merely for the sake 
of simplicity 
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Area sector OP,Qi = M A6 = i[/(0i)]® A0, 

Area sector OP'fQ'i — J[/(0i)]^ AS. 

n 

Construct the sums Sn = ^^^[/(S.Ol^AS and s„ = 

v=l . 

f(e) is continuous, iUW]^ is continuous, exists, lim Sn and lim Sn 

J ^ ^ CO n— > OC 

exist, and 

Hm s„ = lim 5„ = 

w ji— ► 00 ® 

On the other hand, Sn ^ area sector OAB ^ /Sn for each 7i, and 

lim. Sn ^ area sector OAB ^ lim Bn. (2) 

n— > 60 n—* «o 

It follows by (1) and (2) that 

Area sector OAB = § (3) 

To illustrate : The circle r = 2a cos 0 is traced out when 6 varies from 0 to tt. 
Hence the area of this circle is l(2a cos 0)^ dO = 7ra*. 



Fig. 67. Fia. G8. 

Example 2. A solid S is such that the area of the cross section of it cut 
by any plane x = xo is A(a;o). Find the volume of that part of S between 
the planes rc = a and x = b. 

Subdridde the solid B into laminasX], • • ' , Xn of thickness Ax by planes 
perpendicular to the x-axis. In each interval Ax choose Xi and x[ so that 
A(.Tt) and A(x[) are the maximum and minimum values of A{x) in the ith 
lamina. Suppose B is such that we can construct cylinders Ci and c; of 
height Ax, having for cross sections the sections of B cut by the planes x = x,- 
and X = x(, and such that Li contains c,* and is contained in Ci. ' (See 
Figs. 67 and 68. The elements of these cylinders need not be parallel to 
the x-axis.) It follows th^t 

Volume % ^ volume L, ^ volume C,*. (4) 

But if we cannot construct Ci and c, in this manner (see Fig. 69), then (4) 
may not hold and we must compute the volume of B by some other method 
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(see See. 17). By Ex. X, 2G, below, the volume of any cylinder is the 
product of its base and altitude. lienee (4) may be written as 

A{Xi) ^ volume Li g A(xi) Ax. (5) 

We leave it to the student to show that the volume F of S is 

F = (6) 

(Cf. Example 1 and the proof of (5) in Sec. 13.1 
For instance: A solid is such that any section of it perpendicular to the 
X-axis is a ripht triangle ADCj where A is on the curv'e y — x* in the xy-planc, 
B is on the line r — x 1 ifi the xr-plane, and C is on the x-axis. To find 




the volume V of this solid between the planes x = 0 and x = 2, we obseive 
that A{x) = + 1). Hence 

= So + 1) = V. 

It is sometimes nccessarj* to find j-Ux) by integration. Thus, to find the 
volume of the solid bounded by the surfaces z = cos xt/, r = 0, t/ = 0, 
X = 1, and X — 2, we first compute the area ^(xo) of the section cut by the 
plane X = Xc: 

S J/B rr/2zt 

^ cos (Xoy) dy = I cos (xey) dy, 

where wo express the upper limit of summation yo in terms of Xo in order 
that A may be a function of xo alone. To obtain the formula yo ~ t/2xo 
we obser\x that the point (xo, yo, 0) lies on the surface z = cos xy. Hence 
0 = cos (xoVo), Xoyo = r/2, and yo - -/2xo. It follows that 

A (x) “ /J' ** cos xy dy 

and 

^ Si ^ ~ Jl X ^ cos xy dy dx ^ log 2. 

If the solid 5 is a volume of revolution, then cylindrical coordinates are 
sometimes useful. Suppose S is bounded by the surfaces z = /(r), x == 0, 
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r = a, and r “ b, and suppose /(r) is continuous and nondecreasing from 
r = a to r = 6. Subdivide S into cylindrical shells Zri, • • • , Ln, of thick- 
ness Ar. In each interval Ar choose u and rj so that /(r,-) and /(r(-) are 
the maximum and minimum values of /(r) in the tth shell, and construct 
cylinders Ci and C{ of heights/Cn) and/(r^) as indicated in Fig. 71. Because 
/(r) is non-decreasing, we may take r*- and as the outer and inner radii of 
the ith shell. It is seen that 

27rr^(r-) Ar < volume Ct* ^ volume Li ^ volume C; < 27rr,*/(r<)Ar. 

We leave it to the student to sho^Y that the volume V of S is 

y - 2xr/(r) dr, (7) 

The case where /(r) is nonincreasing between r = a and r = b is dealt 
with by considering the volume V' of the solid above z == /(r) and below 
some plane z ^ c. The above argument shows that F' = Sttt (c — /(r)] dr, 
and (7) follows at once from (15) of Sec, 13. It is seen by (14) of Sec. 13 




that (7) can be used for any function /(r) with a finite number of maxima 
and minima between r = a and r = b. 

ThuSj the volume V bounded by 2 = r^, ^ = 0, r = 1, and r = 3 is 

V = 2irr(r=) dr = 40jr. 

If the solid S is bounded above by 2 = /(r) and below by 2 = p(r), then 
by (15) of Sec. 13, 

^ = S<, 27rr h(r) dr, " (7') 

where k{r) - f{r) ~ g(r). 

Example 3. Find the length of the curve y == /(a;) from x ^ a to x — h 
when/'(x) exists and is continuous. 

If C is any continuous arc from P to Q, then the length of C is defined as 
follows; Let Pi, Pj, • • • , P„, P„^j he any set of n + 1 successive points on C 
wj^Pi = P and Pn +i = Q, and let 5„ denote the largest of all the chord lengths 
PiP,, • • • , P„P„4.i. If 
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lim ^ Pj^x = lim (P^p7 + PiPz + — • -f PiXIO (8) 

alxcays exists and has (he same value for all choices of (he points Pi^ then the 
common value of (his limit is called (he length of C. 

To evaluate the limit (8) when C has the equation y = /(x), we may write 

PiPi^i = V(A.i)= + (A.!/)- = -\^/l + A.i, (9) 

where the notation is indicated in Fig. 72. B}* h>q)othesis, f'{x) exists, 

and by Theorem 10.1 of Chap. 1, there exists a point Xi such that 


By (9), 


f'M - 


A;r 


PiP.^i = Vl + tf’(Xi)]' A,t. 


( 10 ) 


By hs'pothcsis, f'(x) is continuous. Hcnco \/ 1 + tTC?)]’ is continuous, 
Sa\/ 1 + [/'(i)]®rfx exists, the limit (8) exists by virtue of (10) and Defini- 
tion 13.2, the cun'e C has a lenjijth /, and 

I = vr+lf^dj:. (11) 

To illustrate: If C is the segment of the line 
T/ — 2x fro m j = 0 to x =3, tlicn the length of C 
is / = S® "x/l "f 4 dx “ 3\/5- This result checks 
with that obtained by clcmeiitari’ methods. 

Example 4. Let C be a curv'c in space, let s 
denote arc length along C, let A and B be two 
points on C, and suppose that « = a at /I and s = 6 at B. A point particle 
P moves along C and is acted on by a force such tliat the magnitude of its 
component in the direction of C at any po.silion of P is F(s). Find the 
work done on P hy the force when P moves from A to B. 

Di\nde the arc from A to 7? into subinterv'als of length Ay. In each inter- 
val As choose St and s' so that F(s,) and F(s|) are the maximum and minimum 
values of Ffs) in the ith intcrv’al As. If IF, is the actual work done by the 
force acting on P in the tth intcrv'al, then 

F(s[) As ^ ir. ^ F(s,) As. 



We leave it to the student to show that, if F is continuous, then the work 
done by the force on P in going from A to B is 


ir = F(s) ds. 


( 12 ) 


Thus, suppose an electric charge is carried along an arbitrarj’ path i/ = f(x) 
from the point (a, 6) to the point (c, d), and suppose an electric field exerts a 
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constant force 4» on the charge in the direction of the positive end of the 
a:-axis. Let s be measured along the path from (o, 6). The component of 
tangent to the path is F = $ cos a, where a - tan*"^ {dy/dx). Hence the 
work done is (see (8) of Chapter I, Sec. 7) 


IF = 


^ cos a. ds 

K^O 


1 "I 


dx = (c — a)<^. 


It is seen that the work is independent of the path chosen from (o, h) to 
(c, d). 

Example 5. Let be a region on a plane vertical face of a vessel con- 
taining water. Find the total force of the water on I?, the height of the water 
surface being given. 

Subdivide R into strips <82, • • • , of width Ah by horizontal lines 
at depths /io, * * * > hn below the water surface. Let the width across 


Water surface 



R at depth h he l{h). Suppose R is such that l(Ji) increases with A, and also 
such that, when we const met the rectangles rt and Ri of height Ah with bases 
and l{hi)y respectively, Si contains r* and is contained in Ri [see Fig. 
74 (a)]. Since the unit pressure at depth h is ivhj where tv is the density of 
water, 


(toluol) Wii^O Ah S Pi ^ (wh{) l{h{) Ahj 

where Pi is the total force on Si. As in the preceding examples, it is seen 
that, if 1(h) is continuous, the total force on R is 

P = toh l(k) dh, (13) 

where a and b are the least and greatest depths of R. If 1(h) decreases as h 
increases [see Fig. 74 (c)], or if it is not the case that Si contains n and is 
contained in Ri [see Fig. 74 (b)], then (13) may be obtained by considering 
the total force on a rectangle containing R [cf. the discussion of volumes of 
revolution following (7)], or by breaking up R into smaller regions by vertical 
lines. 

As an illustration of (13), the total force on a gate valve 4 ft. in diameter 
whose center is 50 ft. below the surface of a reservoir is 

^ S 48 w^2\/4 - (50 - h)> dh = 2wJ^^(50 - yWi - J/ dy = 2007rw. 
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EXERCISES X 

1. Find the areas bounded by the following curv^es: 

(a) r - 2a sin 0, (b) r = 3 — 2 cos 0. (c) r = a sin 20. 

(d) r = a cos 30. (c) r’ = 2a- cos 20. (f) r ^ a sin* (0/2). 

(g) r — see 0 -r tan 0 from 0 = 0 to 0 = r/4. 

(h) r* = a*??V(a* sin* 0 -f cos* 0). 

(i) the area common to r 3 cos 0 and r = 1 -f cos 0. 

(j) the smaller part of the circle r — 1 cut off by r — 0. 

2. If X — v^COj U — in'C the parametric equations of a cur\"c C, if 
xi ~ tp{ii) and x* = and if the equations x — v“(0i V = 'riO define y 
as a single-valued function of x n hen t varie*: from ti to show that the area 
A bounded by C, the x-avis, and the ordinates at x = xi and x — x; is 

= f‘' {y D,t) di. (14) 

Using (14), find the areas bounded by; 

(a) One arch of the cycloid x = a(0 — sm 0), y — a(l — cos 0) and the 
x-axis. 

(b) The curv'c x = a0, y = g(1 ^ cos 0) and the x-axis from 0 = 0 to 
0 = 2r. 

(c) The hypoc3'cIoid x ^ a cos* 0, y ~ a sin* 0. 

(d) The loop of the cun*e x* -f y* = 3axy. (IIxxt: Represent this curv'e 
by the parametric equations x = 3af/(l 4- 1*), y = 3a/*/(l -f t*). 

3. Find the \olumcs of the following solids, using both the method of 
sections and the method of cylindrical shells hen ever possible: 

(a) The solid obtained by rotating about the x-a\is the area bounded by 
y = X*, y — 0, and x = 1. [Hint: Use cylindncal shells concentric 'R'ith 
the x-axis. Then /i(r) = 1 — \/r in (7').] 

(b) The colid obtained by rotating the area in (a) about the y-axis. 

(c) The solid obtained by rotating about the x-axis the area bounded by 
y ~ sin X, y = 0, X = 0, and x = r/2. 

(d) The *iohd obtained by rotating the area in (c) about the y-axis. 

(c) The solid obtained by rotating about the x-axis the area bounded 
by x’^ *f = a’'. 

(f) The solid obtained by rotating about the line y = 4 the area l>oundc<l 
by y = X* and x = y*. 

(g) The solid obtained by rotating about the line x = —2 the area 
bounded by x ~ y* and x = 1, 

(h) The torus obtained by rotating the circle x* 4- y* = a* about the line 

y = 6. (6 > a.) 

0) The sohd bounded by r = r, c = sin r, and the cylinder r = r/2, 

(j) The solid bounded by (x*/a*) 4- (y=/fl*) 4- (s'/c*) - 1. (TVrite 
r* = X* 4- y^) 

(k) The solid bounded by x* 4- y" 4- = 5 and x* 4- y* — 4r. 

(l) The solid such that any section perpendicular to the x-axis is an 
equilateral triangle whose base is a chord of the circle x* -1- y* = a*. 
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(m) The solid to the left of the plane x = 5 such that any section per- 
pendicular to the ar-axis is an isosceles triangle of height 10 whose base is 
a chord of the parabola x ~ y-. 

(n) The solid in the first octant to tlie left of the plane a; = 1 such that 
any section perpendicular to the x-axis is a square whose base is a chord 
between the cun’^es y = z- and z = y\ 

(o) The solid between the planes x = 0 and x = 1 such that any section 
perpendicular to the x-axis is a circle with center on the curve y = sin x and 
passing through the x-axis. 

(p) The solid in the first octant to the left of the plane x = 2 such that the 
section cut by the plane x = Xo is bounded by the curve ?/ = Xo ~ 

(q) The solid in the first octant between the planes x = 1 and x = 3 
and bounded b}" the surface z — x cos (y/x). 

(r) The solid bounded b 3 ' the surface x^- + -f 2 ^- = and the 
coordinate planes. 

4. If the area bounded hy the cur\’‘e r = /(0) between 0 = a and 0 = 
is rotated about the polar axis, sliow that the volume of the solid obtained is 


V - 


27r . 

— r® sm 6 do. 


(15) 


Using (15), find the volumes obtained by rotating the follo\\dng areas 
about the polar axis: 

(a) The triangle bounded by 0 = 0, 0 = Tan“^ (a//i)j and r cos 0 = h. 

(b) The circle r = 2a cos 0. (c) The cardioid r.=5= o(l — cos 0). 

0. Find the lengths of the following curv^’es: 

(a) 1 /- — from x = 0 to x ~ 4. 

(b) T/ ~ from x = —a to x = 

(c) y = log cos X from x = 0 to x = tt/S. 

(d) The entire hj'pocj^cloid x'^ + 

(e) y — (x*/3) + X- 5 from x = 0 to x = 3. 

6. Show that the length of the curve r = 0 ( 0 ) from 0=ato0=^is 


I - 



(16) 


{Hint: change the variable of integration in (1 1) from x to 0 by means of the 
relations x = r cos 0, 7/ - r sin 0, remembering that r = 0 ( 0 ).] Using (16) 
find the lengths of the following curv^es: 

(a) The cardioid r = a(l — cos 0). (b) The circle r = 2a cos 0. 

(c) r = a cos^ (0/3). 

(d) The spiral r = 0 from 0 = 0 to 0 = 

7. Show that the length of the cun^e x = v>(0, y = xp{i) from t ^ hio 
t ~ fo is 




( 17 ) 
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Find the length of one arch of the cycloid x = — sin 0), j/ = a(l — cos 0). 

Show that the length of the ellipse x = a sin v?, y = cos tp is 


aj^ ^ a/i — r* sin- v? 


where c is the ecccntricit3" of the ellipse and Ir — (2-(l — c-) (see Sec. 35 of 
Chap. V). 

8. Show that the length of the space cur^'c y =* z = ^(x) from 
X a to X = 6 is 




Find the length of the line x “ 2y = — r from (0, 0, 0) to (2, 1, -“2), and 
check hy clemcntarj’ gcomclrj*. Write (IS) with y the independent variable. 

Show that the length of the space cur\'c x = v^(/), y ~ ^(0, z = 0(0 from 
/ = 0 to f = 0 is 



9. The force F of attraction between two point particles of masses M 
and in distant r units apart is F = /; {mM , r-). Find the work done by F 
when r varies from 2 to 1; from 10 to 1; from 1000 to 1; from '‘infinity’* 
to 1; from 1 to 0.1; from 1 to 0. 

10. The force F exerted by a spring is F = /;x, where x is the extension 
of the spring beyond its natural length. For a certain spring F = 100 
when X = 5. Find the work done in stretching the spring from x = 2 
to X — G. 

11. A body falls according to the law s = (y/A--)(c'** -f kt — 1). If the 
force F of resistance is F = ci*, wliero c = ds/dl, find the work done against 
F when tlie bodj* falls from / = 0 to f = 10. 

12. If an electric current flows around a circular coil of wire of radius a, 
the force F exerted on a small magnet located on the axis of the coil and at 
distance x from the center of the coil is F “ /:x/(a- + x-)^-. Find the work 
done bj' F when the magnet is brought from x = a/2 to x =0. 


13. The force F of repulsion between two positive electric point charges 
E and E' distant r units apart is F = k{EE'/r’), If E is fixed at the pole 
and if E' is carried along an arbitmrr path r = f(0) from the point (a, a) 
to the point (6, show that the work done is independent of the path and 


is equal to kEE 



proWded the path does not go through the pole. 
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14. If an electric current flows along a long, straight wire, then a force 
F k/r is exerted on a small magnet distant r from the wire, the direction 
of F being perpendicular to the wire and to the radius vector r. If the wire 
is perpendicular to the r0-plane and goes through the pole, and if the magnet 
is carried along an arbitrary path r = f(d) from the point (a, a) to the point 
(Z), show that the work done is independent of the path and is equal to 
Jc{^ — a)j provided the path is traced out by the point (r, B) as 9 varies from 
a to j3. Discuss the determination of a and /? when the path goes around 
the wire more than once. 

15. Show that the work done on a particle, when accelerated by a force 
F, is equal to the gain in kinetic energy of the particle. [Hint: Write 


dv dv dx dv 

F == m-— = “ 7nv~ 

dt dz dt dx 

16. Show by (12) that, if gas expands in an engine cylinder according to 
the law p = f{v), where p is the unit pressure and v the volume of the gas, 
then the work done on the piston by the gas is 



( 20 ) 


[Hint: If A is the piston area, then F ^ pA. In (12) let s = v/A,] Evalu- 
ate (20) when pv'' = C with pi, Vi, and ps given. 

17. Show that (20) holds when the gas is contained in an expanding 
sphere. 

IS. If each particle of material in a volume V is raised (or lowered) to a 
certain horizontal plane show that’ the work done is 

ir = S ick A{h) dhf (21) 


where w is the density of the material, h is the distance from the plane H 
to an arbitrary horizontal section of F, and A (h) is the area of this section. 
Using (21), find: 

(a) The work done on a turbine by the water in a hemispherical reservoir 
of 100 ft. radius when the reservoir is drained tlirough the turbine, the tur- 
bine being 500 ft. below the original water level. How many 100-watt 
electric lights could be supplied by this turbine for 10 hr. if a watt<-hour 
equals 2655 ft. -lb. of energy? 

(b) The work done in building the great pyramid of Gizeh. [This 
pyramid was originally (about) 480 ft. high with a square base 750 ft. on a 
side. The stone in this pyramid weighs (about) 200 lb. per cubic foot.] 
If a slave did 500,000 ft.-lb. of work in a day, how many slaves would be 
needed to build this pyramid in ten years? 

19. Find the force exerted by the water on a vertical trapezoidal dam 
100 ft. long at the top, 40 ft. long at the bottom, and 30 ft. high, the water 
level being at the top of the dam. (w = 62.4 for water.) 

20. A hole is torn in a ship's side, the hole being roughly an ellipse with 
axes 10 and 2 ft. long, respectively, the long axis horizontal and 8 ft. below 
the water line. Find the force exerted by the water on a patch over this hole. 
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21. The sides of a storage tank are vertical planes. Find the force 
exerted b}' the water on that part of a side bounded by the curv'cs y = 

y - Oj and x — Z, the water level being 15 ft. above the line t/ — 0. 

22. Derive a formula for the force of attraction between a point particle 
of mass M at the pole and a fine virc of mass in per foot, the wire being 
represented by the equation r = f(0) and extending from 0 ^ a to 6 — 
Derive a formula for this force, using rectangular coordinates. (Use the 
law of attraction in Ex. 9.) 

23. Derive a formula for the weight of the material in a volume F, the 
density p of the material being. a function of x alone [sec (G)]; of r alone 
[sec (7)]. 

24. Derive a formula for the rate of flow of water in a circular pipe, given 
the velocity of the water as a function /(r) of the di^^tance r from the center 
of the pipe. 

25. Derive a formula for the total amount of light falling from a point 
source S upon a plane area in the form of a circular ring, the source being 
on the line perpendicular to the plane of the ring and passing through the 
center of the ring. (The densit 3 ' of illumination at an\' point P of the ring 
is invcrsolj' proportional to the .‘square of the distance from P to the source 
and dircctlj' proportional to the cosine of the angle SPNj where PN is 
perpendicular to the plane of the ring.) 

26. Show that the volume of any cjdindcr is the product of its base by 
its altitude. 

27. Average Values, If f{x) is a real function of the average value 
J of fix) trith rcsjKct to x over a given interval o 5 x ^ 6 is defined to be 


Let fix) =2 for —1 ^ x < 0, fix) == x -f 2 for 0 g x < 2, and 
fix) = 4(x — 3)' for 2 ^ x ^3. Find the average value of fix) over the 
intcn'al ( — 1, 3); over [2, 3]; over [0, 2J. 

28. Find the average value of each of the following functions for the 
intcr\*nl —3 ^ x ^ 3: x-; cos (3x/2); sinh x; 3x^; sin (x/2). 

29. Repeat Ex. 28 for the interval —3 ^ x ^ 0; for 0 ^ x ^ 3. 

30. Find the average over —2 ^ x ^ 4-2 of the functions 2 cos’ x; 
(cos 2x sin’ x — 2). 

31. Rooi-mean-squarc-Valucs. By definition the root^mcan-squarc value 
7 of fix) over the inter\'al a ^ x ^ 6 is 


7 “ r.m.s. f = 


\rmx)Ydx 

\ ~ib-a) 


(a) Compute r.m.s. for the function given in Ex. 27. 

(b) Compute r.m.s. for each of the functions in Ex. 28, for ~3 ^ x ^ 3. 

(c) Repeat Ex. 31b for the intcr\’als —3 ^ x ^0 and 0 ^ x ^ 3. 

(d) Find r.m.s. for sin i over 0 ^ f ^ r-/4; 0 ^ ^ 7 r/ 2 ; 0 ^ ^ r; 

0 ^ ^ ^ 2r. 
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32. Let /i == sin {xoit + si), == sin {wti + ^s), where si and Ss are real 

constants, and xui and are real and rational. Find the average of the 
product / 1/2 over a complete period of the product (/ 1 / 3 ). » 

[Am. Zero, if ivi 2 cos (si — S 2 ) if xoi = Wi.] 

What happens when Wi and W 2 are not commensurable? 

33. Find the average of the product of sin i and cos i over a complete 
period of their product. 

34. Prove the following: 

Theoeeji 14.1. Let f{x) and g(x) be two single-valued functions defined 
and continuous over a ^ x ^ h, except for possibly a finite number of points. 
If the ratio of the functions is not constant throughout^ then the average value 
of the product of f and g is mimerically Jess than the product of their r.m.s, for 
the same interval If the ratio is constant throughout the intervalj the average 
value of the product fg is equal to the product of their r.m,s,for the same interval 
• 35. Prove the following: 

TheorEiU 14.2. If g{x) is not a constant the average value of the function 
g{z) is numerically less than its r.-m.s. value for the saxne interval If g is 
coristanl the average value of g{x) is numerically equal to its r,m.s, for the 
same interval [Hint: In Ex, 34 set/(a;) = 1.] 

36. An even function is one for which 

/(-x) =/(x), 

and an odd function is one for which 

/(-x) - -/(x). 

Prove: (a) The average of an even function over —<2 ^ x ^ a is equal to 
the average over —a ^ x ^0 and to the average over 0 ^ x ^ +a. 

(b) The average of an odd function over —a ^ x ^ a is zero. The 
average of an odd function over —a ^ x ^ 0 is the negative of the average 
over 0 ^ X ^ -fa. 

(c) The r.m.s. for any even (or any odd) function is tlie same for each 
of the intervals —a ^x^O, O^x^a, —a g x ^ a. 

37, The electromotive forces for a set of three networks are given bv: 

(a) ei == 1600 sin (SGOtt^ -f 31®) - 30 cos (UQirt - 13®). 

(b) 62 = 110 cos mn + 32 cos ilSOirt -f 69®). 

(c) 63 = 100 cos SQrt + 400 sin SOtt^ — 20 sin ISOrri -f 10 cos ISOri, 
and the corresponding currents by: 

(a') ti = 12.52 cos (3607rt + 87® 20') + 0.237 sin (1207ri - 34® 30'). 

(b') it = 2.76 sin (eOirt - 22®) -f 3.45 cos (ISOir^ + 13®). 

(c') iz = 12 sin SOtt^ + 30 cos 507r^ -f 8 sin ISO^ri — 6 cos ISOtt^. 

(i) Find the smallest period for each of the currents and e.m.f. given 
above. 

(ii) Find r.m.s, value of each of the e.m.f's. and currents for an interval 
large compared with the period. How will these values compare with volt- 
meter and ammeter indications? 

(iii) The instantaneous powers of the networks above are pi - €iii, 
pi = C 2 t 2 , pz = eziz, respectively. Find the average power of a complete 
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period in each case. How will these values compare with wattmeter 
indications? 

38. The current and e.m.f. for a certain line are expressed in the form 

c ^ E\ sin (ivt “h \^i) Ei sin (3u’/ 4“ 4* ITs i^in (ou*/ 4^ 

i = h sin {u't 4- Oi) + Ii sin (3iW 4“ + li sin (oir/ + Oi). 

Prove that for complete period, the r.m.s. value of e.m.f. and current are 
- jEi 4- J 4- El • jli 1 1 4- 

^ = V i « = V i 

and that the average power is 

^ E}1 1 cos {0i — \f'i) 4“ Ezli cos ((?3 — v^a) 4" Eil scos (O5 — ^5) 

- 

39. Generalize the rc5ult in Ex. 38 if 


tC K 

c = ^ Ea-, cos {21: - l)ir( + F,i., sin {21: - 1) let, 

Jt-1 i:-l 

«e eo 

I = ^ /ji-i COS (2/: — I)ir/ 4* ^ //-t-i sin (2/: — l)trf. 
Jt-i 


/l7^S. 


(E\ 4- + Ej 4- Fi 4- • • • 

^ 


p = 


Eil\ ■j' FiHi 4~ Es/j 4- 4- * • • 
2 


If the impedance of the circuit be denoted by r. then c = ri. Show that 
p ^ Cl, the equality holding when the ratio c i == r is a constant, i.e., when 
the impedance is a pure resistance; the inequality holds when r contains 
non>zcro reactance. In electrical engineering work, p^* is knomi as the 
power fador. ^ 

16. Line Integrals. It is readily possible to state Definition 
13,2 in more general form so that definite integrals may have 
much wider application than has been indicated above. Let us 
think of / as denoting any quantity having a definite value at each 
point of some portion of space, i.e., as a point function; for 
example, / may be the intensit}" of an electric field at any point 
of space, or/ may be the unit pressure at any point in the interior 
of a turbine, or / may be some other pli 3 ^sical or geometrical 
quantity; in particular,/ need not be a function of three variables, 
and the value of / at an}*' point P ma^’’ be determined without 



Sec. 15] 


INTEGRAL CALCULUS 


227 


reference to any coordinate system. We shall denote the value 
of / at P b3^/(P) (see Sec. 23 of Chap. I.) 

Definition 15.1. Lei f denote a real^ single-valued function 
defined in some region R of space*j 

and let AB be an arc of finite 
length of a curve C lying in R, 

Perform the followbig operatio77s: 

I. S^ibdivide the arc AB into an 
arbitrary finite number n\ of non- 
overlapping subintervals h, 1 2 , 

* • ‘ , In^ of lengths AiSf A^Sj • • ■ , 

An 5 which need not be equal. II. 

In each interval li choose an 
arbitrary point Pi. Ill, Forin the sinn 

ni 

Si = Xm) A.s 
t = 1 

= /(Pi) Ai5 +/(Po) A 25 + . . • +/(Pn; An 5. (1) 

IV. By repeated applications of steps I to III, construct an infinite 
sequence 

ni Ti2 

Si^^m)Ks, s, = ^m)Ais, • • • , 

1*1 

nk 

Si. = ;g/(P.) AiS, • ■ . (2) 
1*1 

in any manner such that 

lim dk = 0, (3) 

A— > » 

where 8k is the length of the longest interval in the sum Sk* If 
lim Sk exists and has the same value for every possible construction 

k—* w 

of the sequence (2) meeting condition (3), then this Ihnitis denoted 
^y\ Sf /(P) ds, ix., 

* It is possible to give a purely algebraic interpretation to the content of 
this section by regarding “space’^ as the set of all number triples (x, y, z). 
t A and B are not numbers but merely letters denoting the end points of C. 
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S^/(P)rf.^ = limS.. (4) 

A l-j, 

We call S5/(P) ds the line integral of f nnth respect to s alojig the 

arc ABj and tee say that f is sunimahle along AB if S^f{P) d$ 
exists. 

It should bo obsen^ed that Definition 15.1 involves no specific 
reference to an}" coordinate .S 3 "stcm. A physical interpretation 
of (1) and (4) is given by Example 4 of Sec. 14. We shall now 
give a geometric interpretation of (1). Siippo^^e /(a:, y) is a 

continuous function of x and y, AB is an arc of a cur\’e C lying 
in t]}e domain of definition of f(Xj y), 5 is the cylindric .«^urface 


A- 



through C with elements parallel to the r-axis, A'B' is the curve 
of intersection of S with the graph of /(r, y), and Pi denotes 
Then/(P0 A.s represents the area of a cylindric rectangle 
of height /(Pt) and base A^s, and the sum (1) represents an 
approximation to the cylindric area ABB' A'. (In Fig. 76 the 
dotted lines a6c, def, • • - represent the sections of S cut by 
planes parallel to the xy-j)\anc through 5, c, • • • .) It may be 
showm, as in Sec. 13, that S5/(P) ds represents exactly the area 
ABB' A' (see Ex. XI. 3). 

Example 1. An approximate value of (x* — yz) ds along the line 

z — 2y — —zh obtained by subdiriding the interval from ( 0 » 0 , 0 ) to 
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(2, 1, -2) into five equal parte of length, | and taking P,- for each subinter- 
val as the end point nearest the origin. Then 

Pi = (0, 0, 0), P: = (0.4, 0.2, -0.4), . . . , Ps = (1.6, 0.8, -1.6), 

and (1) we have 

S, = [0= - (0)(0)j(i) + [(0.4)= - (0.2) ( -0.4)] (i) + • ■ • 

+ [(1.6)"- - (0.8)(-1.6)](f) = 4.32. 

We leave it to the student to show that Si is a lower bound for the value 
of the given integral, and to find an upper bound for tliis value. 

As in the case of a total derivative [see Chap. I, Sec. 18, 
paragraph (a)], it is implied in the notation S|/(P) ds that / is 
always to be evaluated along that fcurve C whose arc length is 
measured by s. To compute S^/(P) ds it is customary to repre- 
sent /(P) along C by that function J{s) such that /(P) s ]{s) 
when P and s denote the same point on C. It is evident that 
Slf(P) ds = Sl^f(s) ds, wliere « = sx at A and s = 5 b at B, and 
by Theorem 13.1 it follows that, if / is integrable, 

S^/(P)ds = £7(s)fZ^. (5) 

If / is represented a function f{x, y, z) of the rectangular 
coordinates x, y, and z in space, and if C is represented by the 
parametric equations 

X = p(s), y = g{s), z = r(s), (6) 

then/(s) = f[p{s), q{s), r(s)]. By (5) and the remark following 
Definition 11.2, 

S^/(^) V’ 2 ) (7) 

W'here in the right member of (7) x, y, and z are determined by 
(6). Formulas similar to (7) may be obtained w'hen / and C 
are represented in other coordinate sj’^stems. 

Thus, in Example 1, the parametric equations of the path of integration 
are x = Is, y = Is, z = — §s, where s denotes arc length from the origin, 
and, the given integral is equal to Is- ds = 6. 

Definition 15.1 may be modified in many ways. For example, 
let AiX denote the length of the projection of the interval If on 
the x-axis. If in Definition 15.1 W'e replace AjS everywhere by 
AiX, we arrive at the quantity 
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n* 

V’ ( 8 ) 

where P moves along C. If the equations of C are 

y = qix). z = r(x). (9) 

then it may be shov n that 

V, -) V’ ( 10 ) 

where in the right member of (10) y and r are determined (9). 

Example 2, Evaluate SJ Ls V alone the ncht-hiind half of the circle 
x* *f ir - 25. 

To represent single-valued function of z along the path C of integra- 
tion, \\emust breakup Cintot\^o parts, Ci and C:, extending from (0, —5; 
to (5, 0) and from ( 5, 0) to (0, 5), re^^pcctn ely. Then y = —\/2o — x- 
along Cl and y = •\/25 — x- along Cz. Hence 




25r 


Observe that the limits in the integrals correspond to the direction of motion 



along Cl and C; 

Example 3. E^ aluate y dx along the line x = 0. 

The line segment from (0, —5) to (0. 5) has a pro- 
jection on the x-a\is of length 0 (i,e , dx = 0), and the 
value of the given integral is 0 However, if vc try to 
evaluate the gnen integral by the method of Example 
2, \\c find that ve cannot express y as a function of x 
along the path of integration. This example illu'^trates 
the common situation m vhich Sj /vC) dx cannot be 
represented as in (10) 


In Definition 15.1 let SJ be the time required for P to pass over 
the interx’al /, If A,s ex’erjnvhere replaced by A^f, we are led 
to the quantity 


rk 

S^/(^> V’ 2) y^fiP,) s,t. 


If the equations of C are 

X = p(0, 


y = 9 ( 0 , 


2 = r(0, 


( 12 ) 



(Sfic. 15] 
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y> 2 ) 

Formula (11) may be modified so as to define a Stieltjes integral. 
Let u be a parameter along C and let <p{u) be a function defined for 
Ua ^ 11 ^ 11b- If «.-i and are the values of ?/ at the end points 
of li, if Aitp = <p(n{) — <p(^ii-i), and if in Definition 15.1, A,s is 
everywhere replaced by A,y>, then we are led to the quantity 

nit 

m d<p{u) = lim Xm) Ai<p (14) 

" fc— > 00 7^ 

1 = 1 

which is called the Stieltjes integral of / with respect to (p along C. 
This integral has manj’' applications in modern mathematics, and 
is of particular interest when tp is discontinuous so that the 
differential does not exist. 

All of the integrals discussed above are referred to generally as 
line integrals. 

EXERCISES XI 


1. Using (1), find approximate values of the following integrals. Choose 
the points Px so as to obtain upper and lower hojinds of the values of these 
integrals as in Example 1. Use only a small number of intervals, say 3, 4, 
or 5. Also, evaluate the integrals directb’’ b}^ (7), (10), or the like. 

(a) Sl\l (x- -b 2y) de, SJ.'J (x- -b 2y) dx, and Sl\l (x- + 2y) dij along the 
line y = :r “b 1. 

(b) So;S (a*- — xy) ds and So;® — xy) dx -b + xy) dij along the short 
arc of the circle x- + y- = 25. 

Q9.18 y y2 1 

^ 0,0 ^ 0,0 

9j/5 = ix\ 


(d) (x + 1 /Z-) ds and {x + jjz-) dx + xys dy along the line 

X = 2y = —z. 

-cl S'’"" 

^0,1,0 -b 1 ^04.0 


1/2 


x2 + 1 


dx -b dz along the 


x^ + 1 


curve y = X- -b 1, 2 = xV3. 


2 V 2 


along the curve 


X = t - 3, y = ^ ^ 2 ^" where A is at / =0 and B is at / =4. 


(g) Sf log (x2 + y2 + Z-) ds and Si log (x- + + z-) dx along the helix 

X = a cos 0, y = a sin 0, 2 = aO, where A is at 0 =0 and B is at 0 = tt. 

2. Evaluate the following integrals: 

(a) S{;ii y dx along the curve x = 'y“* (Two ways.) 

(h) xy dx along the hjT)erbola — y- - 9. (Two ways.) 
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(c) ST;{ z C7 xilcrig Iho ctin'c y = vzi z. 

(d) z'A dy, '^rbcrc C 1= tbo circle r’ -f = 3- ttLctc llie sribsrrfpt 
C iiidicstcs tbet the ir.ttzr::!! Is to be tnkcs rJl the tray troticd the curve C 
in the cotintercloekTrise direction. [5:nrt nt the point (0. 1) nnd br&aknp 
C into t^ro p!^n=.] 

fe) Sc (2r* — dr, vrhere C i? the closed noth condrtin^ o: the lints 
y ^ 0. z — 1, nnd y — r. 


n trhtrt C {5 the confi'trnn of the 


linr-- 


r = -io. y = szo. 

“h y) dr r- rdy vh^^n C l-^ the enrre y = 2r — r* nr.d sIsj 
tTben (Tii the lint? y = 0. 

(h; Sc ^ yi dz z dynrryund vorioii'- cirrcs, ’^•'hy i- th-e resnlt 

always 0? 

Sc — y; cr -r r* dy v.-h<‘n: ;I; C i- the ellipse 2<hr= 9:A - 144- 

(2) C con-'hr'= of the pnmt'olo y = z* nnd the line y 2, :3> C 15 the 

square ^rlth .tide? on the line? y — 0, y = 3. r 0. r = 3. /4;' C i? the 

closed ctirvfc con?L^t:iin of the line r — 1 nnd the curve y^ = rh ^5) C is 
the CiO'-ed curiX' eonsistinn of y = r nnd r = yh 

♦r- d- y*'’ dr — r dy -y zy dz nlenjr the curve r* = y = i,r. 

(Irj Sc - dr — ifr r) dy dz ^^hen: C := the curve o: intersection 

of r ~ r* -r y* and r “ 1. ^2< C is the curre of inter-ertioti cf r — r* d" y* 

and r -f r == I. 'Z' C i- the curve y — r — i, z = r* frem ^1, 2. J) to 
( — 1. 0. i {4) C if th'-xurve of inter-erncn of r* — r-nnd — r* = 1- 
'1, Scr dr “h 2vdv - (f- n round various clc‘s^“‘d curves in *xjfncc. Vt' nv 

the result nlvmys 0? 

3. With rtdcrvcice to F:;n 76. shovr tlmt Sj/'P|dr represents the ares 
A RR*A^, and tnnt S^fiZ^ dr and S"^ f^z, *?} d''*' renre*^ont the ar-ns of tie 
proj‘'-ct:ons of the frrurc- ARD’AA ut^ori the rr- and rr-nlnne^- r-*^i>ectivelv 
fcf. the prooi of h5 in S-^- 13h 

4, ShovT tint 

3^/.'P)cfr = s-';cci<ir = 

vrnere cc. 7- are the direction snuies of the path C of intenmtion at anv point 
d> ~ ^ 

5:-“\ 


on Cf znd ’.vhere sec cr = -p — a [3 


(iy-(gr* 


of C nre in the form y = c'rh r — nz . se-c d nnd se:: 7 l-:lr:n expressed 
in a similar manner. Also, sbovr that Sy /tP; co- a d? - S^/fPi dr, etc. 
Evaluate Sh^ ry d^ alonn the curre y - Sr, r = r-. 
o. Deine the snunhol d<r^v). When does 


§ //i;) dfz'u) — ^ /(t/^ dc 


fI5'f 


Emlxiste S^f(u)d^'7ji vrhen //«/ = e* and <r is given by the formulas 
v-fu) = -3 -ben 0 g t; < 1 and clut - ou trhen I Sv i 2, Can this 
integral be evahiuted by (15)? Ar^, 5f- d~ S', 
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16. Applications of Line Integrals. In tins section we shall 
give a few typical applications of line integrals. 

TForfc. Let (7 be a curve in space with arc length s along which 
a point particle is moving, and let a, /3, y be the 
direction angles of C at any point on C. Suppose 
that at each point P on C this particle is acted on 
by a force of magnitude F(P) along the line with 
direction angles ap, Pf, Jp (which vary wth P) . Let 
0 be the angle between the direction of the force and the direction 
of C at any point P. Then the component of the force in the 
direction of C is P(P) cos 6, and it may be sho-^m (as in Example 4. 
of Sec. 14) that the work done on the particle by the force in 
going from A to B is 

W = 3^ P(P) cos 0 ds. (1) 

To evaluate this integral let us represent the x, y, and s-com- 
ponents of F by X(x, y, z), Y{x, y, z), and Z{x, y, z). Then 

P(P) cos ap = X{x, y, z), P(P) cos Sp = Y(x, y, z), . 

P(P) cos Tr = Z(x, y, z). 

If in (1) we write 

cos d = cos ap cos a 4- cos Sf cos /S + cos yp cos y 

= COS OCf~3 T COS Pj?' 5 1“ COS 'Vp-rp- 

as as as 

(see Chap. I, Ex. XIX, 37), it follows by (2) that 

+ Jx 

and hence that 

^ y, z) dx + Y{x, y, z) dy -f Z{x, y, z) dz, (3) 

where x, y, and z are determined as functions of each other by 
the equations of the path of the moving particle. We leave it 
to the student to state the requisite hypotheses and restrictions 
in order that this result may be valid. It follows from Ex. VIII, 
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14, that W is independent of the path C, joining A and B when 
and only when X dx + Y dy + Z dz is exact. If C lies in the 
T7/-plane, then cos 7 = 0, X and Y may 1)C represented along C 
as functions of x and ?/ alone, and tlie work done is 

Tr = Y‘- Xix, y) (lx + Y{x, y) dy, (3') 
1 10. /9. ijfjjjjg independent of the path when and onl}^ when 
Xdx+ Ydy 





is exact. 

It is often advantageous to write (1) in vector notation. 

Definition IG.l . //F and G arc iivo vectors of Icijgths F and G, 
(hen (he symbol F • G, called (he scalar 'product of F and G, is 
defined by (he formula 

p ‘ G = FG co.s 0 = length 0/ F X length of G X cos (4) 
lohcrc 0 is (he angle bctiecen F and G (Fig. 79), 

In constructing the integral (1), we take the limit of the sum 


Sf, = F(Pi) cos Oi Ais + F(P 2 ) cos O 2 A^s -}-••• 

+ COS AnS. (5) 

Let A,r be the vector joining the end-points of the interval /,*, 
let F, be the vector representing the actual force acting at Pi, 
and using the same intervals 7, and jjoints 
Pj as in (5), lot us form the sum 

Sk = Fi * Alt "f* Fj ‘ A;r -["**■ 

4- Fn^ • A.^r. (6) 

If 0[ is the angle between F, and A,r, then 
by (4) so. 



F, ‘ A,r = 7" (Pd cos e[{Aic). (7) 

where AiC is the length of A»r. Suppose F and C to be such that, 
for any positive number e, we can take all the intervals AiS 
sufficiently small that* 


* It is insufficient to assume merely that Hm — = 1 at each point 

Aia-»oA,s cos Ot 

Px. To illustrate this point, let y - \/x. so that dy — —{l/z-)Ax. 
Although lim Ay^dy = 1 when Ay and dy are computed from any fixed point 

X = xcy yet Ay fdy becomes infinite when computed with the values x - I /2", 
Ax — (1/2'"*) *- (1/2") (n = 1, 2, • • • ) even though Ax — > 0. IMthout 
condition (8) uc might be able to choose Pi (for example) for successive 
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, ^ (A.c) cos e;. ^ , , , 

1 ~ € < 77 — 7 7- < I -i- € 

(AtS) cos 6^ 


( 8 ) 


for every value of i from 1 to ni and for every position of P,-in /.•. 
Then 

(1 - 6)& <&<(!+ e)S,, (9) 


and as e can be taken arbitrarily small, (5) and (6) have the same 
limit as fc — > = 0 . If ve denote the limit of (6) by S^F • dr, then 


W = ¥ • dr — P(P) cos 6 ds 

= X dx + Y dy + ^ dz. 


( 10 ) 


Fluid Flow. Suppose a liquid of unit depth is flowing over 
the horizontal xy-plane in such a manner that the vector velocity 
V of the liquid is everywhere horizontal and independent of the 
depth of the point at -which it is meas- 
ured. Let C be an arbitrary curve in the 
xy-plane, let A and B be two points on C, 
and let S be the cylindric sui-face through 
C with elements parallel to the z-axis. W e 
wish to compute the volume Q of liquid 
flowing per unit of time across the arc AB 
(i.e., through S between the ordinates at 
A and B). We shall give here only an 
intuitive derivation of Q, and shall post- 
pone to Sec. 20 the rigorous derivation 
of Q. The region occupied by the liquid flowing across a 
short interval of arc As during a sufficiently short interval of 
time At is a cylinder of unit height whose base KLL'K' (see Fig. 
81) is approximately a parallelogram* with edges of lengths 
As and V • At (approximately, V var 3 'ing along the path of flow 
and perhaps also varying with the time at each point). Hence 
the volume R of this region is approximately 
P = (F • At) (As) sin d (1), 



values of k so that the ratio of the first terms in (5) and (6) behaved in tliis 
same manner. It will be seen in Part C that (8) involves the idea of uniform 
continuity. 

* Can this be said of the liquid flowing across the interval LM, or across 
the last interval NB, however small As and At may be? [See Chap. I, Ex. II, 
1(e), (f), for other possible illustrations of the curve A'K'L'M' • • • .] 
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where 0 is the angle between V and the direction of C. The 
volume of flow per unit of time across As is then R/At = V sin 0 As 
approximately, and an approximate value of the total flow Q is 

n 

^ Vi sin Oi AiS. AVo shall show in Sec. 20 that 

1 ■■ 1 

Q = 3^ V sin Ods. (11) 

To evaluate this integral let us represent the x- and y-com- 
ponents of V by Fx(x, y) and l'y(x, ?/). Then, « and being the 
inclinations of C and V to the x-axis (sec Fig. 82). 

V cos P = y), V sin p = F„(x. ?/). 

and 

ain 0 = sin P cos a — cos P sin a = sin — cos p^f (12) 

as as 

so thaF^ 

Q = V,(r, 2/)^ ds - J\(T, 2 /)g ds. (13) 

Hence 

0 = ff !/) dx - V:,{x. y) dy. (14) 

where x and y are determined as functions of each other by the 
yy equation of C, Q being independent of the 

y/.o cun^e C joining A and B when and onl}' 
when Vydx — V^dy is exact (see Theorem 
C/R 12.4). 

It should be observed that (1) and (11) 

have not only the phy.sical interpretations 
alread}'' given them, but ina}" be used to 
represent the “total amount” of any vector quantity along 
or across a cun^e C. Thus, (13) represents the total magnetic 
flux across C when V represents the flux density in direction and 
magnitude. Again, (1) represents the “circulation” of a fluid 
along C when F is the vector velocity of the fluid and C is a closed 
curve. It should also be obsen^ed in (11) that Q is regarded as 

* Throughout this book it must be remembered that we are quoting 
> Theorem 13.1 every time we change from Sj to /J. 
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negative when 6 is negative; hoivci^er, the sign of 6 is immaterial 
in (1). 

Thermodynamics. It will be shovTi in Ex. XVI, 4, that, if p 
and V are the unit pressure and Amlume of a certain quantity of 
gas, the (external) W'ork done by the gas when expanding in a 
container of arbitrarj’" shape is* 

W ~ S' P dv (15) 

when p is expressed as a function of v alone. If p varies with 
V as indicated in Fig. 83, then W is represented by the shaded 



Fig. 83. Fig. 84. 

area. However, if p is represent!; \as a function of v and the 
temperature T, i.e., p — p(a, !r))*>'^en the integral in (15) is 
meaningless until T has been determined as a function of v. 
Suppose T is given by the relation T = <p{v) whose graph C is 
shown in Fig. 84. Then successive points on C represent the 
successive states of the gas as v varies from to a 2 . It follows 
by (15) that 

W ^^y{v,T)dv (16) 

represents the (external) work done by the gas when the function 
p is evaluated along C. 

It is sometimes the case that we may represent the internal 
energy U of the gas as a function of v and T, i.e., U = 17 (a, T). 
This being the case, we may write 



where /c is a constant, when v and T are related by the equation 
T — Hence the change in V in going from state 

- (t^i, Ti) 

* We assume throughout that all the requisite conditions of thermody- 
namic equilibrium are satisfied. 
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to state Si — {vi, T *) is 




Since the total heat Q that must be added to the gas in going 
from <Si to Si is the gain in U plus the e.xtemal work done, it 
follows by (IG) and (17) that 

Since dp/dT ^ 0, the integral (IS) i? not exact, and Q and W 
depend upon the path C, i.e., upon the succession of states through 
which the gas passes in going from Si to 5:. If we define the 
change in entropy of the gas in going from Si to S 2 by the formula 

then E is independent of thp path C if and onh- if 


independent oi tuo 

1 d-U if d-K 


TdvdT " TldTdv 


► , ap 1 1 r^b', 

kA apj 7-:[5y • Pj’ 


i.e., when 


If the gas is such that 


dU ^ 
P - -37 ^ 0- 


where i? is a constant, then p = RTIx\ dpldT = R/i\ and the 
y left member of (20) reduces to merely 

E —dU/dv. But dU/dv s 0 if and onlj' if 

independent of r. Hence we have 
/o ^ the following result: The change E in the 

j entropy of a gas due to the change from 

j state Si to state S 2 independent of the 

^ ^ ^ ^ manner in which this change of state taJxs 

g. place when and only when the internal 

energy U is independent of t\ It is found 
experimentally that condition (21) and this latter condition are 
often met (at least approximateh*). 

Areas. Suppose an area K in the ary-plane is such that the 
upper and low^er parts of its boundar}" C may be represented by 
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the equations ~ yi = fi(,x) as indicated in Fig. 85, 

and also that the right and left parts of its boundar}’’ may be 
represented bj^ the equations Xz = g2(y) and Xi = gi(y). It is 
evident that 

K = dx — yi dx = — yidx yz dx j 

= - fed dx, ( 22 ) 

where in the last mtegral y = ?/i along ADB and y = y2 along 
BE A, and where the subscript C has the significance indicated 
in Ex. XI, 2d. Likewise, 

^ - fj dy = L .- 1:2 dy + ff ^idy = J^x dy, (23) 


where in the last integral x — xo along DBE and x ^ Xi along 
EAD. If we add (22) and (23), we find that 

K = xdy ~ y dx. (24) 

EXERCISES Xll 


1. If the components of a force F are X — y — Zj Y = x + z, Z = y — Xj 
find the v*ork done in going from (0, 0, 0) to (1, 2, 3). Does the result 
depend on the path chosen? 

2. If the components of a force F are X — Y — yzj Z = x’^ ^ 
find the work done in going from (1, 2, 1) to (3, 4, 9) along the path 
y = X 1, z = x^. Does the result depend upon the path chosen? 

3. If the components of a force F are X — y^j Y — x\ find the work done 
in going once around the circle x- y^ — 1. 

4. According to Newton’s laws, the motion of a body is determined by 
the equations 


d^x „ 
m— - = X. 
dt^ 


d^y 

m— = Yj 

dt^ 


d-z 


where X, Y, and Z are the rectangular components of the force F acting on 
the body. Multiply these equations respectively by dxjdt, dyfdt^ dz/dt and 
integrate from to to ti to show that the gain in kinetic energy of the body 
is equal to the work done on it by F. 

5. Fluid of unit depth is flowing over the a: 2 /-plane. Find the rate of 
flow over the curve y = x- from rc = — 1 to a; = 2 if F,; = — t/2 and 
Vy = xy. 

6. Fluid of unit depth is flowing over the xy-plane. Find the rate of flow 

over the circle x^ + y^ = 1 ^ y - x^ and Vy “ 2xy - x. 

7. Find the rate of flow of fluid of unit depth across the path x = 
y — 2u + 1 from w = 0 to rt = 2 when Vx = xy^ Vy — l/{x + y). 
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the 55 TnboI J/(t, y, z) dA is meaningless; however, Sr. Sir, y. z) dA 
ma}’' be evaluated by methods to be given below. 

Definition 17.1 may be varied in many ways as was Definition 
15.1. For example, if is the area of the projection on the 
Ty-plane of the region i?,-, and if in Definition 17.1 A»A is 
cvcrjnvbere replaced by then we arrive at the quantitj’ 

SrJiP) dA\ The quantities Sa/(F) dA" and SrSiP) dA'" 
may be simiiarl 3 - obtained, where " and indicate projection 
on the Tz- and yr-planes. Even though SrjiP) dA and each 
of these latter integrals involves onh'^ a single limit, they* are all 
referred to as double or surface integrals inasmuch as the Integra- 

tion is over a two-dimensional 







s|r 

Jnr-T 




e\f 





i 

-b 



\ 

1 

T 

j i 

T;-: 1 







region. 

We now take up the problem 
of evaluating double integrals and 
we begin vith a vciy simple special 
case. For clarity of notation, we 
shall alwaj's denote regions and 
areas in the ry-plane b}* iv' and A', 
regions and areas in the r-c-plane 
In* E'" and A", and regions and 
areas in the yc-plane hy iv'" and 


I i 


Fig. SS. 




6 s 


Thfokiim 17.1. L-ci K' be the 
port ion of the xy-pjanc hounded by 
the curves 2 : = a, j* — 5. y = c, and 
y = ^(x), where a < 5, where c ^ for values of x in the infcrval 
0 ^ ar ^ h, and where is continuous and single-valued. Iff{x, y) 
is defined^ siimmahle, and continuous ot'cr K\ them 


SyJi^, y) y) Sydi^ 

Subdmde the region K* into m strips by the lines 2 = a, 
X == xi, X = X*, • • - . X = and x == 5, where 


a < xi < • - • < < 6. 

Let AjX = Xi — 'Ey Theorem 13.2, there exists a value 
xh of X, ^2 < Xi < Xi, such that the area of the fth strip is 
— c] AiX. Subdivide the interval c ^ y S along 

the line z ^ Xi into n, subintervals hairing c, yi, y*. • • • , y« _i. 
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i{xi) as successive end points with the restriction that 
is not to be greater than the smallest value of ^ in the fth strip. 
Draw the lines AB, • • • , iSr as in Fig. 88. Let A,-y = y,- — yj-i. 
By Theorems 13.2 and 13.1, wherein J{x) is to be taken as the 
continuous function of y denoted by/(.Ti, y), there exists a value 
yj of y, yj-i < y, < yi, such that 

J{xi, y,) Ajy = P' f{Xi, y) dy. ( 5 ) 

JVi-i 

Let us now construct the sum (1) taking as the regions jB; the 
small figures • • ■ , CDEF, • • • , into which K' has been 
dixdded, and taking as the points Pi the various points {xi, yi). 
Because of the manner in which xi was determined, the area of 
the region ‘iSTFC/ is A.-a: A„^. Hence the sum (1) may be written 
in the form 


^ yj) Ajy 


t=iLi=i 


AiX 


yi) A,*y Ais^ “f“ * ■ ‘ -f" ^^f(,Xmi yi) A;*y AfnXj (6) 


1=1 


3 = 1 


where each term in the right member represents the sum of all 
the terms f{x, y) AA' for one vertical strip, and where the outer 
summation in the left member represents the addition of totals 
for all the strips. By (5) we may write the fth term of the right 
member of (6) in the form 


" ni 

yi) Ajy 

J=: 1 

AiX = 

1 

® W."; 

1 


"1 

f(.Xi, y) ay] A 


and (6) may be written as 


711 

X y) dyl AiX. (7) 

i = 1 L J = 1 ‘ 


It is evident that all of the quantities and Aj-j/ may be taken 
arbitrarily small except for the quantities An.y, i.e., the last 
interval of each strip. (Recall the restriction on How- 
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the same with reference to both /?,* and i?,-; moreover, if z») 

i? a point in /?»*, then fc. pi) is in and by (12), 

f(xt% 7ji, c.) XA' == flxi. pij r{xi, pi)] XA\ 
so that (13) follows at once. But by (10), 

V’ 

Hence, b}" (13) and (14), 

y- ( 15 ) 

where in the right member c = r(z, ?/), and where i^(x) and ^(x) 
represent the boundan" of the projection IC of iC on the xy-plane. 
K the region K' is such that (11) holds, then 

S^/(x. y, =} dA' = fix. y. z) dx dy. (16) 

Similar formulas mav be derived for Sr, fix, v, z) dA'' and 
S^/(x, y, z) dA"\ 

It remains to evaluate Si:/(x, y. z) dA. Let M and 11 be two 
planes intersecting in the line I at an angle 6. Then d is also the 




angle between normals to M and H, Let A be the area of a 
region K in 31 , and let Ajr be the area of the projection Kn of 
K upon 77. Then 

An = A cos Of or A — An sec 0, (17) 

This result is e\-ident when TT is a rectangle with two edges 
parallel to 7, for Kn is also a rectangle and (see Fig. 92a) h' = b, 
d' = d cos 6. It be shown that (17) holds for a general 
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region K by approximating K by rectangles in the usual way 
(see Sec. 14 and Fig. 92b). 

In Definition 17.1 let S be represented by (12), and suppose 
that there exists a tangent plane at each point of <S. Let AfAr 
be the area of the projection of R,- upon the tangent plane 
Ti at Pi, the operation of projection being parallel to the 2-axis. 
Suppose S is such that, if e is an arbitrarily small positive number, 
the regions Bi may all be taken sufficiently small that 


1 


- e < 


At’Ar 

AiA 


<! 1 "i" c 


for each value of i. Then [cf. the derivation of (10) in Sec. 16] 
Sj(R) dA = S^J(P) dAr- (18) 


But by (17), 

f(Pi) AiAr = KPi) sec 7.- A.-A', 

where y, is the smaller angle made by a normal upon Ti with 
the 2-axis. Hence 


Sj(P) dAr = Sj(P) sec 7 dA'. (19) 

Since* sec y = Vl -f 2^ -]- 2^, it follows by (18) and (19) that, if 
f(P) = fix, y, z), then 

S^/(F)dA = Sj,/(^)sec7dA' 

= Sk /(x, y, z) Vl+zl + zl dA ', (20) 

where 7 is the smaller direction angle with the 2-axis of any normal 
to K, where 2 = rix, y), and where the last integral may be 
evaluated by (15) or (16). [In the last integral it is immaterial 
whether we write Ki or K' because of (13).] It may be show in a 
similar manner that 


dA = S^/(-P) sec p dA" = S^fiP) secadA"', (21) 

where a and /3 are the smaller direction angles with the x- and 
y-axes of any normal to K. If in (20) and (21) we take /(P) s 1 
and let A denote the area of K, thenf 


* The student should verify this. See Chap. VII, Ex. II, 1, 2. 
t For a further discussion of surface area, see Sec. 15, Chap. VI. 
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A = 3^, (lA = J sec 7 dy dz = J sec i5 62 clx 

= ® (210 

If in (20) v:c ’v\Tite g(P) = f{F) sec 7, then f(P) = (7(P) cos 7, 
and (20) assumes tlje form 

S,, 0(P) cos ydA^ S;: 5 (^) '■ (22) 

Formulas (21) may be modified in a similar manner. 

We now give a few examples to illustrate the meaning and 
use of surface integrals. 

The moment M of a point mass vi about a line / is tth, where r is 
the distance from in to L If we consider a plane area K as having 
unit mass per unit of area, then the moment AiM of a subregion 
Ri of K about a line I in the plane of K is such that 

r'i -l.-.'l S AiM 5 n A,.-l , 

where and r. are the smallest and largest distances from I to any 
point of Ri. It is seen that the moment Mi of K about I is 

il/i = (23) 

where r is the (directed) distance from Z to the point P of K. In 
particular, if IC lies in the xy-plane, the moments of IC about the 
lines t/ = 7; and x ^ h are 

S^-. (y ~ ^^cl {x - h) dA' 

respcctivelj', these integrals being evaluated by (10) or (11). 
It follow.s in the same way that, the moment of inertia / of a 
point mass m about a line I being r*/«, the moment of inertia Ii 
about I of an area K on an arbitral*}^ surface S is 

(24) 

where r is the distance from I to any point (x, ?/, z) of Ji. In 
particular, the moment of inertia about the x-axis is 

I- = (y= + 

and if K* lies in the xi/-plane, = Sk' !/“ dA\ If r is the distance 
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from the origin 0 to any point {x, y, z), then the moment of 
inertia of R about the origin is 

7o = = S;, (25) 

The integrals in (24) and (25) may be evaluated by (20) or (21). 

We give another example relating to fluid flow. If fluid is 
flowing in such a manner that it has everywhere the same con- 
stant velocity V, then the fluid flowing across (through) a plane 
area A in one unit of time forms a cylinder with base A, slant 
height V, and altitude V cos 6, where B is the inclination of V 
to a normal upon A. The volume of this cylin- 
der, A V cos 6, is numerically the rate of flow of 
fluid across A. Since V cos 6 is the magnitude 
F„ of the component of V normal to A, the rate 
of flow of fluid across A is AVn- Now suppose 
fluid is flowing in an arbitrary manner across a 
region X of a surface S. Let the velocity of the 
fluid at any point be represented by the vector V, and let 0 be the 
angle between V and the normal to K at any point P of K. 
Then (see Sec. 20) the rate of flow of fluid across K is 

Q^Sj.V^osBdA^Sj.V’^dA, (26) 

where V is the magnitude of V, and V„ is the component of V 
normal to K at any point P of K. (This may be seen intuitively 
by breaking up K into small regions AA.) It is seen that the 
sign of cos 6, and hence the sign of Q, depends upon the choice of 6 
as between the two angles from V to the normal. To settle this 
question of sign it is customary to erect a unit vector n, called the 
unit normal, along the normal to K at each point P of JC; 0 is 
then the angle between V and n. The vector n may be taken in 
either direction along the normal at P, and the effect of introduc- 
ing n is essentially that of determining a “positive” and “nega- 
tive” side of R. If we define the vector A,-Ar to be a vector in 
the direction of n and of length A.-Ar [see paragraph below (17)] 
then by (18) and Definition 16.1, we may write (26) in the form 

Q = S^.V-dA. (27) 

Formulas (26) and (27) may evidently be used in connection 
with any quantity whose value and direction at any point P may 
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be represented by a vector V ; the set of all vectors V correspond- 
ing to the points P of our space is called a vector field, and (26) 
and (27) give the flux of this field across K. Thus, if V represents 
the direction and intensity of a magnetic field, then (26) and 
(27) represent the total magnetic flux acro'^^s K. 

In order that (27) be meaningful, it has been assumed that n 
varies continuously" from point to point over the surface S 




without, for example, sudden cliangos in sign or direction. It 
is not always possible to determine n in this manner even though 
S lias a tangent plane at each point. Thus, consider the Moebius 
strip formed by" a long narrow piece of paper one end of which is 
gi\'cn a half tuist before the two ends are 
brought together. In going once around the 
strip and returning to the starting point, the 
vector n must experience a discontinuous 
change of direction. Again, if a surface is 
creased (like a cusp), it may" be necessary to 
deform the surface slightly by- rounding off the 
crease before n may" be evcry"^vhcre continu- 
ous. Wc say that a surface S is orieniablc 
if (after any" necessary- ‘\riight'' deformation) it is possible 
to construct a vector n at each point of S so that n is continu- 
ous at every point of S. We shall assume throughout this discus- 
sion that we deal only- with orientable surfaces. 

If S is a closed surface (e.g., a sphere), and if V is a vector field 
across S (e.g., a magnetic field), then by- properly- choosing n at 
each point of S (e.g,, in the “outward” direction), the sign of 
V • dA determines whether Q is inward or oiiiicard at any- point 
P of S, and (27) represents the net flow across S, that is, the net 
flow out of, or into, the region bounded by- S (sec Fig. 96). 

The process of orienting a surface has other applications. For 
example, 


y = t/sfe y) - Mx, y)] dA' 


(28) 
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represents the volume of the region R bounded by the surfaces 
Ki and K 2 with equations z = fi{x, y) and z = f^ix, y), where K' 
is the projection of R on the .-cy-plane. By (22), 

V = y dA - 

By taking n “outward,” so that cos 7 is positive over and 
negative over If 1 , we may write 

F = z cos 7 dAy (30) 

where S is the enth-e surface of R and where 
z is determined as in (29). Formula (30) can 
be extended to more complicated regions. 

With these conventions in mind it is 
possible to express (26) and (27) in a form 
more convenient for computational purposes. Pig- 97. 

Let a, /3, 7 be the direction angles of n, let ay, /3r, 7 r be the direc- 
tion angles of V, and let X, Y, and Z be the components of V 
parallel to the axes. Then, as indicated in (22) and (15), 

Q = 3^ F cos 0 dA 

= 3^ ^ “r COS a -b cos cos /3 + cos yy cos 7 ) dA 
= 3jj; <^os a -f F cos p + Z cos 7 ) dA (31) 

- S^,,. (± A') <*4'" + s,.,. (±10 + S/ (±Z) iA' (32) 

(iZ) dy dx, (33) 

where in each double sign we take the sign of cos a, cos / 3 ; and 
cos 7 , respectively, as determined at the point where X, Y, Z are 
evaluated. If x, y, or z is multiple-valued on K, then the first, 
second, or third integrals in (32) and (33) must be broken up 
into parts as in (29) and (28). In particular, if if is a convex 
closed surface, and if n is the “outward ” normal, the last integral 
in (33) is evaluated by integrating -t-Z over the upper part of K, 
integrating -Z over the lower part of K, and adding the results; 
the other integrals in (33) are evaluated similarly by using -]- over 
the right or front part of K and - over the left or back part of K. 
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It should be observed that (31) to (33) are general formulas for 
any integral Sa- F cos 0 dA, where V is any vector with rectangu- 
lar components X, Y, Z. 

We leave it to the student to write out in complete detail the 

definition of a volume or triple 
integral: 



= lim ^/(n, Vi, Zi) AcT', 


m 


Fig. 9S. 

obtained by changing the order of integrations; 


whore Risn region in space. We 
^ also leave it to him to prove the 
following formula, where ri, 
a, and h have the significance 
indicated in Fig. OS, and to give 
five other forms of this formula 


S„ / (^, y, dv = £ fix, y, =) dz ay dx. (35) 


EXERCISES Xin 

1. Find Ay Mx, /*, /?, and /o for the arcaw bounded by: 

(a) -f !/* « 

(b) y — y — Also find I about 1 / = 1, 

(c) = 4 — j/, a:* = 1 — T/. Also find I about x = 1. 

(d) One arch of the cycloid x = a(0 — sin <?), y = a(l *- cos 0)y and 
y = 0, 

(c) The coordinates x and y of the center of gravity of an area in the 
xj/-plane are defined by the relations 

/lx ” SI Ay ~ j. 

Find the center of gra^^fy of the areas in parts (c), and (dj. 

2. Find /I, Ix, lyj It* and /c for the following surfaces: 

(a) x/a -b y/h + z/c == 1 and in the first octant. 

(b) r == X* cut off by y A- z =' 1 and i/ = 0. 

(c) z = X- + 2^“ below z — 1, 

3. Let S be the surface of revolution obtained by rotating the cun'c 
y = /(x) about the line y — k. Derive the formula 

A = p2»-(!/ - k)Vt + iD,yr-dx, (36) 

ja , 

using tangent cones instead of tangent planes. Also, derive (36) directly 
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from (21). [Note (11) of Sec. 19.] Find the areas of the surfaces obtained 
by rotating the following curves in the manner indicated: 

(a) -f- j/2 - a- about y = 0. 

(b) y = sin x from x = 0 to x = tt about y = 2. 

(c) from x = 0 to x = 1 about x — 1. 

(d) One arch of the cycloid x = a{0 - sin 6), y = c(l — cos 6) about 
y = 0. 

4. Evaluate the integral (31) in the following cases, n being the outward 
normal: 

(a) X = x-y\ Y - xZj Z == y- — z", K is the entire sphere 

, X- + y- + 2 ^ = a-. 

(b) Z = X — y, 7 = y2 4- 2 ^ 2 = 1, K is the entire cube of edge 2a 

with center at (0, 0, 0) and with faces parallel to the coordinate planes. 

(c) X = r == Z = x= + y2 — K is the entire cylindric surface 
X® + y’ = a-, 2 = 0, 2 = 1, including its bases. 

(d) Z = X, F = xy, Z = xy 2 , K is the surface of the region bo\inded by 
-j = -f y- and 2 = 1. 

5. Find the volume F, the moments Mn, Myz about the coordinate 
planes, and the moments of inertia lx. It,, /r, lo of the solids bounded by: 

(a) x- 4“ y^ + above 2 = 0 . 

(b) x^ 4- y" = 1 — z above 2 = 0 , 

(c) 2 = 1 — x=, 2 = 0, y = 0, X 4- !/ = 1. 

(d) x^ 4“ 2“ = a-, y- 4- 2 ^ = a% 

(e) 2 = x2 4- y2, 2 = y2, 2 = 1 - y2, 2 = 0. 

(f) The coordinates x, y, z of the center of gravity of a solid are defined by 
the relations 

Fx = Fy = il/„, F 2 = 

Find the centers of gravity of the above solids. 

6. Give in complete detail the definition in (34). 

7. Prove (35). 

8. Prove the following theoreviB of Pappns: 

(a) If a plane area be rotated about a line I in the plane of A and 
not cutting A, the volume of the solid generated is equal to the product of A 
and the distance traveled by the center of grav- 
ity of A. 

(b) If a plane curve C be rotated about a line 
I in the plane of C and not cutting (7, the area of 
the surface generated is equal to the product of 
the length of C and the distance traveled by the 
center of gravity of C. 

18, Green’s Theorem. There exist 
many close relations among line, surface, 
and volume integrals, and in this section we 
shall develop a few of these relations. Let be a region in the 
xy-plane of the sort described in Theorem 17.2. (In this section 
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we shall drop our convention regarding the use of primes.) Let 
M(Xy y)j nIxj ?/), Myj and Nx be defined and continuous over 
K, By (10) of Sec. 17, we have, in the notation of Theorem 
17.2, 



“ nr ^ " I { } * 




M[Xj \^(x)] dx 


-X 


M[Xj s^Cx)] dx 


— “11^ il/[x, ^(x)] dx + J M[x, s 2 >(x)] ffx| 
= M{x, y) dx, 


( 1 ) 


where C denotes the boundary’' of K, where y = ^(x) along the 
lower part of C and y = \^(x) along the upper part of C, and where 
the point (x, y) traces out C in the 'positive (counterclockwise) 
direction. It follows in tiic same manner that 


s.. 


?/) 

dx 


■ X xr f - ri 


X 


iY(x, y) dy, 


( 2 ) 


where x = cr(y) along the left part of C and x = T(y) along the 
right part. If we subtract (2) from (1), we obtain 

TnnoREM 18.1 (Greads Theorem). If K is the region described 
in Theorem 17.2, and if M, N, M,j, and Nx arc defined and con- 
tinuous over K {including the boundary C),thcn 

+ ATx, y) dy, (3) 

where C is traced out by the point (x, y) in the 
^ positive direction. 

Green's theorem is valid for much more 
general regions than is indicated in the preceding statement of 
it. For example, let K be the region shown in Fig. 100, and let 
K be broken up into a finite number of parts /Co, • • • of the 
sort indicated in the theorem. Then the theorem holds for each 
part- But in computing the line integral along the boundaries C\ 
and Cl of Ki and /Co, the integral along the common partPQ of 


ly Q 
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these boundaries cancels out because PQ is traced in opposite 
directions in the two cases. Hence 

Sk +k. ^ ~fy 

where y is merely the (exterior) boundary of the combined region 
This process may be extended to the remaining parts 
of K to show that (3) holds for the entire region /t. We leave 
it to the student to develop for himself as general a statement as 
possible of Green’s theorem, and, in particular, to consider the 
case where K consists of several disconnected parts as indicated 
by the shading in Fig. 101 (a). [To determine the direction in 




which the various parts of the boundary must be traced out, 
connect the various parts of the boundary as indicated in Fig. 
101 (b), where the connecting lines are regarded as coincident so 
that the integrals along them have the sum zero.] In the applica- 
tions we shall make of Green’s theorem we shall always explicitly 
assume that K denotes a region for which Green’s theorem is 
valid. 

Green’s theorem enables us to compute a double integral by a 
line integral, or conversely, to compute a line integral by a double 
integral. 

Example 1. Evaluate / c (Sx^ — y-) dx — 2xy dy, where C is the entire 
circle a:“ + = 1. 

Solution. By (3), the given integral is equal to 

+ 2y) dA = 0. 

It must be emphasized that this method for evaluating a line integral is 
available only when (7 is a closed cuiwe, as otherudse C does not bound a 
region K. 

Example 2. E^'aluate Sk {2y - 6x) dA = (‘2y - 6x) dydx, 

where K is bounded by the circle x’' + — 4 
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Solution, Let = 2y, Then we can tal:o .V *= 2/* -f Again, 
Nx - Cx, and N = 3(z- -f y*). By (3), the given integral is equal to 

(i’ + v') <1^ + 3 ( 3 :’ + >'■) dy = - 'j dx + 12 dy = 0, 
where C is the boundary of K. 

Example 3, By Green’s tlicorern, -~\!cy dx — x dy — Bn (1) dA — A, 
This result is consistent vnth (21) of See. 10. 

We list a few corollaries of Greenes theorem: 

ConoLU\nv IS.ll. If y) ^ A^(x, t/), and if C is any 

closed curve in the xy -plane such that Af, Nj Afy, and Nr ure defined 
and continuous over the region K hounded by C, then 

f jM dx + N dy = 0. 

Since M.j ^ iY-, the left member of (3) is 0, and the corollary' 
is immediate. This corollary is illustrated by’ E.xamplc 1 above. 


Example 4. If C K the entire circle x- -f- — 1, it follows by direct 

computation that 


-y 


JC -f T/’ 


dx 


X* -f y' 


dy - 2t, 


(4) 


for the differential is exact 




dx 4* 


' dy = tan“^ - -f const., 


ly 


X- 4- p* 

and as the point (x, y) moves pod lively around C once, tan"* (p/x; increases 
in value by 2r. We cannot quote Green’s theorem to conclude that the 
given integral is 0 because .V, iV, M^, and iV, in tliis 
case arc discontinuous at the point (0, 0) within C. 
This example illustrates once again the fact that the 
hypotheses of a theorem must be fully met or the 
theorem cannot be applied in a given ca^^c. It is evi- 
dent that the given integral is 0 for any closed path 
"x C which docs not contain (0, 0). 

Fig. 102. CoROLLARV 18.12. Let A[(x, y) and iV(x, y) 

be givcJi functions^ let A and B be Ixco points in the xy-plancy and lei 
C\ and C^bc any two curves joining A and B such that M, iV, and 

Nr arc defined and continuous over the region K hounded hijy and 
including, Ci and If My ^ N-y then 


n 


f M dx + Ndy = f M dx + N dy. 

•/C'l 


( 5 ) 
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Let C denote the. closed curve from A around to A consisting 
of Cl and C 2 . By Corollary 18.11, 

Q = dx + N dy 

= M dx + N dy — M dx + N dy, (6) 

where /c, and /c. are each taken from A to B, the minus sign 
arising from the fact that the paid of fc along Cs is taken from 
B to A. Equation (5) follows at once from (6). 

"While Corollarj>- 18.12 is merely a restatement of Theorem 12.4, 
the preceding proof gives further insight into this important 
result. 


Example 6. Evaluate (3a:= — y-) dx — 2xy dy along the curve 
sin (TTxy/Z) + log (2a: — j/ + 1) =0. 

Soluiion. Since the condition s Ni is met, along with all continuity 
requirements, we may choose any path we please from (0, 0) to (1, 2) 
instead of the given path. If we take the path y = 2x, then the given 
integral equals 

-^’-dx- f\f-dy ^ -3. 


If we choose the path consisting of the line segment h from (0, 0) to (1, 0) 
and the line segment h from (1, 0) to (1, 2), then wc evaluate the given 
integral along h and h separately and add the 
results, where y = 0 and dy — 0 along lu and 
X — 1 and d:r: = 0 along h: 


(/J3x=d.-0)+(0- -3. 


H 

1 

■ 

■ 

M 

m 

■ 


Fig. 103. 


Corollary 18.12 is sometimes misstated 
as follows : Let M, N, My, and A^'^be defined 
and continuous over a region K, and let 
A and B be two points of K. If My = N^, 
then fc M dx A- N dy has the same value along all curves C join- 
ing A and B and lying in K. That this statement is false is seen 
by taking K as the shaded ring shown in Fig. 103. The curves 
Cl and C 2 lie in K, but the integral in Example 4 has the value 
d-!f/2 along Cl and the value — 7r/2 along C5. While M, N, My 
and Ns, are defined and continuous in K, the difficulty is that Ci 
and C 2 bound a region L which does not lie in K"; in particular, 
the point (0, 0) is in L, though not in K. The above statement of 
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Corollar^^ 18.12 is valid if we restrict K to be connected ’* 

in the sense that, if C is any closed curv'c in the region bounded 
by C is in K, 

It follows from Corollary IS. 12 that if lY-, then 

M(x, y) dx + N{x, y) dy, (7) 

being independent of the curv'c C along which it is taken, has 
exactly one value for each point (xo, ^o) when (a, h) is fixed. 
Thus the quantity (7) is a function of the point (xo, i/o). If we 
denote this function by /(x, y), then 

Vo) = Mix, y) dx + Nix, y) dy. (8) 

With this notation in mind we may state 
CoROiiLAKY 18.13. Let M, N, Myj Nz he defined and contbniovs 
over a simyhj connected region K, If ^ jV-, and if /(x, y) 
is the fimdion defined over K by (S), then df/dz M(x, y) and 
df/dy s Nix, y). 

By Definition 16.1 of Chap. I, 


/r(a^ 0 ; yo) = lim 

At— 0 


/(xo + Ax, yo) - fixti, Vo) 


Ax 


lim 


1 


rr 


xa-i-Ar.vj 


Ax— *0 AxL^c^b 


M dx + N dy 


-r 


Mdx + Ndyl (9) 


]■ 


D' 


where by Corollary’' 18.12 we may choose the path of integration 
as we please within iv. Let C\ be any 
t arc in K joining (a, h) with (xo, t/o), 

C^oO'o} tro'+jxj^) ^ straight line y = tjoj and 

I let C be the cur\'e consisting of Ci and 

L Then (9) may be written in the 
Fig. 104. form 


2 ^xc-fAr^vs 

fziTo, yo) = lim ^ Mix, yo) dx + Nix, ijo) dy (10) 

Ax-^O Jxc.ya 

since the path of integration is Z. But dy = 0 along I and 
jiNdy = Q, By Theorem 13.2 there exists a number 0, 
0 < 0 < 1, such that 


^ prs+Ax.j/o 

Mixo + e ■ Ax, yo) — Mix, yo) dx. ( 11 ) 
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■ Since M is continuous, it follows b}’’ (10) and (11) that 
fx(xo, Vo) = lim Mixo + e ■ Ax, ijo) = M(xo, yo)- 

Ax— ^0 

The second part of the theorem is proved in a similar manner. 
As an immediate consequence of Corollary 18.13 we have 
CoEOLLARY 18.14. If M and N meet the conditions of Corollary 
18.13, and if My s N,,, then fM{x, y) dx + N{x, y) dy exists and 
is given by the formula 

J M{x, y) dx + N{x, y) dy = f{x, y) + C, 

where f(xy y) is the f unction given by ( 8 ). 

While Corollary 18.14 is merely a restatement of Theorem 12.2, 
yet the preceding discussion gives further insight into this 
important result. 

EXERCISES XIV 

1. Show that /J;5 — y-) dx + (a:® — 2xy) dy is independent of C. 

Check this result by evaluating this integral along three different paths. 

2. Find fc (x — y) dx around the circle x- + 2/^ = Carry out this 
evaluation by direct substitution and also bj" Green’s theorem. 

3. If Yx = 4x/t^“ + y-) and = ^y/(x- + ?/“), find the rate of flow 
of fluid across 

(a) The unit circle with center at (0, 0). 

(b) Any simple closed cim^e not enclosing (0, 0). 

Account for the fact that Green’s theorem is applicable in one case but not 
the other. Wliat phj’^sical interpretation may be given to explain the differ- 
ence between the two results in (a) and (b)? 

4. Evaluate jc {x- — y-) dx -h (xt/) dy around the figure bounded by 
2 / = 4 ~ X“ and t/ = 0. Use Green’s Theorem and also some other method. 

5. Find the work done on a particle moving along the path y — 1 — x-, 
s = 2x — 3 from (0, 1, —3) to (2, —3, 1) when 

y, z) = xy, r(x, y, z) = 2 , X(a:, y, z) = x - 2 . 

6. Using three different paths, find the work done on a particle in going 
from (0, 0) to Cl, 2) when X{x, y) = x/'k/ F(s, y) = y/\/ x- + y\ 

7. Solve Exs. XII, 3 and 6 by Green’s theorem. 

8. Find the work done on a particle going from (0, 0, 0) to (1, 2, 3) 
when X(x, y, z) — 2x, F(x, y, z) ^ Zj y^ z) = y. Use three different 
paths. 

9. Prove the converse of Corollarj^ 18.11, i.e., that if M, N, My, and Nx are 
defined and continuous over a simply connected region K, and if 

dx + iVdy = 0 

for every closed curve C in X, then My s Nx. 
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Hint: Suppose at some point (zc, 2/0) it were the case that 


My{xt, Ih) — 2 / 0 ) > 0 . 

By continuity, My — > 0 over some region R about (zc, r/o). Thus the 

left member of (3) is not 0 for the region R. 

10. Let /(x, r/) and g{Xj y) have continuous second derivatives. By 

taking M £=/• N ^ — /• [dg/tiz) in (3), show that 

ds, (12) 

and hence that 

S^. (/ A? - P A/) dA = (13) 

where Ag — (d^g/Oz-) -f (5VMV")i ^ denotes arc length along the l)oundar3‘ C 
of the region iv, and dg/dn denotes the directional derivative of g in the 
direction normal to C at any point on C. To what fonn docs (13) reduce 
w'hen ^ 1? To what fonn docs (12) reduce when /(x^ y) ^ g(z, y) and 

AJ - 0? 

11. Show that the area A bounded by the lines 0 = or. 6 = and the 
cur\*e r = }{0) is given by 

A == z dy y dz ^ i r- dt?. 

Hixt: X r cos 0, y r sin 0. 

12. Using both integrals in Ex. II» find the smaller area hounded by 
z* + y^ = 25 and x — 3. 

19. Transformatioii of Double Integrals. In tliLs section 
shall applj" Green's theorem to evaluate a double integral 

S/:/(x, 7 /) dA == J/x/Cx, y) di/dx by introducing a new («, r) 
coordinate sj-stem over the region K, [Cf, (3) in See. 10.] Let 
2/) be such that/(x, p) = d]V(x, 7/)/dT. By (2) of See. 18, 

S^/(^. 2/) dA = ^ = X d) dy, (1) 

where C is ilic boundary’’ of K, Let C be represented by the 
equations 

^ = <p{t). y = \^( 0 , ( 2 ) 

where I varies from fo to as (x, y) goes around C once from some 

point Po. Then 


tf Agf A- StOt A' !vgu) dA - 


tf 

C dn 
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N{x, ?/) dt/ = N{x, 2 /)^ dt. (3) 

Let us introduce a new coordinate system by the relations 

X = p(«, v), y = q{n, v). (4) 

As the point {u, v) moA^es along C, u and v are functions of t, and 

£m., ,/lii = 

= {N{x,y)^_du + N{x,y)^^dv, (5) 


where the last integral is evalu- 
ated by transforming the xy 
equations of C into nv equations 
udth the aid of (2) and (4). By 
Green’s theorem, 

N{x, rj)f^ du + N{x, 2 /)|| dv 


du 


hP 



X 

Fig. 105 


i I 


6 u 


where the limits for the double integrals are given by the uv equa- 
tions of C in the usual manner.* It follows by (1), (3), (5), and 


* To see this more clearly, regard ii nud v as rectangular coordinates in a 
wy-plane. Then the rtv equations of C represent a closed curve Cuv in the 
uy-plane. Since u and v vary in exactty the same manner along C and C«v, 
as do also the values of dy/du, and dy/dv (see Fig. 105), 



N— du + N— dv 
dll dv 



N— du + N— 
du dv 


dVj 


there being no difference whatever between the two integrals except their 
geometric representation. As indicated in (6), 



N^-Mdu+N^-^dv 

du dv 


JLf(: 


dN f dx dy 
dx \5u dv 


dx dy 
dv du 


;) 


dv duj 


(7) 


where Ku, is the region bounded by and where the limits for //k„, 
are determined in the usual way. Since the range of variation of u and v 
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(6) that 


.a 


/fe y) dy dx 


= /I. 




( 8 ) 


where 0(x, 2/)/5 (h, v) denotes the Jacobian of x and y (see Sec. 20 

of Chap. I), and where /(x, y) is 
U u -=ux&du^ expressed as a function of n and v by 
(4). In the preceding proof we leave it 
to the student to state explicitly all 
conditions regarding continuity, ranges 
of values, etc., that have been implicitly 
assumed. 

^ If /(^i 7/) 1 in (8), then the area A 

Fig. 100 . of a region K is given by 





3(x, y) 


3(w, r) 


dv dn, 


(9) 


where the absolute value is introduced because the Jacobian 
may be negative. To give an intuitive derivation of (9), suppose 
the region K is subdivided into .small curvilinear parallelograms 
Ri as indicated in Fig. 106, where the equations of ST, for exam- 
ple, are x = p(no, v), y = ?(uo; t>), or in 'iw coordinates, u = Uo. 
If XI and V represent arc-lengths along the boundaries of R, then 
the area of Ri is approximately dxi dv sin a, where a is the angle 
between the curves xi = i/o and v = ro. But it was pointed out 
in Sec. 20 of Chap. I that sin a = d{x, y)/d{uj r) when it and v 
represent arc lengths. Hence the area of Ri is approximately 
|d(x, xj)fd{Uy tOldwda, and (9) follows by the usual summation 
process. 


Example 1. In polar coordinates (4) assumes the form 


X ^ r cos Oy J/ = r sin Oy 

and as d(x, 2/)/5(r, o) = r, (8) becomes the formula for volume in polar 
coordinates: 

= SSk ~ / X: = I/k ^ 

If r = fir), a function of r alone, and if K is the ring bounded by r = n and 
r = t, then 


is exactly the same over Kuv and A'', the last integrals in (6) and (7) are 
exactly the same, only the geometric representations being different. 
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S = a.* 2Tirfir) dr. (11) 

If r s 1> (10) gives the area bounded by a plane curv^e: 


-If. 


r dr dd. 


( 12 ) 


In particular, the area bounded by r = a(l — cos 0' is 

'2r /*a(l — cos 0) 


- r f" 

Jo Jo 


r dr do — Itto-. 



Fig. 107. 


Example 2. In parabolic coordinates (4) assumes 
the form 

X - i{u — a), 7/ = 

and as d(x, y)/d{'ii. r) = J(u + v)/\/vVf (8) becomes 

In particular, the moment about the :c-axis of the area bounded by the 
parabolas xt = a, = 6, a — c, v “ d is 

Ja Jc ^Ja Jc 

In Sec. 15 of Chap. W vre shall shovr how' (9) may be used to define the 
area of a warped surface (a concept we have so far taken for granted). 

EXERCISES XV 

Show that 

1. S£:/(x, y) dA = 2/^ /c/(^^ + y, « — v) dv du when 

X = u — Vj 2/='w+y, 
w'here K is the region bounded by 

V - X = 2a, y —X = 2h, y + x = 2c, y + x = 2d. 

/o y) dx 

’6(«+l) 


=rr 

=rr 




L2(w + 1) 

— t? 


MV 

U + 1. 


2(u + 1)^ 


dv du 


2(U + 1)= 


;; du du + 


rr 


(f) 


2(u + D* 


du dv 


\rhen x = h>/(M +l),y= uv/{u + 1) (see Fig. 108). 
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Hikt: dniTT the parametric curves 12=1/5 and r = r j by Trriting tbe 
equations of transformation in the form 12 = r = 2r -r i/f nnd plotting 
the graphs of these equations for various values of u and r. Dcierraine the 
uv equations of the bounding curve*. Interpret the various int^'grations as 
a process of ^‘adding up'' little quadrilaterals by rovs in one direction or the 
other. 

3. Ps. PlPfi:. Sy dr = /I /J_, fJ au dr = p fJ ar du vrhes. 
u - y ^ r = zVr 

where Zi is the solution of the equation -f 3x — 3 =0. 

, ri ri^Vi -T 

’• P pf(^- y'> ~ Jo j r 

= /i PCiJ ar dv - /; p'-'-jJ ar d-r 
vrhen n = r -h y. r = ** — y*. 


20, Green’s Theorem in Space. Theorem IS.l relate? a 
double integral over a. plane area to a line integral around the 



rio. 10 - 


bound an" of this area. Thi? theorem 
may be extended fl) to relate a volume 
integral to a ?unaee integral taken 
over the boundary of the volume, and 
(2j io relate a double integral over a 
warped area to a line integral taken 
around the boundaiy- of thi? area. In 
thi- section we take up (i). and in the 
next section we discuss (2). 

Let H be an axial region whose bound- 
ing sun ace S can be broken up into 
upper and lower parts iv^ and Ki with 
equations r ~ r-fx, t/) and z = ri(x. t/). 


Let Z(x, 2/, r) and bZ/dz be defined and continuous in R. Bj* (35) 
of Sec. 17, 


= y, T-Sx. !/)] — Z[t. y, ri(x. t/)]j dA' 

= S_ ■ 2 ( 3 ;. !/, 2 ) cos 7 dA, ( 1 ) 


•where 7 is the direction angle •svith the r-axis of the oufward 
nonnai n at any point of S. and TThere K' is the projection of R 
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( 2 ) 


on the xy-plane. It follows in a similar manner that 

Q dV = Si X cos a dA, 

dx 

Q . ^ £) cZF = ^ F cos /? dA, 

07 / 

where a and |S are the direction angles of n noth the x- and i/-axes. 
If we add the results in (1) and (2) we obtain Green’s theorem 
in space: 




= COS a + Y COS p + Z cos 7) dAy (3) 

s 

where each term may be evaluated as indicated for (1). The 
region R may be generalized in the manner indicated in Sec. 18. 

If X, Y, and Z are the rectangular components of a vector V, we 
define the divergence of V, div V, by the formula 


,. dX , dY , dZ 

div V = h -7 — H -v" 

dx dy dz 


(4) 


By (26), (27), and (31) of Sec. 17, (3) assumes the form 

div V Fn dA = S, V • dA. (5) 

It may be sho^vn by (3) that 

JJI /(x, y, z) dz dy dx 


=JJX 


A\ 


dz 


f(x, y, z) fy — % dw dv du. (6) 
jj-'" ’ 'd{u, v,w) 

[See (22") of Sec. 20 in Chap. I; also, see Osgood, "Advanced 
Calculus,” p. 271.] 

We shall now give a physical interpreta- 
tion to div V; we shall do this in a simple 
intuitive manner and then in an accurate 
mathematical manner. Consider the fluid 
in a small volume with edges dx, dy, dz. 

Let A and A' be the centers of the faces of 
this volume parallel to the yz-plane, and 
let X and X + dX be the x-components of the velocity V of the 


VI 




A' dy 




266 


HIGHER MATHEMATICS 


[Chap. II 


fluid fit A and A^; let T, -f Z, Z A- dZ be the other 
components of V at the centers of the other faces. Then 
(dy rfc) (dX) (dt) is the increase in volume V due to dX in time dl, 
and dx dz dY dt and dx dy dZ dt are the increases in V due to dY 
and dZ in time dt. Hence the total rate of increase in V is 


^ = dz dX -f dx dz dY -f dx dy dZ, 

and the rate of increase of V 'per unit of volume is 

dY , dZ - 
_+_.d,vV, 


1 dV dX 
hm = — 

v-^o y dl dx 


( 7 ) 


where we write, for example, lim dX/dx = dX/dx because y 
and z are constant. 


To give a rigorous derivation of (7), consider an arbitrary particle P 
of fluid flowing in space. If fx, y, z) Ls the position of P at time t, then z, y, z 
depend upon f and the position (xc. rc) of P at some fixed instant lu i.c., 

X = p(xr, y.s To. 0, V = q{xt- V:^ Z:^ /), - = r(x;, r/c, re, 0- (S) 

Let Po be the region occupied by a certain portion of fluid at time and 
let R be the region occupied by ihh; same portion of fluid at time L By 
(S), we may regard (x:, y-, Zc) as a set of parametric coordinates of P, and 
by (C) with /(x, y, r) ~ 1, the volume V of R is 


where the subscript 0 senses merely to distinguish the variables Xp, y?, z© 
from the variables x, y, z. By a direct extension of Sec. 33 below, we may 
write 


dt 




Oy© dx^ 


( 10 ) 


XoVT 


a dx 

dx 

dz 

1 

1 

dx d dx 

fii i 

[dx 

dx 

d dx! 

di dx© 

dyo 

dzt 


dx© dt dy© 


[dx© 

dyo 

dl dzt’ 





dy _d dy 

, 1 


dy 

^£y| 

dl dzo 

dy© 

dZt 

j 

dx© dl dy© 


dx© 

dy© 

di dz: 

d dz 

dz 

dz 

1 

! 

dz d dz 

a.-| 

dz 

dz 

d dzj 

'd/ dx© 


dZf 


dx© at dyo 

a.-,! 

\dxo 

dyo 

dldzc] 


for the first determinant represents the result of differentiating the first 
factor of every term in the expansion of J. and the second and third deter- 
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minants arise when all the second factors and then all the third factors are 
differentiated. Now at t - x and mean the same tiling, i.e., x = Xo; 
likewise, y ^ z zo. Hence 

^ ^ ^ dr/ _ ^ Q ^ ^ Oz ^ 

dr/o dzo dxo dzo dyo 

On the other hand, the components of velocity of a particular particle P 
are 


X = 


dx 

Ti 



z - 


dz 

dt 


( 11 ) 


since xq, yo, zo are fixed for any one particle. Hence 


d dx 

d dx 

dX 

a 31 / 

dY 

d dz dZ 

dt dXo 

dXo di 

dXo 

dl dyo 

dy<s 

dl dzo dZQ 

d / 

f N 

X, y, z 


(dX d7 

dZ'' 


tA 


) = 1 

T-+:r' 

+ T 

) = (div "Vlij, 

dt \ 

l^Xo, yO) 3oy 

/J<0 

\dXo dyo 

dZo/ 

'h 


and by (10) 


^ S S Sr 


( 12 ) 


Since x, y, z are not involved in this result, we may drop all the subscripts. 
By an extension of Theorem 28.1 below, 

fIL divYdV = [div Y]pAVL 


so that by (12), 


V dt 


- [div V],,,, 


where Pi is some point in R. If we let R shrink to any given point Po in 
R, then Pi — > Po, and 


1 dV 
r->Po" dl 

as in (7). Because lim {l/V){dV/dt) is invariant for all coordinate systems 

y-*P(, 

based on the same unit of length, it follows that div V is also an invariant. 

Because dV /dt represents the rate Q at which fluid is flowing 
across the surface S bounding a region R, it follows by (12) and 
(5) that (26) and (27) of Sec. 17 hold under general conditions. 
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It is seen, moreover, that (13) of Sec. IG merely a special case 
of (26) in Sec. 17 <nnre in (13), 1' sin 0 

If p i*? the density of a fluid at any point P, and if M the total 
ma-s of the fluid in a region 7?, then 31 = Sj'odl', and 


d^r 

dl 


C dp 
dt 


dV, 


fl3) 


But by (26) of Sec. 17 and (5), the rate of increas*^ of 3f due to 
the flow of fluid into E across it« boundarr 5 i- 

-S^ pr- = -Sk 

Again, if matter is being created or destroyed (a*^ b 3 ' radioactive 
processes) at an^* point P at the rate Xp. X bf^ing the ‘^growth 
factor.*’ then the rate of increase of 3/ due to the:^e ‘‘sources” or 
‘^sinks’’ i- 


S^ydV. 


{15) 


Since the sum of (14) and (lo) i^ dM/d!, it fol]ot\'= hy (13) that 

S^[l7 dW (pV^ - Xpj dV = 0 (16) 

Since (16) hold' for (rrrtj region )?. 


^ -r div (dV) - Xp = 0. 
m 


(17) 


for if the integrand of (IG) v.ere (say) poniive at some point Pc- 
then b^' continuitj* considerations the integrand tvouid remain 
jxisitive throughout some region E about Pc and the left member 
of (16) vould be positive for this region P. In the function 
p(x, y, z, i) let x, y, a be given b 3 ' (S). Then the point (x, y. z) 
represents a panicle P as it moves along its path, and dp/dl 
represents the rate of change of densitj* of the fluid at the moiing 
particle P. If wc expand dp/dl and div (pV) completeh\ then, b\" 
(17), ive have the cqiiaiioji of co72/fnu;7y; 

divV = X-l^ (18) 

p at 

where dp/a7 is computed at a moving particleP. As a particular 
case, if matter is neither created nor destro^'ed, so that X ~ 0. 
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and if the material is incompressible, so that dp/dt = 0, then we 
obtain the equation governing the flow of an incompressible 
liquid: 

■ div V = 0. (19) 

As another particular case, let us regard p as the quantity of 
heat in a substance per unit of volume. Then p = CT, rvhere 
(for normal ranges of temperature T) C is a constant called the 
specific heat of the substance. Again, if V denotes the velocity 
of a “particle” of heat, then pV represents the rate of transfer 
of heat at any point. Moreover, it is known by experiment 
that this rate is —K grad T, where K is the specific conductivity 
of heat for the substance, where the magnitude of grad T is 
dT/dn, and where the components of grad T are X = dTjdx, 
Y = dT/dy, Z = dT/dz (see Sec. 22 of Chap. I). By (4), 

div (pV) = div (-K grad T) = -k(^^ + 0 + S')' 
Substitution of these results in (17) leads to the heat equation: 


,. , „ d-T . d-T . d^T 

cbv grad r ^ ^ + .5^ 


= - j-xr, (20) 


where c- = C/K^ and where X represents sources or sinks of heat. 
In particular, if the flow of heat is steady, so that dT/di = 0, 
and if X = 0, then (20) assumes the form 


dx- ^ dtr dz- 


( 21 ) 


EXERCISES XVI 

1. Extend the results of Ex. XIV, 10, to the case where / and g are func- 
tions of x, 7/, z, 

2. Develop the analogues of Corollaries 18.11 to 18.14 for surface integrals, 
with the condition div V = 0 talcing the role played by the condition 
Mu ^ N:c, 

3. Show that BsF{P) dA = Sk (grad F) dV, where S is the bounding 
surface of J?, and dk is a vector of length dA in the direction of the surface 
normal n. 

4. Show that the work done by an expanding gas is TF ^ Jpdv regardless 
of the shape of the container (cf. Ex. X, 16). 

5. Find the force of attraction between a circular disk having electric 
charge p per unit area and a point charge e on the axis of the disk and 
distant a from the disk. 
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6. Show that the force of attraction between a particle P of mass m and a 
liomopcncous sphere S of mass M and radius a is P = hMm/d-j where d ^ a 
«\nd d is the db'tance from P to the center of S. Show that there is no force 
actinp on a particle inside a homogeneous spherical shell of any finite thick- 
jiess. Use thc*c results to discuss the variation in the weight of a body as 
it moves from a point outside the earth to the center of the earth. 

7. (ii) A force field Ls f^olcnoiddl if the total flux is zero across cveiy* closed 
surface S containing no point of discontinuity of the field (i.c., if there is no 
mass, charge, etc., within S). Show that the inverse square law gives a 
soIenouLal field of force. 

(b) Show that, for a solcnoidal field, the flux across each end of a ivhc of 
force is the same; also, show that the intensitj' of the field vathin a (small) 
tube varies inversely with the cro^s-«cctionnl area of the lube. 

(c) Show that the total gravitational flux tlirough a spherical shell of any 

radius with a particle of mass m at the center is — (The flux density 

at any point is equal to the force acting on a particle of unit mass at that 
point). Extend this result by (a) to an arbitrarj' shell containing a particle 
of mass m. 

8. Use Greenes theorem to solve Ex. XIII, 4. 


21. Stokes’s Theorem. We now take up the second extension 
of Green’s theorem mentioned in the preceding section. Let S 
iz be a surface which may be repre- 

.sented in both of the forms 




- = r(x, y), 

y ^ -), 


tX/xj 




L - -X "'berc r and q are continuous 

{ j “j ^ j single-valued. Let S be 

( I / li ^ oriented by erecting a (continu- 

I /d unit vector n at each point 

(7 be a simple closed 

^ curve on S bounding a region K, 

^ ^bat a point P traces 

out C posiiivdij when P moves 
around K in that direction which would cause a right-hand screw 
to progress in the positive direction along any vector n of K. 
Now suppo'=e K to be such that its projections K' and K" on 
the xy~ and xs-plancs are bounded b}’' the cur\'es C' and C" 
with equations 


Fig. no. 


y = C[(x), 

z - c;xx), 


y = C',(x), 
z = Ci'(i). 


(2a) 

(2b) 
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Since C is represented by the pair of equations (la) and (2a), 

X{x, y, z) dx = Z[a:, y, r{x, y)] dx, (3) 

the integral Sc being taken around C in the positive direction 
relative to n. By (1) of Sec. 18, 

S^, Xb. y . .)1 ^ ^ j;/; ^ 

where Xy = , X, = ^') , z = r(x, y), and the 

Qy }xfi OZ /x,y 

choice of sign depends on the choice of n. By Ex. VII, 10, 

52/ dx = f ' X, dz dx, (5) 

Ja Jci' oy Ja Jci" 

for C" and C'^ result by eliminating y from (lb) and (2a). By 
(3), (4), (5), 

= (Xs cos p ~ Xy cos 7) dA, (6) 

where S and 7 refer to n. It follows in a similar manner that 


S- ^ = Sa- 7 - X, cos a) dA, 

O O (7) 

Z dz = {Zy cos a — Zx cos /3) dA. 

Upon adding (6) and (7), we obtain Stokes’s theorem: 

Sp ^ da: + 7 d2/ + Z dz = [{Zy - 7,) cos « 

+ (Xe — Zj) COS S + {Yx — Xy) cos 7] dA. (8) 
As in (10) of Sec. 16, we may write 


S„x<fc+r% + z& = S^ V • dr, 

where X, 7, and Z are the components of a vector V. If we 
define curl V to be the vector whose components are {Zy — 7^, 
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(A% — Z.), {Ys ~ A’j/), then^ as in (31) and (27) of Sec, 17, we 
have as the vector representation of (8), 

3^ V •dr = 3^. curl V • dA, (9) 

Let (curl V)r. denote the component of curl V normal to K 
at any point of K, By the theorem of the mean, we may express 
the riglit member of (0) in the form 

S^. (curl V)„ dA = (curl V)„K.4, (10) 

where A is the area of K, As in (7) of Sec. 20, we have by (0) 
and (10), 

(curl V)„K = liin i-S V-dr. (11) 

A^C 

As a consequence of (S), Corollaries 18.11 to 18.14 extend at 
once to functions of three variables; in particular, we have 
Thdohem 21.1. If A”, }', Z and iheir partial derivatives arc 
defined arid continuous over a simply coiincctcd rcgio7i /?, and if 
Zy - A\ HE Z,, r, he A„ then S5 X dx + Y dy + Z dz is 
independent of the path {in R) froin A to B. 

Theorem 21.2. If A”, Z arid (heir partial derivatives arc 
defined and conlmnous over a simply connected rcgioii R, and if 
Zy ^ Yz^ A"i HE Z., “ Xy, then jX dx A- Y dy + Z dz exists 

and is given by (he formula 

J X dx + Y dy + Zdz ^ /(x, y, z) + C, 

where fix, t/, z) is the function such that 

f{To, 2 / 0 , zo) = A dx + Y dy + Z dz, 

and where the path of integration is arbitrary within R. 

EXERCISES XVII 

1. Prove Theorems 21.1 and 21.2. 

2, (a) Show that S 5 curl F • t/A = 0, where 8 is a closed surface. 

Hint: I^et C be a closed curve on S diriding S into two parts. Xote that 

the left member of (9) has opposite signs when C is traced out in opposite 
directions. 

(b) Show that S;? div curl F dV « 0 for all regions R, and hence that 
div curl F 53 0. 
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3. Rewrite Theorems 21.1 and 21.2 in vector language, making use of the 
curl. 

4. Give examples of functions to show that Theorems 21.1 and 21.2 may 
be false Xj Y, Z and their derivatives are not continuous everj’where in 
i?, or if .K is not simply connected. 

5. Let X, Yj Z be the rectangular components of a force field F, and let 

these components and their derivatives be defined and continuous in a simply 
connected region R. F is said to be conser\mtive if ^ dx Y dij + Z dz 
is independent of the path C from AtoP{C being in R). We define the 
potential U(xj y, z) of a conservative field F relative to the point A hy the 
formula U(Xj y, z) = X dx + Y dy Z dz. U{Xj y, z) being the \York 

done by F in going from A to (rr, ijj c) along any path in R. Show that the 
component of F in any direction is dU /ds taken in that direction, s being arc- 
length. Conversely, show that if there exists a function ir(a:, z) such that 
the rectangular components of F are given by X = dW fdx, Y == fdy. 
Z = then F is conservative. Find the potential function for the 

field around a point charge or point mass, using the usual inverse square law 
of attraction. 

6. Let X, Yf Z be the rectangular components of the velocity V of a fluid 
at any point P. Interpret fc X dx -Y Y dy -Y Z dz as the circidation or 
rotation around a closed curv'e (7. The field V is called irrotational (vortex- 
free) if X dx Y dy -Y Z dz — around all closed ounces C. If V is 
irrotational, show that X dx Y dy + Z dz is independent of the path 
from A to P. (Consider the closed curve formed by any two paths from 
A to P.) Define velodly potential for irrotational flow. Discuss analogies 
between quantities in this and the preceding exercise. 

PART C. RIEMANN THEORY OF IKTEGRATION 

22. Introduction. The concept of the definite integral of a 
function f(x) as the limit of a sum originated from the idea that 
the function /(a:) may be represented hy a curve/’ and that this 
limit is the area between the curve, the .T-axis, and the two 
bounding ordinates (see Sec. 13). 

However, the definite integral of a function may exist when the 
function is discontinuous, so that the graph of the function does 
not bound an area. Moreover, Slf{x) dx may exist when 
/o/(^) dx does not exist. Hence it is necessary to investigate 
the properties of the symbol Slf{x) dx vithout reference to any’' 
geometric representation and without assuming the existence of 
dx (as was done in Ex. IX, 3). The first rigorous arith- 
metical treatment of the definite integral was given by^ Riemann 
in 1854. We shall adopt Riemann’s definition in the sections 
to follow. It will be seen that f{x) dx, as defined by’' Riemann, 
exists only when /(x) meets certain conditions. 
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Very recently, there have been advance^ by Lcbcsgue (1916), 
de la Vall^Sc Poussin, W. H. Young, Bliss, Hildebrandt, and 
others, general definitions of (lie definite integral, in cacli case 
the purpose of the newer definition being to remove the limita- 
lions placed on the integrand as required in Ricinann\s treatment. 
We shall not concern ourselves witli a study of tiicse later theories 
of integration. 

23, S and s. We* shall assume that/(x) is a function bounded 
in the interval [a, &], i.c., the interval a ^ x (Sec Ex. IX, 

11, and p. 818.) Let us form a partition (P of [a, b] by .subdivid- 
ing [a, b] into n siibintcrv'als; 

(P: (s-o, 3-,], [xi, ar.], - • • , r„], 

where 

a = Xo < 0*1 < < * * * < Xn~.i < Xn — h. 

Let M denote the least upper boundf and in the greatest lower 
bound of f{x) in [a, b]. Likewise, we use ilL, nir to denote those 
bounds in the infcrt^al xj. Let 

n n 

S = - Xj^i), s = 

y-l ;“1 

We leave to the reader the proof of 

Theorem 23.1. To every partition (P of [a, 6] into suhintervah, 
there corresponds o sinn S and a sum s, and s ^ S. 

Since s g M{b — a) and S ^ vi{b — a), s has an upper bound 
and S has a lower bound. We shall denote the greatest lower 
bound of the sums S J and the least upper bound of the sums 
s by L (The existence of J and I is proved in Chap. IX.) 

We shall now prove 

Theorem 23.2. 1 ^ J. 

Let S and s be the sums corresponding to the partition (Pi 
of [a, b]. Subdivide some or all of the subintcrvals of (Pi into 
smaller intervals and denote the resulting partition of [a, b] 
by (Pi 2 , where the end points of the inter\*als of (P 12 are a, ?/i, 7 / 2 , 
- • • , xi, yj,, ' * • , tji^u yi, * ^ • ,h. We shall 
say that (P 12 is consecutive to (Pi. 

^ See Goursat, “Cours d’analysc/* Tome I, 3d ed., pp. 

t The least upper bound of /(x) in [a, h] is the smallest number M such that 
/(x) ^ M for all X in [a, 6]. The existence of M is proved in Chap. IX. Th'* 
greatest lower bound is defined in a similar manner. 
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Denote the sums corresponding to S and s for the new parti- 
tion (P 12 by S and o-. Let • • • be the least 

upper bound and the greatest lower bound of fix) in [o, 7/1]; 
[ 2 /I) 1 / 2 ]; • • * j respectively. Then that part of S for [a, Xi] is 
equal to 

- a) -f M<iKyz - yi) + ■ ■ ■ + MiP{xi - yi-i), 

which is not greater than ilfi(xi - a), for the numbers M[^\ 

• • • , can not exceed Mi. Similarly, we can show 
that the part of S for [xi, X 2 ] is not greater than ilf 2 ( 2:2 — 2 : 1 ), 
and so on. Consequently, the sum 2 for [a, b] can not exceed S. 

Likewise, we can show that <r for [a, h] is not less than s. 

Suppose 

a, ^ 1 , ^2, • • • , ^n-i, b, 
with sums S( and and 
(P,: a, Vi, V2, ■ • ■ , Vm-h 

with sums S,, and s„ are any two partitions of [a, 5]. If we 
superimpose (Pj and (P, w'e obtain a third partition (P{+, of [a, 5] 
which is consecutive to (Pj as well as to (P,. 

Let the sums for (Pj+, be denoted by and Since 

(Pj+, is consecutive to (Pj, 

Si ^ S£+, and ^ s^] 

and since (Pf+, is also consecutive to (P„ 

S„ ^ 2{+, and (r£+, ^ 5 ,. 

From Theorem 23.1, 2j+, ^ (r{+,. Therefore, 

Si ^ s, and 5, ^ sj. 

We have now shown that the sum S arising from any 
mode of partition of [a, 5] is not less than the sum s arising from 
the same partition, or any other partition, of [a, 5]. 

Since J is the greatest lower bound of the sums <S, and I 
is the least upper bound of the sums s, we can find a sum S as 
close to J as we please, and a sum s as close to I as we please 
(from some mode of partition, though not necessarily the same 
partition). If 7 > J, then there would exist an s and an S for 
which s> S, which contradicts one of the relations proved 
above. Hence I ^ J. 
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24. Darboux’s Theorem. A theorem of fundamental impor- 
tance is 

TnEOnzM 24.1. (Darboux's Theorem), If e is any preauigned 
positive number ^ there exists a positive nurnber rj, dependent on t, 
that the SMTTi S exceeds J hi/ less than e, and the sum s is cmolkr 
than T by less than for all partitions (? of [a, h] for irhich each 
partial intcn'al {bounded by coruecutivc points of <?) is less than 
or equal to n i^ length. 

Proof. Let € > 0. Since the greatest iov^'er bound of the 
sum S is Jj there exists a subdivision of {o, 

a, 03 . Q;, * ’ * . Oj^z. b. (I) 

\nTli sums Si and for udiicb Si < J -t- (e/2}. Let 17 be a 
positive number smaller than all the partial interv^al? in ( 1 ). 
Next, consider any subditdsion of {c, 6 ], 

a = rc, Xu * ' * . Xr.^u = b. (2) 

ttith sums *?• and f:, such that {rr — Xr-i) g 17 , r = 1 , 2 , • - • ,ti. 
The subdivision 

a, Zz. Xi, Oj. Xu Cu ■ ' r 6. (3) 

obtained by superposing (I) and (2) is con^'ccutive to fl) and (2) 
VI th sums 5; and s:. 

From Sec. 23, Si g S:. Since 5i < J -r («/ 2 h vee have 
S: < J -r (e/ 2 ). Moreover, 

52 — Sz — Xr)(xr ~ — .IfUr-i. ai)(ak — Xr^f) 

(4) 

where Mia, 8) denotes tiie upper bound 01 f(x) in the interv^al 
[a, 8], and v;here the summation is extended to ail the intenmls 
in ( 2 ) vrhich have as an intenml point one of the points 

Ol. 02. ' • * . Op^l. 

Since each interval in ( 1 ) exceeds 7 , while each iniert'al in ( 2 ) is 
less than 7 , we conclude that no two o’s can lie between two con- 
secutive x's in ( 2 ), 

The number of terms in the sum (4) cannot exceed (p — 1 ). 
Denote by T the upper bound of \Jlx)\ in {o, h]. Consider 

5- — 5z = S{{3f(Xr-.i, Xr) — Cit)]{ak — Xr-l) 

-f {MiXr^U xJ) - Miau Xr)\(T. ^ O,)]. fo) 
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Each of the two terms in braces in (5) is nonnegative, and neither 
can exceed 2T, Hence S 2 - Sz ^ 2T'2{xr - Xr-i), where the 
summation has at most (p — 1) terms, and where {xr — Xr^j) 
never exceeds tj. Consequently, & “ -S 3 ^ 2{p — 1 ) 2 ^ 17 , and 
since S 3 < / + (6/2), we see that So < J + (e/2) + 2(p — l)T7i, 

Next, further decrease Vj if necessary, so that 7 ? < 

Then So < "he. 

This shows that S exceeds J by less than e for any subdi^dsion 
of [o, b] for which the greatest of the partial intervals does not 
exceed a certain positive number 77 dependent on e. 

A similar argument may be made relative to s and 7. By 
selecting for tj the smaller of the two 77^3 for S and s, we are led 
to Theorem 24.1, 

25. Definition of the Riemann Definite Integral of a Bounded 
Function. A bounded function f(x)y defined in the (finite) 
interval [a, b], is said to be integrahle (Riemann) in that interval 
when the greatest lower bound J of the sums S and the least 
upper bound I of the sums s in Sec, 23 are equal. J is frequently 
termed the upper Itiemann integral of f(x) over [a, b], and I the 
lower Rie7na7in integral. We define their common value I ^ J 
to be the (Riemann) definite integral of f(x) over [a, b], and we 
shall write this definite integral as 

SV(a:) dx. 

E^^delltly, we have 

Theorem 25.1. s ^ Slf(x) dx g S for any partitwn. 

We shall now prove 

Theorem 25.2. If fs, • • • , • • • , be any values of x 

{including possibly the end points) in the partial intervals [a, Xi], 
[xi, Xa], • • • , [xr_i, Xr], ' ‘ , [Xn-i, 5], respectively, and if 

f{x) be integrahle over [a, 6], then the sum 

^ “ O) +f{^2){X2 — Xi) + ■ • • +/(^„)(fe — Xn_i) 

( 1 ) 

has the value of the definite integral S^/(x) dx for Us limit when the 
mnnber n of points of division increases indefinitely in such a ^way 
that the le7igths of the partial intervals all tend to zero. 

Evidently, s ^ Z ^ for m. ^ /(?,) g Mr in each partial 
interval, r — 1, • • • , tj,. From Theorem 24.1, as n — > d” oo in 
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such a way that the lengths of each, partial interval tends to 
zero, the sums S and s tend toward J and /, respectively. Since 
f{x) is intcgrable, J — I — SJ/(x) dx. Therefore the sum (1) 
has the same limit. 

26. Integrability Conditions. In this section we shall be con- 
comed with necessary and sufficient conditions for ilie Riemann 
integrability of a bounded function over the interval [a, h], 

Tiieouem 2G.1. A necessary arid siffficicni condition that a 
hounded real fnneiion J{x) he intcgrable* in [a, h] is that for any 
preassigned positive mnnber €, there shall exist a positive mnnber rj 
sKch that S s < e for every partition of [a, h] in which all the 
partial intervals arc less than or equal to n in length. 

Sufficiency, Suppose tliat for a given e, as stated in the 
theorem, tlicrc exists an y for which 5 — s < c. Now S ^ J 
and 5 ^ so that J I < e. Consequent!}’’ I ^ J, 

Necessity, Suppose I = J. Then by Theorem 24,1, for a 
given positive number e there exists a positive number q such 
that for every partition of [a, b] in which all the partial inter^'als 
arc less than or equal to n in length, 

S — J < ^ and 1 — s 
But since J — J, 

5 - s = (S - J) + (/ - s). 

Hence 

5-s<| + ^ = 6 . 

TuEonEM 26.2. A necessary and sufficient condition that f{x) 
be intcgrable Riemann is that for any pirassigned positive mnnber 6, 
there shall exist a partition of [o, h] for which S — 5 < e. 

We shall leave the proof of this theorem as an exercise for the 
reader. 

Theorem 26.3. Tf f{x) is continuous in (a, 6] closed^ it is 
intcgrable in [a, &]. 

Since f{x) is continuous in [a, b] closed, it is bounded in [a, b]. 
(SeC' Theorem 8.3 of Chap. IX). By Theorem 8.7 of Chap. IX, 
we know that for eveiy preassigned positive number e/Q) — a) 

* In this chapter wlienevcr we use the. term iiitcgrahlcj wc shall mean 
wieornhle Riemann. 



Sec. 26] 


INTEGRAL CALCULUS 


279 


there exists a positive number tj such that the oscillation* of /(x) 
is less than e/(& — a) in all partial intervals less than or equal to 
r] in length. Let be a partition of this character. Then the 
sums for this (P are such that 

S-s<(b- = 6. 

Consequently /(rc) is integrable in [a, &] by Theorem 26.2. 

Theorem 26.4. If f{x) is monotone^ in [a, b] closedy it is 
integrable in [a, o]. 

Since f{x) is monotone in [a, b] closed, it is bounded. (See 
Ex. Ill, 6, of Chap. IX.). Suppose /(x) is a inonotonic increasing 
function. Then for a partition (P: a = xo, Xi, X 2 , * ■ * , 

Xn = 6 of [a, 6], 

f(a) ^f(xi) ^f(x 2 ) ^ * g/(x„^i) 

Then 

n 

S = - Xi-i), 

J=1 

n 

Let (P be such that all the partial intervals (x,- — Xj_i) are less than 
or equal to ri in length. Then 

71 

S - s = ^[/(x,) - /(x,-_i)](x,- - x,_i) .< r;[/(x„) — /(xo)] 

= W(&) - mi 

Now select v < - ' /(a) ' S - s < e. Hence /(x) is 

integrable in [a, b]. A similar proof may be given for the case 
when/(x) is monotonic decreasing. 

* the oscillaiion of a function f{x) for any interval 5, we mean M — m, 
where M is the least upper bound of f{x) over 5 and m is the greatest lower 
bound over 5. See Chap. IX, Sec. 7 for definitions of closed (and open) 
intervals. 

t A function f{x) is monoionic increasing on [a, ^ ii f{xi) ^ /(xa) for any 
two numbers X\ and in [a, h] with xi < Xaj fix) is monoionic decreasing 
if /(xi) ^ /(Xa) when xi < fix) is monotone on [n, h] if it is either mono- 
tonic increasing or monotonic decreasing. 
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Theorem 26.5. If fix) is bounded in [a, h] dosed and if all 
its points of discontimiitv can he endosed in a fniitc number (or 
dcnumcrably infinite^ number) of intcri'ah, the sum of the lengths 
of xdiich is less than any preassigned positive number, then f(x) is 
intcgrable vi [a, b]. 

Suppose the number of discontinuities is finite. Let c be any 
proassigned positive number and let M denote the (finite) least 
upper bound of i/(:r)| in [o. 5]. Let (? be a partition of (a. b] 
which includes partial intervals (R which enclose all the points of 
discontinuity of /(x) in a finite number of inten’als, the sum of 
the lengths of which is less than €/4Jf. Consider the difference 
5 s for (?. Then the part of 5 — 5 coming from <R cannot 
exceed (2M)(e/iM) = 6/2, Since /(x) is continuous for the 
closed partial inten^als a of (? not in (H, we can partition Q into 
a finite number of partial intervals for which the corresponding 
portion of 5 — ^ < U. Thus for CP. as a whole, 


Hence /(x) is intcgrable in ja, 6). 

A slight revision of this proof can be made to take care of the 
case when the number of discontinuities is denumerabh' infinite. 
This is left as an exercise for the student. 

In a similar manner a short demonstration jnelds Theorems 
26.6. 26.7, 26.S. 

Theorem 26.6. If fix) is bounded and intcgrable on the dosed 
intervals (n. ad. [ai. 02 ), • * * . 6]. it is intcgrable in [a, h]. 

Theorem 26.7. If f(x) is boujidcd in [a, h] ayxd is such that the 
iTitcrval [a, 5] can be partitioned into a finite ?i umber of open partial 
intcn^alsj in each of U'hich /(x) is monoionic or continuous^ it is 
intcgrable in [a, 6]. 

Theorem 26. S. If fix) is houjided and intcgrable in (a, 5] 
dosed j then )/(x)j is also intcgrable in [a, 5]. 

EXERCISES XVin 

1. Prove Theorem 25.2 wnth /($)), , /($,) replaced by any 

values pi, intcniiediatc between (rii, Mi), (m*, .V-), * • • , 

(m-i, Mn)i respectively. 

* .A. set of element is denutnerahhj infinite if it can be put into one-to-one 
correspondence with the set of all positive integers. 
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2. Prove Theorem 26.2. - . - 

3. Complete the proof of Theorem 26.4. 

4. Complete the proof of Theorem 26.5. 

5. Prove Theorem 26.6. 

6. Prove Theorem 26.7. Is the converse of Theorem 26.7 true? 

7. Prove Theorem 26.8. 

8. Construct a function on [0, 1] for which the oscillation is 4 in any 
interval arbitrarih’’ small. 

9. Prove: If f{x) is bounded and integrable on [a, 5], there exists an 
infinite number of points in any partial interval of [a, b] at which f{x) is 
continuous. 

• 10. Prove Theorem 26.5 for the case where the number of discontinuities 

is denumerably infinite. « 

27. Properties of the Definite Integral. In this section we 
shall exhibit several properties of the definite integral S^f(x) dx, 
where /(a;) is bounded and integrable in [a, 6]. 

Theorem 27.1. 7/ f{x) is hounded and integrable m [a, b], it 
is also integrable in any subinterval [a, P] of [a, b]. 

Let € be any arbitrary positive number. Then there exists a 
positive number t? such that — s < € for every partition 
(P of [a, b] in which all the partial intervals are less than or equal 
to y in length. 

Pick a partition (Pi of this type having a and jS as two points of 
division. Let S and a be the sums for (Pi over [a, ^]. Evidently, 

5 g (T g S g >S. 

Since — s<6. Hence f{x) is inte- 

grable in [a, /3]. 

Theorem 27.2. If f{x)j a bounded integrable function on 
[a, h]y is altered ai a finite number of 'points of [a, b], then \l/(x) so 
obtained is integrable on [a, 6] and 

SV(a;) dx = S* ^Pix) dx. 

The proof of the first part of this theorem is quite similar to 
that of Theorem 26.5, the second to that of Theorem 25.2. The 
details are left to the student. 

Theorem 27.3. If f(x) is integrable in [a, 5], so also is C[/(x)], 
where C is any constant. 

This theorem is an immediate consequence of the definition of 
the definite integral. 

Theorem 27.4. If fi{x) and fn{x) are integrable on [a, b], then, 
their sum and product are also integrable. 
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Proof for Sum, Let Si s; S'j ts' be the sums corresponding to 
the partition (P of [a, h] for/i(x) and/^Cr), respectively. Denote 
by IS and a- the corresponding sums for/i(T) + f^ix) on (?. Then 

V _ ^ ^ (5 ^ + (5^ ^ 

from v'hich the theorem follows. 

We shall leave the remaining portion of the proof to the 
student. 

We have as an immediate consequence of Theorem 27.4, 

Theoiikm 27.5. If f^ipdy * * ' i f nix) arc a finite number 

of funciions hitrgrohlc on 5], then every polynomial in f\ix). 
f^{x)f • ' • yfn{x) is intrgrahlc 07i [a, b]. 

Theorem 27.6. If fix) is hou ruled and integrablc over [a, 6], 
then 

S^/(^) = “Sl/w 

It was dircctlj” assumed in See. 25 that a < 6 in [a, 5]. How- 
ever, the definition given in Sec. 25 automatically generalizes 
for a > h. In this case the new sum S for a > 5 is the negative 
of the old sum S for the case where a < b, provided the partition 
CP (for a < 6) is a, xu • • • . Tn-:, b and the partition (p' 
(for o > 5) is 5, Zn-i, , ri, o. A repetition of the 

argument given in Sec. 25 leads to Theorem 27.6. 

We shall hereafter use this extension of the definition of the 
definite integral. It is evident that the preceding theorems of 
Secs. 25 to 27 still hold with at most slight modifications. 

Theorem 27.7. If fix) is boundrd and integrablc on [a, 6} and 
if c is any point in (o, h], then 

Sl/(^) 

Let (? be a subdmsion of [«, h] not having c for a point of 
subdi\nsion. The addition to (? of c as a point of subdivision 
doas not increase S, The .sum S\ for (a, c] and S^ for [r, b] given 
b 3 ^ this subdi\'ision arc not less than S^f(x)dx and S^/(x) dz, 
respectively. Hence, ever}" subdinsion of [a, b] gives a sum S 
not lass than S^f(x) dx -h Slf(x) dx. Thus 

SV(x) dx ^ + SV(3:) dx. 


( 1 ) 
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The superposition of the subdivisions of [a, c] and [c, 6] together 
form a subdivision of [o, h]. Since subdivisions of [o, c] and 
[c, h] can be made so that the sums Si and Si differ from S' /(a:) dx 
and S^/Gt) dx, respectively, by an arbitrarily small amount, 
it follows that we cannot have the inequality in (1). 

Suppose g(x) ^ f(x) on [a, 6]; then 

0(a;) = g(x) - f(x) ^ 0. 

If g{x) and f{x) are integrable on [a, b], then so is (f>{x). 
E^ddently all the sums s are ^ 0. Hence SJ 0(x) dx ^ 0. 
Consequently, 

Theorem 27.8. If f{x) and g{x) are integrable on [a, b] and if 
g{x) ^ /(x), then S^ g(x) dx ^ S^/(x) dx. 

The student should prove the following theorems which are an 
immediate consequence of Theorem 27.8. 

Theoeeji 27.9. If f(x) is integrable on [a, b], then 

jSV(x) |/(x)l dx. 

Theorem 27.10. If fix) is noiinegaiive and integrable in [a, 5], 
and if fix) is contmnoiis at x = c in [a, b], wiihfic) > 0, then 

SVW dx > 0. 

Theorem 27.11. If fix) > gix)^ and fix) andgix) are integrable 
on [a, 6], then 

S^/(x) dx > dx. 

28. First Theorem of the Mean. Suppose (p(x) and t/'(x) are 
two bounded functions of x, integrable on [a, b], Avith \i'(x) ^ 0 on 
[a, b]. Let M and m denote the least upper bound and greatest 
lower bound of ip{x) on [o, b]. Then for all x’s in [a, b], 

m ^ <p{x) ^ M. 

Since ^(x) ^ 0 in [a, b], we have 

m\f/(x) ^ <p(x) \£'(x) ^ M\p(x). 

From Theorems 27.8 and 27.4, we find that 

dx g Hx:) dx ^ dx. (1) 
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We have now shown that there exists a number such that 

<f(x) yp(x) dx = ^{x) dx, m ^ fx ^ M. (2) 

A similar argument inaj' be given for the case wlicn ^(r) g 0 on 
[«, bi 

From Theorem 8.5 of Chap. IX we know that if ^(x) is con- 
tinuous on [a, 6] clo.'Jcd, that it take.s the value fx for some value 
i of X on la, 5]. Wc Ijavc now proved 

Theorkm 28.1. Ld tp(x) and ^(x) he two hounded fundwis, 
both inicgrahic on [a, 5] dosed. If ip{x) is continuous aiid ^{x) 
rdains the same sign throughout [a, 6], then there exists a definite 
value ^ of X on [a, b], for which 

S‘ m dx = ,p(o SI (3) 

The particular case of Theorem 28.1 where ^(x) ^ 1 leads to 
the ordinary" theorem of the mean given in Theorem 13.2, 

S' ^(t) dx= (b- aMO, ag (4) 

EXERCISES XIX 

1. Prove Theorem 27.2. 

2. Prove Theorem 27.3. 

3. Complete the proof of the first part of Theorem 27.4. 

4. Prove the second part of Theorem 27.4. 

5. Prove Theorem 27.5. 

G. Prove Theorem 27.5 with tJie phrase “cver^' poh^nomial” replaced by 
the phm‘^e ‘*any continuous function.*' 

7. Complete the proof of Theorem 27.G. 

8. Prove Theorem 27.9. (Hint: Use Theorem 2G.S and Theorem 27.S.) 

9. Prove Theorem 27.10. (Hint: Use Ev. Xt'III, 9.) 

10. Prove Theorem 27,11. (Hint: Use Theorem 27.10.) 

11. State a theorem similar to Theorem 2S,1 for the ca^e where <^(x) is 
not continuous on la, 6). [Hixt: Use Eq. (2),) 

29. The Definite Integral as a Function of Its Upper Limit 
We shall consider the definite integral 

= Slf(0 di ( 1 ) 

of a function /(x), where /(x) is bounded and intcgrable on [a, h] 
closed, and where x is any point on [a, h]. 

If (x + Ax) is in [a, 5], then from Theorem 27.7, 
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^■(1 + Ai) - f(x) - ■" “ s^/w <« 

= ( 2 ) 

Hence if AI and m are the upper and lower bounds of fix) on 
[x, X + Ax], there is a number p. such that 

F{x + Ax) — F{x) — p{^x), m g At = M. (3) 

From (3), we have 

Theorem 29.1. The definite integral (1) of a function fix), 
hounded and integrahlc on [a, 5] closed, is a continuous function 
of X on [a, b]. 

If fix) is continuous on [a, b], then from (4) of Sec. 28, 

Fix + Ax) — Fix) = Ax -fi^), X I ^ I X + Ax. (4) 

Since lim /(^) = fix), we have 

ax->o 


F(£+_Ax)_--_f^ 

Ay — .0 Ax 


= /(tc). 


(5) 


This proves 

Theorem 29.2. If fix) is contimious on [a, 6] closed, and x is 
any point on [a, b], then 


30. Second Theorem of the Mean. We shall now state a very 
useful theorem, whose proof we leave to the reader. 

Theorem 30,1. If, in [a, b] closed, <p{x) is monoionic, }}/{x) 
is hounded and integrahlc, and does not change signs more than a 
finite nnmher of times in [a, b], then: 

Sq (I) 

for so7ne definite value of x on [a, b] doused. 


<pix)fiix) dx 

= <pia + 0)S^‘ fii^) dx + <pib - 0)S^^i^(x) dx, (II) 
for so77ie definite value of x on [a, b] closed. 

So <f>i^)'f'i^) dx = aS^’ fii^) dx + fiix) dx, (III) 
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for some definite value of x on [a, &] dosed j xehrre A ^ c(a Ar 0} 
and B ^ <p{h — 0) if c(r) vs monofonic increasing, and vrhcrc 
A g c(a -f- 0), B ^ c{h — 0) if efr) t.*^ monofonic drrr casing, 

eWiJ-fx) ds = 

for sov\e definite value o/ r, a g g h. \dicn efr) ^ 0 and is 
monotonic increasing in (oj h], 

3^ dx == ^(a)3^* r (•^) 0 ) 

for some d*"' finite value of x, a ^ ^ b. trh/m ^r(x) § 0 and is 

monofonic decreasing in [a, b],* 

PART B. IMPROPER INTEGRALS 
31. Interval Infinite but Integrand Bounded, There Ls a verj- 
close correspondence between tlie theory' oi' improper integrals 
and the theory' of infinite series whose terms are functions of one 
variable. A development of the theory' of improper integrals 
would thus follow the theor>' given in Part D of Chap. IV. It 
is suggested that Chap. IV be studied before commencing the 
present section. Because of this dose analogy" we shall C'onfine 
ourselves to only a few typical instances of thi^ theory' . In this 
section we shall extend the definition of a definite integral to 
include cases in which the interv'al is not finite and in which the 
integral has a finite number (or denumerable infiniU’) of 
discontinuities. 

We shall assume that f(x) is bounded and integrable in even’ 
finite inten’al [a, ^], where a is fixed and t ^ o. Let 

m ^ f/(^) dz. 

We define Jt^’fix) dx by the relation 

I = f f(x) dx = lim F{t) = lira fix) dx, 

when this limit exists, and we speak of /j**' fix) dx as an improper 
or infinite integral. If lim F{t) exists, we say that I converges: 

if lim F(t) does not exist, we say that I diverges; if lim F{i) — ^ -i- oc 

* f**~*“f- * 

* Here -r 0) denotes the right-hand limit of ^(j-) asr— — 0) 
denotes the left-hand limit of ^(x) as x — * 6. 
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(or — 00 ), we say that I definitely diverges to +<x) (or — w); if 
F(t) neither converges nor definitely diverges to + ■» or — <» , we 
say that the integral is indefinitely divergent. 


Example 1. Since /J"” e~^ dx — lim lim (1 — e ‘) = 1> the 

integral is convergent to the value 1. 

dx 

jr = lim 

V X * 


Example 2. 


r + “ _ r< rfa: 

Ji Vi i-i‘+ Vi “ 


+ M, that is, the integral 


definitely diverges to + «> . 

Example 3. /?■“ log (1/x) dx definitely diverges to — 
Example 4. /f * sin x dx is indefinitely divergent. 


In a similar manner, we define dx to be lim Ptf(x) dXy 

t — >— 00 

when this limit exists. We define ftS /(^) dx to be 

when both of the latter integrals converge. Here a is any real 
value of X. It is readily seen that the value of JiS/W dXy if it 
exists, is independent of the value a of a: selected. 


EXERCISES XX 

Evaluate; 

1. If" dx. Am. 2. 5. cos x dx. 

2. fp^ X sin X dx. (Ind. div.) 6. x sin 2x dx. (Ind. div.) 

3. jp dx. (Def. div. to +«.) 7. J°_^s[nhxdx. (Div. to — oo.) 

4. gSr 

, We shall now develop necessary and sufficient conditions for 
the convergence of J+“ f{x) dx. 

Consider F(t) = Jifix) dx, where fix) is assumed to be bounded 
and integrable on [a, t] for all t ^ a. The infinite integral 
/+” f(x) dx converges if and only if the function F(t) has a limit 
as i 4- “ • From the definition of a limit, we have 
Theorem 31.1. If for every 'positive number e there exists a 
positive number to so that, for all t ^ to, \I — jif{x) da:| < e, 
then the integral fix) dx converges to the value I. 

As an analogue of Theorem 8.1 of Chap. IV, we have 
Theorem 31.2. A necessary and sufficient condition for the 
convergence of /+“ fix) dx is that, for any preassigned positive 
number e, there exist a positive member U such that fix) dx] < 
for all values t' and t" for which t" > t' ^ to« 


6 
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Similar theorems can be stated for the infinite integral 
dx. 

If /(r) ^ 0 for all x > a, then the function Fit) = Jof(x) dx 
is a monotonic increasing function of I, Hence we have 

Thuouem 31.3. If fix) ^ 0 for every x > a, if 

F(0 = f‘f(T) dx, 

and if there cxieL^ a positive number A f'uch that F{t) < A for 
every t > o, that Jz*" f{x) dz converges to a value ^A. 

The following tfieorem is quite useful as a comparison test for 
the convergence of integrals who^e integrands are pod live. 

Theorem 31.4, LH fix) and g{x) he iiro positive, hounded, 
and t7z/(^raWc/«nc/!on^ of x in the interval \a, i]for all t ^ a: 

(1) If g[x) g fix) when x a, and if /r*/(x) dx i> conxcrg^nl, 
then /j* g{z) dx is convergent and Jj* g{x) dx g ft^ fix) dx. 

(2) If gix) § fix) far x ^ a, and if fix) dx diverges: to 
then so does /J* gix) dx. 

By Theorem 27.8, /' gix) dx S jLf(x) dx fort > a. Therefore 

gix) dx < ft^ fix) dx. So g{x) dx g f{x) dx. The 
proof of (2) is left to the reader. 


Example 6. I>nmuio 
It IS evident that 


j; 


dz 


for convergence, a > 0. 


dx I 


f 

JcX- 1 - « 

Hd. 

log t — log a if rt = 1, 


If n > I, 


If 7i ^ I, Jim 


- a*-^) if n 1 , 

J>= 

<-*+ «J<J X** Ja 7^ n — J 

f'dx dx 

I ^ «, EO that I — diverges. 

tjo He 


The results of thW example arc quite useful, in conjunction v^th Theorem 
31.4, ^vhen examining certain types of jntegraL= for convergence. 


Example 6. Examine 


Jc X ‘ vTTVs 


for convergence, a > 0. 


J 1 F * dz 

Since .-tt • < -- for x ^ a > 0, and since | — t 

xVl ja 2:- 


is convergent. 
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it follows from Theorem 31.4 that 

* 4“ *5 


f" 


dx 


c\/ 1 + : 


converges. 


Example 7. Examine 


I 


dx 


Vic- - 2 

This integral is divergent since 


for convergence. 


y — '- 7 : > - for a: ^ 3. 


The integral /+« /(.t) dx is said to be absolutely convergent if 
Six) is bounded and integrable in every interval [a, t] for t ^ a, 
and if J+® |/(a;)l dx is convergent. 

Theorem 31.5. If |/(.'c)| dx converges, then so does 
J+“/(a:) dx. 

From Theorem 27.9 ' . 


I PVW X 2 > Zi a. 

\Jxi Jx\ 


By Theorem 31.2, if l/WI converges, then so does 

dx. 

The converse of this theorem is not true, that is, an infinite 
integral of the type under consideration may converge, and yet 
may not converge absolutely. A well-knovm example of this is 
^ 4“ ® siri X 

given by the integral I ^ dx 'which is equal to -j but 'which 

JO X ^ 


is not absolutely convergent since 


^ 4-00 

Jo 


jsxn x\ 


dx diverges. 


The following theorems are often useful in testing for the con- 
vergence of infinite integrals. 

Theorem 31.6. Let f{x) he hounded and integrahle in every 
interval [a, t], where a > 0 and t a. 

1. If there exists a number > 1 such that x^f{x) is bounded 
when a; ^ a, then ff^fix) dx conve7'ges absolutely. 

2. If there exists a number v ^ I such that x^f(x) has a positive 
lower bound when x ^ a, then f{x) dx diverges definitely to 


00 , 

3. If there exists a number ^ 1 such that x^fix) has a negative 
upper bound when x ^ a, then /+“= f{x) dx diverges definitely to 

— CO , 


Proof of (1). By hypothesis there exists a positive number A 
such that Ix'/Ca:)! < A., and hence |/(a;)| < {A/x''), for a: ^ a. 
Since /+“ {dx/x'’) converges when i' > 1, it follows that 
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fj* j/(x)| dx converges. From Theorem 3L5 we conclude that 
dx IS convergent. 

Proof of (2). As before, x^fix) ^ A > 0, so that (A/acO ^ /(x), 
for X ^ a. Since (f/x/x") diverges definitely to + cc v’hcn 
p g I, it follows that /f*/(x) dx diverges to + oc. 

The proof of part (3) of this theorem is left to the reader, 

Lct/(x) bo bounded for x ^ a. If lim [x*f{x)] exists, it follows 

I— w 

that x'^fix) is bounded in [a, If thi.s limit is positive, 

x^'fijt) will have a positive lower bound, while if this limit is 
negative, x^fix) will have a negative upper bound when a is 
sufficiently large. 

We then conclude from Theorem 31. G 

TiiEoniiM 31.7. Ld f{x) he bounded and intcgrahlc in every 
interval [a, /], ndicrc ^ ^ a > 0. 

1. If there cxislH a mtmhcr r > 1 for which lim [x'/(x)] exhU^ 
then /t“/(x) dx converges; 

2. If there cxids a inimhcr p g 1 for which lim [x'/(x)] exists 

and is 7iol zero^ then ft^ fix) dx diverges. 

3. If there exists a munher v g 1 for which x^f(x) diverges 
definitely as x ^ + « , then f{x) dx diverges. 

The essential thing in these last two theorems is that we are 
comparing the integral dx with the integral /;;■* (dx/x*"), 

and determining the convergence or divergence of tiio first inte- 
gral from that of the second. 


Example 8. Examine j dx for convergence. 


Since lim a:*! 
1 


(9 + X*: 


it follows from TJieorcm 31.7 that 




X (9 + X-) 

4x’ 


/; 


7 ^ dx converges. 

dx for convergence. 


X 


Example 9, Examine , 

* (X- - 9)* 

Since lim x[4xV(x- — 9)-] - 4, \vc know from Theorem 31.7 that 
+ « 


5 (x- - 9) 


4x^ 

^ dx diverges. 
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Theorem 31.8. If <p{x) is bounded and integrable in every 
interval [a, f] for i a, and if /+“ ^(.x) dx converges absolutely, 
then /+” <p(x)r}'(x) dx is absolutely convergent. 

Since tp{x) is bounded, there exists a positive number A such 
that |99(a;)[ < A for r ^ a. E^^dentlJ'•, for Xt > Xi > a, 

P‘l¥>(a;)| • Ivt-Cx)! dx < A p' |i/'(a:)| dx. 

By hj^pothesis, the right-hand integral converges as to , 

and the theorem follows immediately. 

Theorem 31.9. Lei ^(x) be 7nonoione and bounded for x Oj 
and sxi'p'pose that is boxmded arid integrable in every interval 
[a, t] for i ^ Oj and not chaiiging sign more than a finite 72nmber of 
times for x > a. 

1. If Tp(x) dx converges^ so docs dx, 

2. If lim ip{x) = 0, and if dx is bounded for t > a, 

X— 05 

then dx is convergent. 

Proof of (1). By the second theorem of the mean, for 
a < xi ^ ^ ^ X 2 j 


L <p(x)<f'(x) dx = TC'vOf t/'(x) dx + ' ^(x) dx. (1) 

By hypothesis, there exists a positive number A such that 
l<p(.'Ci)| < A and |¥!(a: 2 )j < A. Also, for ever 3 ^ positive number e, 
there exists an x sufficiently large, say X, such that when 
X ^ Xi < X2, 




Hence, 


and 



< 


2A* 


<p{x)\f/{x) dx 


< e 


for 


X ^ Xi < 


Xz, 


so that the given integral converges. 

Proof of (2). Since \p{x) dx is bounded, there exists a 
positive number A such that j/i ^f^{x) dx\ < A. Returning to 
(1), we have 


T dx g ^(x) da;| + | dxj < 2A 
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and 


drj < 2A. 

Since litn <^(x) = 0, if « is 3113 ' positive number, there exists a 
positive number X, such that for x ^ -Y, 


< 


4/i 


From (1), ^vc then conclude that for X g Xi < x;, 

I J)" drj < e. 

Hence /j» v^(x)’^(z) dx converges. 

EXERCISES XXI 
Fin* Sr 

1. Examine j — — dr fort 


“ converjrencc, c > 0. (Hrvr; Compare 


dr for convergence. Ans. Divergent, 


sin" Sr . , 1 \ 

— ,v.th-j 

r-- -H 

2. ExnmneJ^ 

3. Prove; If n and c are po?itivc, I — dx and j 

Ja Ja 

converge absolutely. 

4. Show that if o > 0. cos hz dz converges absolutely. 


dx 


b. Show tEat 
6. Show that 

(a) 


J- « 

I cos mz 

Jn o* -f r5 


(It convergci; absolutely. 


(b) 


r 

r 


Fin J , 

f*- dr converges. 


cos r , 

(1 — c^) dr converges. 


7. Show that, if n and c arc positive, 
dr converges. 


(a) 

(b) 


r ^ * sin 2 

Jc x’* 

r 


dr converges. 


S, Show that 


r’ 5x . 
jl l+X-^‘ 


sin r dr converges. 


9. Prove the first theorem of the mean for infinite integrals: 
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dxj 

where m ^ ^ Be sure to state all the hypotheses needed. 

10. Prove the second theorem of the mean for infinite integrals. 

i ” dx = <p(a + 0) I vJ'(x) dx + lim p{x) f Hx) dx, 

Ja z—>+ « ^ 


where a ^ + «>. 

32. Infinite Integrals, Integrand Unbounded. In this section 

we shall extend the definition of the Riemann integral to include 

the case where f{x) is unbounded in the neighborhood of a finite 

number of points in the interval of integration.* 

Suppose f(x) is bounded and integrable in every interval 

[o + b], where a < a + ^ < b, and suppose that a is the only 

point in the neighborhood of which f(x) is unbounded. If 

lim il+if{x) dx exists, we define the infinite integral faf(x) dx to be 
£-»+o 

lim /*+j/(a;) dx. 

Similarly, if f{x) is bounded and integrable in the arbitrary 

interval [a, b — ^], where a < b — ^ < b, and if 6 is the only 

point in the neighborhood of which f{x) is unbounded, we define 

the infinite integral faf(^) dx to be lim Ja~^f(x) dx, when this 

£-»+0 

limit exists. 

If a and b are the only points in [a, 6] in the neighborhood of 
which J{x) is unbounded, and if fix) is bounded and integrable 
in [a + f, b — ^], we define the infinite integral Jafix) dx to be 
fa fix) dx + fcfix) dx, where it is understood that these integrals 
exist according to the definitions given above, c being an arbi- 
trary point on [o, b]. The sum as defined is independent of the 
position of c in [a, b]. (W'’hy?) 

If fix) is unbounded in the neighborhood of a finite number of 
points Xi, X 2 , ■ ■ ■ , Xn in [a, b], with 


a ^ Xi < X 2 < • • • < Xa ^b, 
we define the infinite integral fa fix) dx to be 

♦ Further extensions of the concept of a Riemann integral will not be 
made here, for such generalizations are of no importance in view of the more 
modem treatments of integrals, such as the one due to Lebesgue. 
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£s{x) dx = 

£'f(x) dx + £'nx) dx +£’fi^) dx + ■ ■ • + £jl,x) dx, 

wilou each of the integrals on the right-iiand side exists as defined 
above. 

It is imjjlied in the preceding definition that /(x) is bounded 
in any partial interval of [a, h] whicli contains no point 

Xlf Xzj * ’ ’ > Xn* 

We shall use the terms convergent and divergent in the same 
sense as in Sec. 81. 

If /(x) is unbounded in tlie neigliborhood of only the points 
X}f • * * , x„, then if dx converges, where c > Xr., we 

define the infinite integral /r*/(x) dx to be the sum 

' ' /(x) dx = £'f(x) dx + £'/(^) dx -i- ■ ■ ■ 

+ _£V(x) dx -i- ‘ fix) dx. 

This definition is evidently independent of the value of c. 

We sliall leave it to the reader to formulate the definitions of 
/ Six) dx and /l:^/(x) dx. 

We siiall now develop certain theorems which give us tests for 
the convergence of /a/(x) dx. It is evident that we need con- 
sider onh" the case where there is but one point in the neighbor- 
hood of which /(x) is unbounded, and this point is at an end of 
the intcrv’al of integration, 

Thcorem 32.1, If for every pohdtivc rnimhcr (here exists a 
positive 7iu77ibcr 6 such that \I — /J.^t/(x) dx[ < c for every ^ for 
7chich 0 < $ g 5, thcTi the integral Jlfix) dx is convergent. 

This theorem follows immediately" from the definition of a limit. 
The infinite integral /a/(:r) dx is said to be absolutely convergent 
if f{x) is bounded and integrablc in every’ interval [a + 6], 

where a < a + ^ < bj and if j/(x)j dx converges. 

Since 

it follows that 

Um f 

Ja (X - Q)" £_+o Ja4-J (X - a)" 1-71 

converges when 0 < rj < 1. The integral diverges if n S I. 
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In a manner quite like that followed in Sec. 31, we can prove 
Theohem 32.2. Let f{x) be bounded and integrable in every 
interval [a + 6], where 0 < ? < (6 — a) : 

1. If there exists a number p, 0 < y < 1, such that (x — a)’’f(x) 
is bounded for a < x ^ b, then /‘/(x) dx is absolutely convergent. 

2. If there exists a number r ^ 1 stick that (x — a)'f{x) has a 
positive loiuer bound {or a negative lotver bound) for a < x ^ b, then 
f^f{x) dx diverges to -r (or to — «>). 

3. If there exists a number v, 0 < v < 1, such that 

lim (x — a)'f(x) 

then /c/(^) dx absohdely convei'genL 

4. 7/ there exists a mmher v ^ 1 such that lim (a: — a)"' f(x) 

X— ►a-f 0 

exists a? 2 d does not vanish^ then dx diverges; if 

(x — ayf(x) -^ + 

or — 00 j X a + 0, then Jlf(x) dx diverges. 

Theorem 32.3. If <p{x) is hounded and integrable ni [a, 6], and 
if dx converges absolutely^ then <p{x)\p{x) dx converges 

absohdely. 


Example 1. Show that 
1 


-j: 


dx 


x(3 + x) 


diverges. 


Let f(x) = 


/o . \ Since lim xf{x) = by Theorem 32.2, the given 

a;(3-hx). x-^4-0 3 


integral diverges. 
Example 2 


r 

i. Examine I 

Jo 


dx 




Let f(x) 


(3 -r x)^/x 
given integral converges. 


;. Since lim = -by Theorem 32.2, tlie 

X— ^+0 3 


Example 3. Examine \/~ x^ ) convergence. 

The integrand /(i) = l/V a;(3 - x) is undefined at x = 0 and 

f" dx f 

Jo -\/a(3 - x) Jo \/x{3 - x) Jo 


Now 


V^(i^ ^ Jo ° ^ 

1 

= 1, we see 


. 16 - 


any number between 0 and 3. Since lim x'^ / — | 

Va:(3— x)J 


from Theorem 32.2 that 


r 


dx 
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it follows that 
converges. 


dx 

I / ^ - converges. Hence the given integral 

Ja Vx(3 — X) 


2. Show that 


Jo X 

rT: Replace x by 
at I '-^dx 

Jo 


1, Show that I dx ij 

Jo X 

vergent. (Hint: Replace xby 1/y.) 


EXERCISES XXH 

in (1/x) , . , . , , 

dx IS convergent but not absolutely con- 


converges for 0 < n < 1. 


3. DISCUSS the convergence of fix, (Hint: consider the three 

cases n^l,0<« <1,77 ^0.) 

4. Prove that log sin x dx •■= — (r 2) log 2. 

5. Evaluate /J log (1 — cos x) dx. 

G. Evaluate 4“ cos x) dx. 

7. Rxaminc each of the follov ing integral^ for convergence, and evaluate 
if pos^^ible: 


. o • 


rJz 

in 

“ .irjA. 

X* -f 4a- 

fiX 

J 

^ (ax 

dr 

( Convergent.) 

^Convergent.) 

— . ,lrK, — * -f- 

X 

'"J 

1 

0 a/i - r** 
r* dx 

cos X dx. (Oscillates.) 

c~^ dx 

fc) J 

1 

'o (2r - !»)*•■ 
x'= dx 

•'Divergent.) 

\/5 log X 

(h) J 

0 2a -- X 

A nr. 3ro*. 


S. Examine each of the following for ronvergence: 


Jo 

V(1 - T=)(l - k'-x'-). 

(f) 

(b) f' 

c~*" dx. 


Jo 



r"' 

dx 


(c) 


(h) 

Ji 

XV 4 T X- 



X^ dx 


J, 

(9 + x-)^^ 

G) 

n-^ic 



(e) 

f-aV (JOS bx dx. 


Jo 




fir 

Vx> - s' 


Jo x* 


(h) I cos X‘ fix. 


i) r “ 

Ji (a’4-x^H 
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9. Examine for convergence: 


r® dx 



Jo V 25 - x= 

A ns. 

7r/2. 

„ . r® dx 

A ns. 

Convergent if n < 1; 

Jo (6 - X)” 


divergent if n ^ 1. 


10. Prove: If be written in the form 

’6 


f’’ <p(x) dx 

,J. (6^-' " 


and if there exists a positive number such that for values of x sufficiently 
close to 6, ip{x) is less in absolute value than Ay and if n <1, then the given 
integral converges; but if for values of x sufficient!}^ close to by <p{x) is greater 
in absolute value than a positive number A, and n ^ 1, then the given 
integral diverges. 

11. Use Ex. 10 to show that 
dx 

converges. 


(a) 

(b) 


r 

r — 

Jo {x — a 


•>/(!- - k"-x^) 

dx 


a)-\/(l - x^){l - kV) 
12. Examine for convergence: 

: a: 


diverges. 


(a) 

(b) 

(c) 

(e) 

(g) 

(h) 

(i) 


r* 
r 


■ dx. 


(log a;)” dx. 


C° x"-' 

-dx, 

Jo X -1 

Jo a: + 1 

X dx 

Jo (1 - x*)^^ 

£ 

r 

i) I x^^- 

Jo 

FIint: 


0 < c < 1. 

< c < 1. 


(d) 

(f) 


Jo X 

Jo a; + J 


Atis, Convergent. 
Ans, Convergent. 

-- dx. 


1+3: 

(log x)** dx: 


(Hint: set x = e~“.) 

CO 

a;m-l(log 2;)n 


Ans. Convergent. 
(Converges if m > 0, n > —1.) 

(Converges if m < 0, n > —1.) 
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a:) 

Jo ■* 

(1) 

f x«-*(l - 

/o 

(m) 


(n) 

fo 


r-i- « 



(o) 

1 cOsh 6x dx. 

Jo 

(P) 

I C V x) t 

fo 


13. (a) Show that /p cos x loj: x <ir <iivor;;ei; indefirjitdy. 

0>) Show that cos x lo;; x c/x convcrj^e?. 

14. Show that, if /a/(x) dx is absolutely converscjit, then it is convergent. 
Is the converse of this statement tnie? IHustnite, 

15. Show that each of the following an.* ab-olutcly convergent: 


(a) 

(c) 

(d) 


r- 


- Fin (l/r) dx. 


( 1 >) 




hx dx. 


f'^'co-xdx ^ .. dx \ 

I I Hi.vt: Compare with I ) 

o* -f X- \ Ji a- -r / 


X cos X dx 


n- 


Hixt: 



X cos X dx 
a- -r x‘ 


Xi sin Xi 
O' -r Jr] 



x» - a- 

■^^■--cosxdx. 


Compare the Ia.'l integral with 



and then let 


X: 


~r sc. 



"'X' 


dx. 


V X 



sm X cos ax 
ox. 


1C. Define j*L^f(x) dx and fZ^f(x)dx when /(x) is iini>oundcd in the 
neighborhood of a finite number of points. 


PART E. INTEGRALS CONTAINING A PARAMETER 
33. Derivative of a Definite Integral. We shall consider the 
function ^(a) defined by means of the definite integral 

c'(a) = fix, a) dx. (1) 

where both a{a) and b{a) are continuous and differentiable 
functions of the parameter a within the region c ^ a ^ d, and 
where /(x, a) is assumed to be a continuous function of the 
independent variables x and a in the region a(a) g x ^ 6(a), 
c ^ a ^ d. 
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Since f(x, a) is a continuous function of x and a, it follows 
that fix, cc) is also a continuous function of x and a continuous 
function of a. It then follows that fix, a) is integrable with 
respect to x over a ^ x ^ b. 

Let Aa, Ab and Acs denote the increments of a, b, and <p, respec- 
tively, when a is increased by Aa. Then 

<s(a -h Aa) = « + Aa) dx = f° fix, a -f Aa) dx 

-h fix, a -f- Aa) dx -j- ^ fix, a -j- Aa) dx. (2) 

From (1), we find that 
A<p = <pia -f- Aa) — pia) 

= f“ fix, a + Aa) 32; -h r [fix, a -f Aa) — fix, a)] dx 

+ fix, a + Aa) dx. (3) 


Bj' the theorem of the mean, 


a -f Aa) dx = — (Aa)/(^i, a + Aa), 

a -h Aa ^ ^ o, , . 

J fix, a -f Aa) dx = +iAb)fi^!, a -f- Aa), 

b ^ ^ b Ab. 


We shall assume that ^ = lim ^ exists 

oa Aa-»o Aa 

and is continuous. Then, by the theorem of the mean, 

[/(2^, « + Aa) — fix, a)] dx = AaJ^ /a(x, a -f 0 • Aa) dx, (5) 

where 0 < 6 < 1 and fa = df/da. Substituting the values 
foimd in (4) and (5) in equation (3), dmding bj’- Aa, letting 
Aa — > 0, and noting that a, b, we find that 


C?C3 

da 


-fia,a)p + 
aa 



3fix, a) 
da 




If 6 and a are both independent of a, (5) reduces to 


dp 

da 


a da 


dx. 


( 6 ) 


( 7 ) 
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A simple grapliic^l picture of the various quantities involved 

here ma%' be easily obtained. The 
functions /(r» a) and/tr, a -b Act) 
arc represented b 3 ' the cur\x*s DC 
and IF. respect i^x-ha <p(a) is rej>- 
resented by the shaded portion of 
the area, and Ac by the unshaded 
portion of the area EFTJ. The 
three integrals appearing in (3) give 
the areas of the strips JAHI. DCGH, and BEFG, respectively. 

It is an immediate consequence of (7) that c(a) is a continuous 
function of a in the region considered. 

Example 1. Find dr 'da if [r*a’ — sin t2cri^)]er. 

d<p 

— = —[(cos* 2or)ar^ — Fin —2 fin 2cr) 

da 



-r 


|0r*a:* — 2' **■ co^ (2cr^*'i] dz -f* for'* — fin {2crf^”’d(3a*), 


EXERCISES XXm 

1. Find the derivative with respect to o of each of the foil owing integrals 
(a) cr. 


(c) 




fin (r A- cf) ax. 


2. By means of fG)» find the derivatives Trith respect to a of each of the 
followinc integrals. Check 3‘our results by intf-gratmg and then 

difiercntiating vrith respect to a: 

fa) ^ Jo 

fc) fin"* aJ 3!. (d) log (x -r a) dx. 

34. Integral of a DefLoite Integral. In the previous section vre 
found a way to compute (d/da) flfir, a) dx. The integral 


may be computed in a similar manner. In fact. 

when a and b are constants. 
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Example 1. Consider 

sin a 1 — cos a 
I X cos aX dX ;; 

Jo “ 

Apply (1) to this result. The left member of (1) gives 
'P /•! 


li 


X cos <xX dx da 


( sin a 1 — cos o\ , 


, and the right member of (1) gives 

rx: X cos ax dadx ~ Jq ~ sin dx 


1 — cos p 1 — cos i 




^ / si 22 a i “ cos 2 — cos ^ 1 

Hence I I ) da = 

Jao \ « «* / ^ 


COS aa 


ao 


EXERCISES XXIV 

1. By integrating v’W “ JJ ” V(« + !)» ^how that 

— X^ ^ 7 » + 1 

n dx = log — — > 

0 log a; 7i 4- 1 

2. Construct an illustration of (1) in which the left member of (1) is not 
easily evaluated by direct methods. 

36. Uniform Convergence of Infinite Integrals. In general, 
the theorems and properties discussed in Secs. 33 and 34 do not 
hold for infinite integrals like /+” f{z, a) dx. Hence we must 
determine the conditions under which these theorems and 
properties are valid. As in the case with infinite series, we are 
led to the concept of uniform convergence of infinite integrals. 

We first consider the infinite integral /+“ /(x, a) dx, where 
f{x, a) is bounded throughout the region a S. x a',h ^ a ^ V 
for all values of a' ^ a. The integral H” fix, a) dx is said to 
converge uniformly to its value <pia) in b g a g if for every 
positive number e there exists a positive number X such that for 
every a in b g a ^ b', 


‘Pia) — fj‘fi^, “) 5a:! 


< €, 


for xi ^ X 


From this definition many theorems may be proved. We 
shall state a few of them below. We shall omit the proofs of 
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(CiMP, JI 


these tiicorcms since they so closely parallel the theorems given 
Chap. IV. 

Theohem 35.1. A necessary and sufficient condition that 
JJ* «) dx converge xiniforinhj tn 5 g a ^ is that for every 
'positive nxnnhcr e there exist a positive nxnnhcr X, such that for 
every a in h ^ a ^ h\ j/|}/(2-, a) dx\ < c xchen xz > Xi ^ X. 

Theorem 35.2. If a) dx converges uniformly in 

h ^ a ^ then for every positive xitimha^ c there corresponds a 
positive 7iumhcr A' such that for every a in h ^ a ^ 


fix, a) ajj < 6, 

when xi ^ A'. 

Theorem 35.3. Let fix, a) = \iz, a)yix), where X(x, a) is 
a contviuous fimction of (jt, a) in c ^ x g o', 6 g a ^ b\ for 
all a' ^ a, and ichcrc fiix) is bounded and intcgrablc in the interval 
[a, a']. If fix, a) dx converges xmiformly to <pia) in [b, V], then 
<pia) is a continuous function of a in [5, 5']. 

Theorem 35.4. If fix, a) satisfies the conditions of Theorem 
35.3, then if a and ao arc any two points in [b, 5'], 


r ry(z , «) dzda = rve^, «) dadx. 

•/as a/0 a/ag 


Theorem 35.5. Let fix, a) and idf/da)x have the properties 
stated in Theorem 35.3. If a) dx converges to <pia) and 



dx converges uniformly in [5, 5'], then <fia) has a 


derivative at every point in [b, b'], and <p'ia) 



We shall now consider the convergent integral Ja fix, a) dx, 
wlierc fix, a) is unbounded in the neighborliood of points on 
X = g', and is bounded for g ^ x g a' -- 6 g a g 6', when 

G < a' — { < a'. 

The integral fix, a) dx is said to be uniformly convergent to 
^(of) in 5 g a g 5', if for every positive number e there exists a 
positive number 5 such that when 0 < J g 5, 


j^(a) “ ^ fix, a) dxj < e 

% 

for everj^ a in 6 g a g 6'. 
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<5 


It should be emphasized that the same number 5 must serve for 
every a in [6, 6']. 

Theokem 35.6. A 7iccessary a? 2 d sxifficieni condition for the 
uniform convergence of fafi^i «) da; to in h S cl is 

that for any ^reassigned positive number e, there shall exist a posi- 
tive niimher 8, such that for every a in [5, V], 


ffffix, a) dx. 


< 6 


\^’hen 


0 < r' < ^ 5. 


Theorem: 35.7. If faf(^, a) dx is uniformly convergent in 
[5, 6'], then for any positive number e there exists a positive miviber 
8, S2ich that for every a in [6, b% (/2'-c/(a;, a) da;| < e when 
0 < ^ g 5. 

Various modifications of these results must be made when 
/ is unbounded in the neighborhood of certain points on x = a, 
or more generally, on a: = ai, ae, - • • , 

Theorem 35.8. Let f{x, a) — X(a-, a)jLt(a;), xohere X(x, a) is a 
continuous fimction of {x, a) a g a; ^ o', 6 g a g 5', and where 
fi{x) is bounded and iniegrable over [o, a'] except in the neighborhood 
of certain points on a: = Ui, • • ■ , a„. (7) If f{Xj a) dx is 

uniformly convergent to ^(a) in [6, 6'], then \p{a) is a continuous 
function of a in [5, b% (II) Also 


P f fi^j «) dx da = f° P/(x, a) da dx, 

t/ofo txO %/cio 

where ao a7}d |3 arc any iwo points in [6, 6']. (777) If {df/da)x 

satisfies the same conditions as fix, a), if ^{a) converges, and if 

J (la) converges uniformly in [6, h'], then ^j/'ia) exists in 


[6, 6'] and equals 


Example 1 Prove 


rxa 

X 


dx. 


sin X 


Consider the integral I 




sin X , 

^ dx, Of ^ 0. Ertdently, 


e’-^'/x is monotonic in x when a; > 0. By the second theorem of the mean, 
when 0 < Xi ^ I ^ 


I sm X dx 

Jxi X 


g~crr 

Xi 



sin X dx + 



sin X dx. (1) 
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! f" ™ X J s ^'1 f ™ » J + f " 

iJx. I i *> IJx. ! !J£ 

Since |/* sin x cfxj ^ 2 for till values of r and y, nnd a ^ 0, 

i f ■' , i 4 

I I Pin X flx < 4 < — • 


sin X dzL (2) 


^ f 4 

Fin xflx, < 4 < — ■ 


If X? > Xi ^ X;. and if X 5 > 4/<, tlicn for evcrj* a ^ 0» the lefl member of (3) 
is Ic^s tlian €. This shows that the integral / i< uniformly convergent to 
sr(a). By TheorcmF 35.3 and 35.S wc know that v'W is continuous for 
a S 0. Hrncc« 


r * sin X r ' 

srfO) = I dx = hm I 

Jo X 4-0 Jo 


sin X 

X 


From Theorems 35.5 and 35.8t for a > 0, 

ja ^ ~L ^ 

The latter integral may be shown to converge uniformly for a ^ oc > 0. 
Since (rf'dxV*'®’ (cos x 4* o sin r) = — (a* sin z wo have 

, 1 

I Fin X dx = » 

Jo 1 + a" 

so that c'(o:) “ —1 (1 4- a-), and v*(«) = —tan™’ « -f C. w'hcrc C Ls a 
constant. Since lim ^~(a) == 0. C — r ^2. Hence 


By (4), we have 


v’(a) ^ I dx — - — tan”^ 

Jo X 2 

r ^ “ cin X r 

Jo X 2 


Example 2. Prove JJ* c*"*' dx — \^/2. 

Since 0 < < c‘' when x S 0, it follows by Ejiamplc I and Theorem 

31.4 of Sec. 31 that the given integral is convergent. Let 




Then, by (10) of See. 19. 


[v-(0i' = (X‘ e-’ dx) (£ e-’ dy) = 3y dx 
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where K is the region bounded by the lines x = y = 0, x = y = t. Since 
K contains the first quadrant of the circle + y- - and is contained 
in the first quadrant of the circle a:- + j/^ = 2P, and since re~^ > 0 when 
r > 0, 

that is, 

7(1 - e ->’) g [v>( 0 ]= g 7(1 - «-“’)• 

4 ^ 


Therefore 


0 


e""** dx — lim = 
<— > 4 * » 




rt/a J nt 

Example 3. Since I dx = - e""’ dy, it follows at once 


from Example 2 that 


X 


4 - « 


rf-T = 


2a 


Example 4. Show that /f® cos (x-) dx = /o'” sin (x^) dx = ^\/7r/2. 

We shall evaluate these integrals without justifjung the operations used. 
By Sec. 7 of Chap. V, = cos X“ — i sin where = — 1. Hence, by 
Example 3, 


X 


4 - « 


e"*'** dx = 



cos dx 



sin x^ dx 


y^. 

2 \/ i 


Since \/ :r/2\/i = 7r/2(l “ i), we find by equating real and imaginarj" 

parts the results stated in the example. 


EXERCISES XXV 


1. 

2 . 

3. 

4. 

5. 


Show that Jf “ c"'®'* dx converges uniformly in a ^ ao > 0. 

Show that dx converges uniformly in a ^ ao > 0. 

Determine an intenml in which / f dx converges uniformh^ 


Determine an inter\^al in which 
Determine an interval in which 


X 

X 


4- w . 

sm ax 


3.1+n 

4- CO 

cos ax 


1 +X5 


dx converges uniformly. 
dx converges uniformly. 


6. Prove that if /(x, a) is bounded and integrable in o ^ x g a', 
6 ^ a ^ 6' for all a' ^ a, then /^®/{a5, a) dx converges uniformly in [b, h'], 
provided there exists a function X(x), independent of a, such that (I) X(x) ^ 0 
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when x'^a) (II) |/(ar, a)] ^ \{x) when x ^ a and b ^ a ^ b'; and (III) 
/?** X(ic) dx exists. 

» 4. c 


7. Show that 


r 


cos X 


dz converges uniformlj’ for <r ^ 0. 


8, Show that JJ”* cos x dx converges uniformly for a ^ ore > 0. 
sin ccx 


9. Show that 


J "* -f* w 

sin ccx 
0 X 


fix converges unifonxdy for or ^ oro > 0. 


10. Show tlmt JJ x"*”* dx converges uniformly for 0 < oro ^ a ^ 1. 

n. Show that II x^“k~' dx converges uniformly for 0 < ao ^ a ^ 1. 

12. Prove: If B(x, a) is bounded in x a, b ^ cc ^ h% and for cvor>' a 
in Ih, l/\ is a monotone function of x, if 4 (x) is bounded and docs not change 
sign more than a finite number of times in (a, a') for any a' ^ a, and if 
/?*v5'(^)dx exists, then /J* iJ(r, ot)\J(j) Ox is uniformly convergent in 
lb, O'). 

Evaluate the following integrals by diflcrentiating with respect to 
Show that the operations involved are pcrmis'^iblc. 


Jo log X 

r 

Jo 


14. Prove 


= a 0. 


15. = iV^k. 


IG 


i 


2 


1 ) 


17. From (IG) prove /Jx’'(-* log x)” dx =* m!/(n 4- 

X* 


‘»rr 


. dx = 


-f X^ 

19. From (18) prove 


2 cos {k^/2) 
r ^ * X* log X 

Jo 1 4-x= 


» 0 < /; < 1 . 


20. Jo log (1 -f f- cos x) dx. 

21. Ilx^dx^ l/(k + 1), k > 
. dx 

22. Prove that 


XV 


cos X 


k-x kv 
dx - '7 see -7 tan 77- 
4 2 2 


k > 1. 


V*- - 1 


23. Prove that fS^c^^^dx - l/A*. 


24. Prove that 


X 


+ * dx 
X* 4 - 1 : 


25. From Ex. 22 show that 


2\/k 

, . 6 — cos X 

at log 

Jo o — cos X 


dx 


2G. From Ex. 23 show that /f^x^c^^^dx « n\/k”’^K 

»4. CO 

27. From Ex. 24 show that 


x: 


dx 


’ log 


^ 1*3 


6 4. 1/5? - 1 
a 4- Vfl* - 1 

■ - • (2n - 1) 


(x* 4- 2 2 • 4 • • • 2nk”^i 
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28. /o“ cos mx dx = k/{k- + m-), k > 0. 

29. Obtain by integration from Ex. 28 the relation 


i 


+ “ e-*x _ e-'‘- _ 1 + wP ' 

X sec vix 2 ^ ni^ 


30. JJ" sin nix dx = m/(Jkr + k > 0, 

31. From Ex. 30 obtain hy integration 

»+ w 


• r 


(,-kx _ g-ux u ^ 

dx = tan”"* tan“^ — 

X CSC mx m m 


32. From Exs. 28 and 30 find the values of 


r 


cos mx dx 


00 

0 


x^e sin mx dx. 


33, From Ex. 23 show that 

34. From Example 3 show that 


i 


4 - 00 


I 




)0 

35. By differentiating, prove 


- e-'‘== k 

dx = log — 

X u 


dx = (u — k)^ TT. 


C log (1 — 2a cos a: + a’') dx = j ^ ^ li 

dO <0, a= ^ 1. 


PART F. SPECIAL FUNCTIONS DEFINED BY MEANS OF DEFINITE 

INTEGRALS 

36. Gamma Function. We here consider the integral 
dx. By the methods given in Sec. 31, it is easy to 
show that this integral converges, and hence defines a function of 
n, for all positive real values of n. This function is called the 
Gamma function: 


r(n) s x"-^e-^dx. (0 < n < + ») (1) 

In particular, , 


r(l) = 1. (2) 

An important property of the Gamma function is given by the 
equation 


r(n + 1) = nr(n), 


(3) 
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the proof of • 5 \-hich is obtained bj- integrating by parts: 

f(n) = J^ = x-c-dx 

= ir(7i + 1). 

n 

From (3) and ( 2 ), wo find upon setting 

n = 2, 3, • * • , n + 1, 

successively, 

r( 2 ) = 1 • r(i) = 1 • 1 = 1, r( 3 ) - 2 • r( 2 ) = 2 • 1 - 2!, 

r(4) = 3 ' r(3) =3!, — ‘ , r(ri + 1) ^ 7il (4) 

In view of property (4), r(n + 1 ) is sometimes called the 
factorial function^ and is in fact one generalization of n! to the 
case where n is not a positive integer. 

Relation (3) also shows that the values of the function maj* be 
determined for all rj > 0 if it is determined for all values of n 
over a unit interv’al. For this reason, in constructing tables of 
r(n), it is sufficient to construct such a table for values of n from 
1 to 2 . 

AMicn 71 < 0 , the integral ( 1 ) diverges and hence fails to define 
a function. However, we can extend the definition of FCtz) b^^ 
means of equation (3). Let —1 < n < 0. Then r(n + 1 ) is 
defined b 3 ' (I), since (n + 1) is positive. We define r(n) for 
— 1 <71 < 0 by means of the relation 


r(,, , 

n 


(5) 


Let —2 < 72 < — 1 . Wc again define r(7i) bj" means of ( 5 ), 
since in the right-hand side of (5), T{n + 1) is now kno^\"n. This 
process of extension of the definition of r(n) can be carried on to 
include all negative real numbers n, except the negative integers 
and zero. (WI 13 "?) 

From (3) it is easj" to see that if k is a posit i'^'e integer, 

r(n + 1 ) = n(n - 1 ) • • • (n - k)r{n - /:), ( 6 ) 

and 


V 


r(n + /:) = (71 + ^ 1) . . . (n 4 - l)nr(n). 


(7) 
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By means of various transformations the integral (1) may be 
reduced to other forms. For example, the transformation x = ay 
reduces (1) to 

r(n) = “ y^-ie-^v dy; (8) 

the transformation x = y- reduces (1) to 

r(n) = dy, (9) 

and X = — (to + 1) log y reduces (1) to 


r(n) = (to + 1) 



dy. 


(— 1 < TO, 0 < n) 


( 10 ) 


From (9) mth n = §, we find by Example 2 of Sec. 35 that 


Many other similar forms of (1) are given in the exercises below. 

By the methods of Sec. 35, it is possible to show that (1) is 
uniformly convergent for all values of n ^ iV, where N is any 
positive number. From Theorem 35.3 we can then conclude 
that r(n) is continuous for all positive values of n. 

By Theorem 35.5 the integral 





{n > 0) 


may be differentiated with respect to n under the integral sign, 
giving 

r'(n) = log 0 * do*. (12) 

From Ex. XXV, 33, we know that 


log X 


-i 




dx. 


Substituting (13) in (12) we have 

»-f 00 


Jo Jo 






(13) 


a 


da dx. 


(14) 
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B}'' Tlieorcm 35.4 the order of integration in (14) may be inter- 
changed, giving 


r'(n) 


r7; 




da 


“ da 


= f f dxi 

Jo Jo o 

- I I axda. ( 15 ) 

Jo Jo a 

Using relationships (1) and (8), we see tliat 

r'W = rw|;'i[c--^j-;^.]rf.. ( 16 ) 

The Ganima function was defined by Weierstrass by the 
equation 




where z is a complex number, and y = 0.5772 • • * is Euler’s 
constant. Euler showed that 

w=in[(>+,0'('+0"] 

EXERCISES XXVI 

1. Prove that (1) converges. (Hin’t: Prove that /J converges 

for 0 < n < 1, and dx converges for all real values of n.) 

2. Prove (2), (G), and (7). 

3. Prove r(n) — ♦ -f « as a -f 0. 

4. Make a table of values of r(n) for every half integer and graph your 
results. 

5. Verify the reduction of (1) to form*! (S), (f>), (10), and (11). 

0. Prove that (1) is uniformly convergent for all n ^ iV > 0. 


. (a) From (1C) show r'(l) — ^ ^ ^ - da. 

nd (IG), prove 

^ (■“[_! l—llj.. 

Jo Lt -f « (1 -r Ct)"j a 


(b) From this relation and (IG), prove 
r(l) -f 


r^(n) 

r(n) 


(c) From the expression for r'(n)/r(n) found in (b), show that when n is 
an integer greater than one, 
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r'(n) 

r(n) 


r 


tr2 + 4- 


+ v^] = 1 + 2 + 


+ 


n — 1 


Hint: In (b) set t ~ 1 + «• 

Remark, The value of the constant r'(l) is known as Euler's constant. 
It is denoted by +7, where 7 = 0.5772157 • • • . 

(d) From the results of (b) and (c), prove that 


r'(n) 1 1 

- 7 + 1 +“+“- + 
T -r ^2 3 


r(n) 

8. (a) From the fact that 


+ 


n — 1 


jo 1+2 


dy = - 
y sin mr 


> show that 


r(n) • r(l - n) = 


sin riTT 


(b) From (a) prove 

rf-Vf-'i • ■ • r(~) = 

\nj \nj \ n J A/n 

(c) From (b) show that 


Jfc = l 


1 log n 

2 n 


(d) From (c) show jj log r(x) dx = log \/27r* 

Hint: In (d) let 1/n = Then let n + «> . 

37. Beta Function, The integral 

dx (1) 

converges for m and n positive and so defines a function of m 
and n called the Beta function: 


B{m, n) = dx. {m > 0, n > 0) (2) 


Evidently B(m, n) is symmetric in vi and n, that is, 

B(m, n) = jB(n, m), 

for the transformation x = 1 y reduces (2) to 

B(m, n) = f 0- ~~ dy = f (1- - dx 

= B(n, m). 


(3) 

(4) 
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As in the case of the Gamma function, various forms of the 
Beta function may be derived by a change of variable. Thus, if 


in (2) we set x = y/a^ where a is a constant, then 

B{m, n) = “ ~ y)""' dy; (5) 

if in (2) vre place z = sin- we have 

Birriy n) = 2j^ sin-”*"* ^ cos-"*"* (6) 

if we set a: == y/{y + 1), we find that 

"X ■ *■’ 

38. Relations between Gamma and Beta Functions. From 
(9) of Sec. 36, we have 

T{m)T{n) := 4 dzjj ’ y-^-'c->'dy 

~ " X " dx dy. (1) 


This double integral is to be taken over the first quadrant of the 
xy-plane. With polar coordinates, (1) may bo written 

r(7a)r(Ti) ~ {?co 5“^-""* drdO 

= 6 cos-^*'* 6 dr d6. (2) 


From (9) and (6), we find 

r(y; 2 )r(n) = B{77i, n)r(jn + n). 

Hence 


B{my n) 


r(m)rin) 

r(r72 + n)’ 


(3) 

(4) 


Example 1. 



5(1 — dx = 55(5, 4) 


Since r(3) = im), r(l) = V?, r(4) = 3!, 


5n!)r(4) 


rm = ? - 1 • I • ? ■ 

^*e find 

5(1 = Vi- 
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Example 2. Evaluate the Dirichlet integral 

/ = dx dy dz (5) 

over that portion of the first octant which is bounded by the ellipsoid 
(a:-/a-) + (yV^') + (^Vc-) = 1 and the coordinate planes. 

To simplify matters, we shall let x- = = 6^, = c®r* Then our 

problem is to evaluate 


1 = 


8 


WJ-- 


dij dt 


over the octant bounded by the coordinate planes and ^ -F r; + = !• 

Putting in the limits and integrating, we have 


I = 




8 

8n 


1 i_, rn_ n_ 

dy 


n 


1 pl-t n 

^2 ^2 (1 _ j 


By (5) of Sec. 37 this can be written 

Jo 

By (2) of Sec. 37 and (4), this is equal to 


/ = 


Tn-hn 

I ‘(1 -0 ^ Bl 


( m n \ 


dj. 


o'b^c” „f I m + n ,\„frnn \ 

'--stV — + VV2 + V 


a'b”c’' r(l/2)r(7n/2)r(n/2) 

8 /I + m -h n _ 

+ >j 


( 6 ) 


If 1 = 1, 7n = 1, n = 1, the integral (5) gives the volume of an octant of 
the above ellipsoid: 


V =- 


ahc r(§)r(^)r(j) _ 

8 r(l) ” 6 


If Z = 3, 7n == 1, n = 1, (5) gives the moment of inertia of this volume 
with respect to the t/z-plane: 


-US. 


s* dx dy dz 


_ a^bc r(s)r(i)r(i) 


8 r(f) 

EXERCISES XXVn 


7ra^6c 

^W' 


1. Verify (5) of Sec. 37. 

2. Prove that if integral (5) be taken over the octant bounded by a portion 
of the surface 
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W 


f I m n \ 


(7) 


3. Prove 

(a) 

(b) 


> JX- 


Qx dij = 


r{/)r(CT) 


, V 


j over — \r T ^ h, 

r(^ -i- 7;; 4* 1) 0 h 


I 


, , , a'lr V{l>]>)r(m <}) 

' Ox dtj y, «, 

TXJ 


< 7 .- 7 -) 


X)'-©' 




PART G. NUMERICAL INTEGRATION 
39. Numerical Integration. By Theorem 13.1, the evaluation 
of SJ/(x) dx depends upon the determination of an e.vplicit 
representation of the function f f(x) dx. It often happens that 
it is inconvenient or impossible to obtain such a representation 
of / f{x) dx; for example, f{x) ma^" be given by a complicated 
formula or merely by a tabic of values for certain values of x. 
In such a case it is nccessar}' to rel}" on certain formulas n*hich 
give an accurate approximation to SlJix) dx. We shall now 
derive some of the most useful of these formulas. 

It is o\ndent that 


1-1/2^^^^ ~ 1^2^^^ + x)(ix + fg^'Kc + x) dx. 

Replace x by x' — {1/2) in the second integral and by {1/2) — x' 
in the third. Then 


ri/2 


f{c + x) dx 




We define <p{x) and ipk{x) by the relations 
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t(^) =f(c + ~-:^+f(c-~ + x^, 

Thix) = (“1) 

= /®(c + 5 - x) + (-iyr^^(c -l + ^y 

where fc = 1, 2, 3, • • • . If we evaluate the second integral in 
(1) by repeated integration b3’' parts, we find that 

+ x) da: = [(x + (x + Bd)<i>i(x) dx 

= [(x + Bd)^{x)Yf- + ^[(x-^ + 2Bdx + 

+ |;[(x^ + 3Bdx- + 3Bd-x + BzV)v> 2 {x)]V"~ + * • • , (2) 

where the B’s are arbitrary constants. 

To obtain formulas useful for computational purposes, we shall 
require the B’s to be such that upon making the substitution 
X = 1/2 in (2), the coefficient of (pkiU^) is 0 for every even k, 
<Pk(J/2) itself being 0 for every odd k. We are thus led to the 
conditions 


5 + Bi = 0, i + f5i + -fB; + Bs = 0, 

^ + i\Bi + + J^Bs + fB4 + Bs = 0, 

and under these conditions (2) reduces to the form 


r. 

J-l/2 


f(c + x) dx = — 


B 2 I- 

21 


Bdv’CO) + '^¥’1(0) + 


+ ^VaCO) + • 


(3) 


]■ 


(4) 


Let = Sic + rl) +/(c - rZ). Then 


If we expand ^^(r) by Taylor’s series about r = — we find that 
f(r) = ^( 0 ) - + ^VaCO) - ^'^3(0) + • • • , ( 5 . 1 ) 

where R = r + h Likevdse, if B = s + |, T = Z + , 



,3iG niaiinn :,i ATHENS ATics ica/.?. n 

then 

= c^O) - .5?v'i(Oj 4- '~ci% - • - ' , (5.2} 

i^fO = ^'fo) - -f - • • • , r.v.3) 

and w on. If •'.vc- inuliij)!y -o.!) by ~Kl/2. i:j.2) by —if/2, 
(o.Z) hy —3fl/2, - • • , and add the re^ulf': to f4;, r.-e obtain 
the formula 



v.-here 



.4c = K + L -i- 31 ■ ■ . 

A^ = AT/ d- i.S -T 3!T ~ , (S) 

Az = KR' 4- LS- -r 3fT' -r - - • . ■ ■ • . 


We irnpOHc the additional requirement on the B'h. K, L, 31. ■ ■ - 
that 


ht, — bi = bt — hr — hi — • 

It follov.-fi from (Z) and (9) that 

1 4- 2ii = 0, 

Bi + ZBt 4- 2Bi = 0, 

Bz 4- iBi 4- -ai, 4- 2Bi = 0, 

Bi 4- 5B< 4- SiBi 4- Tic 4- 2B-. = 0, 


- = 0. f9j 


Bi = -f.4t. 

ij = — 

ii = <10) 

B-. = — f.4c. 


Hence 

Bz^AzA-Ui, i. -c4c4-^i-*.4c, 
ic = .4c 4- -i-di — i4- 4- ■?^-4t. ' - • . 


( 11 ) 



Sec. 391 ' 


INTEGRAL CALCULUS 


317 


Let Sl{x) denote the A-th Bernoulli polynomial,* i.e., 

So(x) = 1, = X* — 2x^ '+ x^ - 

Si(x) = X - Sh(x) = x^ ~ -fa;'* + fa:^ - |a:, 

Silx) = ar^ — a: + i, /SeW = ~ 3a:® + ^a;-* — ix” + 

Ssix) = X® — -fx- + |a;, 

Then bj’’ (6) and (7) 

7JH-1 

hk = Sh+i(A) ^j_ + i j l ' 

where j3i+i(A) denotes the result of substituting Ai for x* in the 
(A + l)th Bernoulli polynomial /3t+i(x); e.g., 

/3:(A) = Az — Ak + -^Ao. 


Thus (6) reduces to 


rt/2 

J -1/2 ' 


1/2 1 

f{c + x) dx = ^{Kip(r) + LrJ/(s) + 


(13) 


odd k 


If 'we let 7 k+i(x) = Sk+i(x + so that 


7o(a:) = 1, 

72 (x) — X- — 

74(3;) = X'* ^ X ^ + 

y^i^) = a;® -l^x* + tMtj 

T8(x) = X® - |x® + 4|x* - 


then 


A--fi(A) — KSk+iiR) + LPk+i{S) + ■ • • 

= Kyk+i{r) + Lyk-ti(s) + • • • , (14) 

and (13) may be written in the form 



+ x) dx = ^{Kxf/{r) + L^{s) -f • • • j 


2/t+i 

jjr^^rypl^^yk+iir) + Lyk+i{s) • • • }^i(0), 

odd h 


* See Steffensen, ''Interpolation/' Sec. 13. 


( 15 ) 



318 


HIGHER MATHEMATICS 


[Chap. JI 


whore, the first equations in (10), the onJj^ condition on 
iv, L, M, ' • * is that 

- iT +/. + .U + — ' + P = 1. (16) 

If there are v constants /v, L. * • • ^ P, there remain v — 1 
conditions to impose on A", Ly ^ P. Let 

hi = hj = hs = ■ ‘ = ^2,^ = 0. 


(17) 


By (15). 


A72(r) + L72(^>) + 
A"74(r) + L74C^) + 


+ P72(to) = 0, 
+ P7.(to) - 0, 


Kycr-^iir) + L72^-2(-^) +'*■“}“ Py2,-i(w) = 0. 
By (IG) and (18), A = Ai/A, where* 


(18) 



1 

] 

1 



y ^ ir ) 

7 =(s) . 

- • 75(10) 


= 

y *( r ) 

74 (-’') 

- • 74(10) 



7 e,-e(r) 

7 =.-:(-'() . 

. . 72 »- 2(«0 


|1 

1 

1 



;o 

7 :(s) • • • 

75(10) 


Ai 

= io 

1. . . 

7 <(s) . . . 

74(10) 

• 


|0 

72 r-;(-'?) • ■ ■ 

75,-5(70) 



(19) 


Because each pol 3 TioniiaI 7 :n(^) contains terms of onl}*^ even 
degree, the first term being A and Ai reduce to 


A = 


Ai 


S" — 02 
*5^ — 04 


5-^“- — 02,-2 


1 

1 

. I 

r" 

s* . . 

. tc* 

^2.^2 

s-^^- . . 


p - 

02 

' • w- 

p - 

04 



— 02,-2 ‘ 

• * to-’’ 


( 20 ) 


<74 


Uir-t 


where = ^- «< = 
• See Sec. 4 of Chap. VI. 


* * * j USm — 


1 


2-”{2m + 1) 
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Sec. 39] 

In particular, we have 

;> = 1, ( V = 2, 

K==l, )K 


5- az 

qA — rA 


y = 3, 

_ sH^ - aaCs^ + <=) + a* 

( s2 _ ^ 2 )( J2 _ ^ 2 ) ’ 

V = 4, 

sHV - a2(sH^ + sHi- + ^V) + ai(s^ + + u^) - 

^ (s" - r-)(i" - r^)(.u^ - r^) 

The other coefficients, L, ilf , ■ • • result from suitable permuta- 
tions of r, s, t, • ' • . 

So far, r, s, t, • • • have been arbitrary. By specializing 
them we obtain all the well-known Newton-Cotes, Steffensen, 
and Gauss quadrature formulas. For example, if we take 
V = 1, r = we obtain from (15) the Euler-Maclaurin formula: 

- |[/(o + 1) +/(« - |)j 

0 - 4-0 


odd k 


( 21 ) 


where the first term is called the trapezoidal rule^ and where the 
are the Bernoulli numbers: 

Bz = T2(i) = (32(1) = i, = “-sStj -Be = ‘ . 

If we write c-^ = a:o, c-f^ = 3 : 1 , f^c = yo,f(c + = 2/i, 

• • • and apply (21) to successive intervals [xo, xi], [xi, X 2 I, 
, [x„_i, x„], and add the results, we find that 


r 


f(x) dx = + 2yi + 2jf! + ■ ■ ■ + 2;/o_i + 


- - rf’l. (22) 


odd k 


where h is the common interval length xj — xo. If we take j> = 2, 
r = §, s = 0, we obtain from (15) Uspenski’s formula: 

■ 1/2 


I. 


1. 


Sic + x) dx = -Ayo + 4?/i -f- 2 / 2 ) 

- 1/2 O 


-2 

odd fc>i 


Ik+i 


(^ ■{- 1)1 


+ g7/:+l(0) 


(23) 



CHAPTER III 

ORDINARY DIFFERENTIAL EQUATIONS 


PART A. ELEMEKTARY TYPES 

1. Introduction. In many branches of mathemanc^, me- 
chanic?. pln^nc?. and chcmlnr^-, there arise equation? invohdng 
derivatives or dilTercniials. Such c^juation? are called (Hffcrmtial 
cquatiom. The following arc diflerential equations: 


^dt- 



(f\V 

dr 


-f- pV c. 


Dv - r sin pL 
at " 

d-lj ^ 

cf* ox* 


£2 

ax‘ 


dJT 

dx- 

du- 



ov 

di 


(1) 

( 2 ) 

( 3 ) 

( 4 ) 
(0) 
( 6 ) 


Equation (1) appears in the study of the disintegration of radio- 
active substances and in various problems of growth; equation 
(2) is involved in the study of simple harmonic motion; (3) occurs 
in the study of oscillating mechanit^al and electrical s%*stems; (4) 
represents the transverse vibrations of a stretched string; (5) 
is used to obtain the lines of force and lines of constant potential 
in electrostatics and hydrod%Tiami cs; and (6) is the equation for 
the conduction of heat through an isotropic medium. 

In this chapter we shall give a few elementary methods for 
sohdng equations which involve only ordinary' derivatives, and 
in Chap. ^ II we shall take up the question of sohdng equations 
containing partial derivatives. Many physical applications of 
ditierential equations wiU be given in the exercises. 
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2. Definitions. Differential equations which involve but one 
independent variable are called ordinary. For example, equa- 
tions (1), (2), and (3) are ordinary. Differential equations which 
involve two or more independent variables, such as (4), (5), 
and (6), are called partial. 

A differential equation is said to be of order n if it involves* 
a derivative of order n and no derivative of higher order. The 
degree of a differential equation is the degree to which the highest 
order derivative enters into the equation after the equation has 
been made rational and integral in all of its derivatives. 

A function y = p{x) is said to be a solution of the differential 
equation 

Vy y') = 0 ( 1 ) 

if, upon substituting p{x) and p'{x) for y and y' in (1), / is^ trans- 
formed into a function of x which is identically zero for all values 
of Xy i.e., if 

f{Xy pix)y p'(x)) ^ 0. (2) 

This definition can be readily extended to differential equations 
of higher order. Thus, 

y = 36-^ + X-2 (3) 

is a solution of 

t/" + 2y' + y = a;, (4)* 

for when 

y' = + 1 and y" = 

are substituted in (4), we obtain the^dentity 

3c“- + 2(-3e"" + 1) + + X-2) ^x. 

Again, the equation! 

y3 + y - a; = 0, (5) 

which defines y as a function of a;, y = p{x), determines y = p{x) 
IS a solution of 

(3a: - 2y)?/ = y, (6) 

* For example, we do not consider the equation 0 — + t/ — = 1 as 

dx^ dx 

involving — • 
ax® 

t Equations in x and y are usually regarded as defining y as a function 
of X, For a rigorous statement, see Sec. 20 of Chap. I, 
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for when 1/ is obtained from (5) as a function of x and y, say 
7 / = q(x, 2 /), nnd 1 / then substituted in (6) vdih y replaced by 
p(x)f then (6) reduces by means of (5) to an identit}' in x. In 
general we shall say that the equation F(x, ~ ^ fumiMics a 
solution of/(j, 2/f v') = 0 when F(x, y) — Q defines y as a function 
of X, 2 / = p{x), such that y = 7 }(x) is a solution of/(x, y^ y^) = 0. 
In such a case it is often convenient to call the equation F(x, 2/) = 0 
a solution of /(x, y, 1 /) = 0, though actually what we mean is 
that F(Xf 2/) = 0 defines y as a function p(x) which is really the 
solution of /(x, Iff 2 /) = 0- 

The question is of considerable importance as to whether or not 
a given differential equation has a solution. But we shall have to 
postpone consideration of this question with the bare statement 
that the existence of solutions to man}" general t 3 "pes of differ- 
ential equations has been established. 


EXERCISES I 


1, State the order and degree of each of the following: 
(a) Each of the equations in See, 1. 


(b) d*|//dx* = t/'v/a -f (dij/dxy. 



(d)?+3,+ 

dx 




0. 


(e) 10'^ — yy* = 0. 


2. Const met a differential equation of the second dcgrt^c and third 

order. Const met a difTerential equation to wliicli the idea of degree i*^ 
inapplicable. • 

3. Show that the following difTerential equations have the solutions 
indicated: 

(a) y" - 7i/ + lOfy = 0; y = 

(h) — 2x2/' + ;7 = 0; r/- ~ x + I ^0. 

Or Oz 

(c) x*- — f- t;— == 2y^; 2 == t/* -f 2yc^*. 

vx dy 

d^T *)"!P 

(d) — + ^ = 0; r = loK (i’ + y'-) + Tnn-' 

(7x* Of/* X 

, . d-w dhe 

w) =0; IP « v?(x -f iy) *f ^^(x — tf/), where t’ = —1, and 

where ^ and are arbitrary differentiable functions. 

4. Wlien is the function y - pix) a solution of the nth order differential 

equation /(x, j/, y\ , i/«^) = 0? 

5. Define a solution z = p(x, y) of the partial dilTercntial equation 


fi^) Vf ^VJ ^TXf 0, 
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Extend this definition to a more general type of differential equation. 

6. Let 

v{x, y, i, i, y) - 0, 

4>{x, y, t, X, y) = 0, 

be a system of first order differential equations with t the independent 
variable. (The symbols x and & are frequently used in dynamics for dx/dt 
and d^/dtK) Define the term solution for this system. Extend this 
definition to a more general system of differential equations. 

7. In the study of the steady-state flow of heat in a sphere, the Fourier 
equation (6) of Sec. 1 reduces to 


dr\ dr) 


0 , 


( 7 ) 


where T is the temperature at any point in the sphere at distance r from the 

B . 

center and is independent of the time. Show that T — A + “ is a solution 

of (7), where A and B are arbitrary constants. 

8. Show that x = log cosh {at /tv) is a solution of the differential 

equation 

7n:i; = ma — (8) 

where a, and w ~ \/ a/k are constants. 

Equation (8) represents the motion of a particle of constant mass m 
along a straight line when it is acted on by a constant force and is subject to 
resistance proportional to the square of the velocity. In this equation x 
is the distance of the particle from a fixed point on the line of motion, x 
and X denote dx/di and d’^x/di-j ma represents the constant force acting on 
the particle which would produce the uniform acceleration a, mk{x)^ is 
the force of the resistance opposing the motion of the particle and acts in the 
direction opposite to that of the force ma, and mx is the resultant of the 
forces ma and mk{x)-. What is /?? 

9, (a) State the differential equation for the motion of a particle of mass 
m if it moves along a straight line under the action of a constant force ma 
and is subject to a force of resistance proportional to the velocity. Show that 

nfe-fct ^ 




is a solution of this equation. Find a formula for the 


speed and acceleration at any time t. 

(b) State the differential equation for the motion of the particle in pari 
(a) when it is subject to no resistance. Find a solution of this equation. 

10. Show that 

/ 0 ^ 1 — 

X - {u cos a) 7 . y = — - + {ku sin ct + g) 

rC ' K 

is a solution of the system 

mx - my = -kmy - gm, (9) 

where k, g, and u are constants. • " 
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This F 3 'stem of differcutial equations represents the ntotion of a projectile 
fired "sritb initial velocity’ u in a vertical plane at an angle a with the hori- 
zontal x-axis. The student should give the ph 3 *sical interpretation of each 
term in (9). 

11. The s>*stem of din’crcntial equations 




rs: 




( 10 ) 


occurs in the .«tudy of tidal waves and of wave motion in a canal. In these 
equations t denotes time, is th»^ acceleration due to gravity, A is the original 
depth of the water, and i and arc the horizontal and vertical displacements 
of a particle on the surface of the water which was originallv* at position z 
From (10} show that 


Show that 



f -v<c!ri-r) -hC(cf ^z) 


( 11 ) 

( 12 ) 


is a solution of (11), where c* = and nhere c and v' «n? arbitrary" diiler- 
cntiable functions. Show that £ = 2X sin {nxrzrl) cos (n!rcf ^/) is a solution 
of (11), w’herc X, c, n, ir, and I are constant and show that this solution 
mav be expressed in the form (12). Give at least three other solutions of 

(III 

3. Primitires. If we diiierentiate the function 


y = X* -b cu: 4* 6 
we obtain the result 


( 1 ) 


!/" - 2 . 


( 2 ) 


Thus we eliminate a and 6 from (1) by differentiating it twice. 
Again, if 

t/ = A sin (px — q), (3) 

then 


^ = Ap cos (pz - g) 
d^y 


_ 


dx- 


Ap~ sin (pz - g), 




— —Ap^ cos (px — q). 


Hence 


- d^y jly 

5? = 5? = -P'S' 


and elimination of p- leads to the result 

d^y _ 1 dyd'y 
dx* y dx dx- 


(4) 


( 5 ) 
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Thus we may eliminate the three constants from (3) by differ- 
entiating it three times. In general, if 

f(x, y, c) = 0 (6) 

is a relation defining y as a function of x and involving an arbi- 
trary constant c, and if we differentiate (6) with respect to x, 
obtaining 

f /, „ -N _ dfix, y, c) df{x, y, c) dy_ 

Mx, y, c) = + - jy - ^ - 0, (7) 

then we may (generally) eliminate c from (6) and (7) to obtain a 
relation 

<p(x, y, y') = 0 (8) 

not invohdng c. More generally, if we differentiate the relation 
/(x, y, Cl, C 2 , • • • , c„) = 0 (9) 

n times, and if (9) defines y as a function of x, then we may (see 
Sec. 20 of Chap. I) eliminate the arbitrary constants Ci, • • ■ , c„ 
from the resulting equations to obtain a relation 

<p(x, y, y', y", • • • , y'">) = 0 (10) 

not involving these constants. 

We say that (9) is the primitive of (10). Thus, in particular, 
(1) is the primitive of (2) and (3) is the primitive of (5). We say 
that the arbitrary constants Ci, • • • , c„ in (9) are dependent* 
if it is possible to write an equation 

Q^x, y, bi, ■ ■ ’ , bm) — 0 (11) 

with arbitrary constants bi, • • • , bm such that ni < n and such 
that any function y of x obtainable from (9) by assigning values 
to the c’s is obtainable from (11) by assigning values to the b's. 
For example, the equation y = ci log x'! can be reduced to 
y = b log X by the substitution b = ciC 2 . We say that the c’s 
in (9) are independent if they are not dependent. 

It is seen that a primitive involving n independent constants 
leads, in general, to an nth order differential equation, and such 
a primitive is always a solution of the differential equation con- 
structed from it, provided of course that the primitive defines y 
as a function of x. Conversely, it can be shown that, in general, 

♦ This meaning of dependent must be distinguished from that intended 
in the sentence “y is dependent upon x.” 
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any 72 th order differential equation has a solution involving n 
independent constants; such a solution is called a compldc primi- 
five or general solution of the given difiercntial equation. Any 
solution derived from a complete primitive by assigning particu- 
lar values to the constants in it is called a particular intcgraL 

Thus, a complete primitive of y = xi/ + is y = cr and 

y ^ ^ 

y = 2j + j and y = x + i arc examples of particular integrals. 

Sometimes a differential equation has solutions which are not 
included in a complete primitive. Such solutions are sometimes 
called singular and vnW be considered later. We mention in 
passing that the problem of determining all solutions of a given 
differential equation requires great care. For example, a general 
solution of the equation 1 / = 2yfx is y = ex*. Yet the equation 
y' = 2y/x has many solutions which are not included in the 
formula y = cx*, one such solution being y = /(x), where 
f(x) = 3x' when x ^ 0 and /(x) = — 2x‘ when x < 0. The 
reader should have no difficulty in constructing other such 
solutions. This example illustrates the fact that a general 
solution of a differential equation need not include all particular 
integrals of the equation. Moreover, a differential equation 
may sometimes have two or more different general solutions 
which represent different sets of particular integrals. It is seen 
that one must not attribute too much significance to the term 
general solution. 

In physical, geometrical, and other problems which require the 
sohdng of a differential equation, initial or boundary conditions 
are imposed on the solution of the equation so as to obtain a 
particular integral which represents the specific pln-sical, geo- 
metrical, or other conditions of the problem. For example, in 
Ex. I, 7, suppose the temperature is maintained at T = Tj deg. 
over the shell r = ri and at T — T 2 deg. over the shell r = r^. 

.4 + — deter- 
r 


Substitution of these values in the solution T 
mines numerical values A and B of the constants 4 and B, where 


Tsra - Tiri 
2*2 — ri 


B ^ 


Ty - Tt 


r- — ri 


-rirs. 


It follows that the particular integral T — A 


B 


~ represents the 
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temperature in the sphere under the particular boundary condi- 
tions that T have the values Ti and T 2 at ri and ra. Again, the 
differential equation 



( 12 ) 


represents the motion of a body falling freely under the action of 
gravity alone and has 

s = -b af -f & (13) 

for a solution, where a and b are arbitrary constants, and g is the 
acceleration due to gravity. Suppose the body moves so that 
s — So and the velocity v = Vo t = to. The particular integral 
of (12) representing the motion determined by these initial 
conditions is found by making the substitutions 

So = iota + dto -jr b, Vo = qU -}- a, 

and solving for a and b. It is found that a = vo — gU and 
b = So — “ *' 0 ^ 0 - Hence the particular integral of (12) rep- 

resenting this particular motion is 


s = \gt- + {vq — gto)t + (so — igtl ~ Vdto). 


Again, the particular integral of y' = 2y/x whose graph passes 
through the point (1,3) is found by substituting a; = 1, y = 3 
in the general solution y = cx“. It is seen that c = 3, so that the 
particular integral determined by this boundary 
condition is y = 3a;^. In Ex. I, 11, a particular 
integral J is determined by the initial '^condi- 
tions of the wave motion, that is, the functions 
and Ip are determined by the initial configura- 
tion and velocity of the water. (The method for Fig. 112. 
finding <p and \p will be taken up later.) 

Two types of constants sometimes appear in the solution of a 
differential equation: Constants of integration, which may be 
determined by initial conditions as illustrated above; and given 
constants of the problem. To illustrate this point, consider the 
follovdng problem in the theory of electric circuits; A resistance 
of R ohms and a coil with a self-inductance of L henries are con- 
nected in series with a source of E volts e.m.f. It is known by 
experiment that the drop in potential across the coil is the 
coefficient of self-inductance L times the time rate of change of 
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(b) Experiment shows that when the particle has a vclocitj^ of 2 ft. per 
second, the acceleration is 16 ft. per second per second in a direction opposed 
to the velocity. Find a formula for the velocity at any time t U v — Z 
when ^ ~ 1. 

(c) Using the result of part (b), find a formula for the distance traveled at 
any time /, given that this distance is 0 at f = 1. 

11. Show that s — A cos bl is a solution of the differential equation 
s" 4- h'S — 0 which represents simple harmonic motion. Detennine tlic 
particular integral representing the motion when the maximum value 
attained by s is 3, this maximum value being attained at t »= 1. 

12. In connection with equation (14), suppose that E ^ 100, = 10, 

and L = 1. If t = 30 at t = 0, what is the value of i at t 1? 

4. Equations of the First Order and First Degree. The 
problem of finding the solutions of a given differential equation 
is often very difficult. It is frcquentl3^ impossible to obtain 
a solution in terms of a finite number of elementary functions. 
However, certain types of differential equations can be solved by 
ordinary integration. Perhaps the simplest of these types are 
equations of the form 

M = 0, (1) 

where M ^ y) and A’' ^ N{Xy y) are functions of x and y. 
Since the two members of (1) are identical when y = f{x) is a 
solution of (1), it follows that their integrals mth respect to x 
are identical, i.e,, 

+ Jorfa- = C'. (2) 

By Theorem 11.2 of Chap. II, (2) may be written as 

Jm dx + N dy = C. (3) 

[Because of the form of (3), it is sometimes convenient to write 
(1) in the form 

M dx N dy ^ 0, (4) 

it being understood that, while (3) is formally obtained from (4) 
by 'integrating both sides/' the rigorous justification for \vriting 
(3) is as indicated above]. If we can find a function y) such 
that 

jMdz+Ndy = F{x, y) + C", 


(5) 
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then a solution of (1) is given by the equation 

Fix, y) = C, (C = C' - C") (6) 

provided, of course, (6) defines y as a function of x. In the 
succeeding sections we describe methods for determining Fix, y) 
in (6). 

6. Exact Differential Equations. By Theorem 12.2 of Chap. 
II, there exists a function Fix, y) satisfying (5) of the preceding 
section when and only when M dx -{■ N dy is exact, i.e., when and 
only when 

dMjx, y) _ dNjx, y) ... 

By dx ‘ ^ ^ 

A method is given in Sec. 12 of Chap. II for determining Fix, y) 
when (1) holds. 

Example. Solve the equation (2x — y) dx + (Sy- ^ x) dy = 0. 

It is seen that this differential is exact. As indicated in Sec. 12 of Chap. 

11, 


J* (2x - y) da: + (St/^ — a:) dy = a:^ -* a:^/ + + C'. 

Hence a solution of the given differential equation is given by 

x'^ — xy -]r y^ — C. 


EXERCISES m 


Show that the following differential equations are exact, and solve: 

1. (12a: + 5t/ — 9) + (5a; + 2^/ — 4j dj/ = 0. 

2. (ev 4- 1) cos a: da: + sin a: d?/ = 0. 

3. 2 sin 2a: cos y dx -]r cos 2x sin y dy =0. 

4. - da: + {y- + log x) dy = 0. 

X 


5. 


6 . 


2a:^ + 1 

t. 

1 +t;2 


dx 


du — 



v(w2 + 1) 


= 0 . 

dv = 0. 


7 4- = J^dy 

's/ x’^ + y y\/ + y^ 

8. ^ When one obtains (3) from (4) in Sec. 4 by “integrating both sides/* is 
one integrating with respect to x or y^ or both x and y at once? Explain. 

9. In what sense can we say that F(Xy y) is an integral of M dx + iV dt/ in 
(5) of Sec. 4? (See Sec. 12 of Chap. II.) Does the validity of (5) depend 
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on the fact that y is being dctennined as a function of x by (I)? Define 
exaclU' what is meant by a solution of (3). Explain fully why (6) gives a 
solution of (1). 

6. Variables Separable. In the event that 

M dx + Ndij ^0 (1) 

is not exact, then it is usually necessary to rewrite (1) in such a 
form that it becomes exact. The simplest procedure is to multiply 
or divide both sides of (1) b 3 ' such a function p(x, y) (if it e:dsts) 
that the coefificients of dx and dy become functions of x and y 
alone respectively, i.e., to reduce (1) to the form 

fix) dx + giy) dy = 0. (2) 

It is seen that (2) is always exact, and hence is alwa 3 's integrable. 
(Cf. Ex. VIII, 10 of Chapter II.) If (1) can be reduced to the 
form (2) bj" the above procedure, then we sa}' that the variables 
are separable in (1). 


Example. Solve the equation dx ^ dy — 0. 
Upon di\iding bj' y-, we have 

dy 

zMx - “ - 0. 


Upon integrating we find that 

t 

j - C. 

y 

EXERCISES IV 

1. Solve the following differential equations: 


(a) - - tan y^ = 0. (b) y' = 2xy, 

X ax 

(c) x\/ 1 — 1 /“ dx -f X‘ dy — 0. 

(d) xtj‘ -f f/“ = z. (e) z^dy — 3(1 -f x)y^ dx 0. 

(f) cos X sin- y dx sm* X dy = 0. 

2. Find those cur\*es which have the property that the tangent to any 
curve of the family" at (xc, t/o), the line joining the origin and (xc, yo), and 
the x-axis together form an isoceles triangle. 

3. The rate of decomposition of radium is proportional to the amount A 
of radium present. If | the original quantity Ao disappears in 1600 3 'ears, 
what percentage disappears in 200 j'ears? 
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4. The sum of S500 is deposited at 2 per cent interest, the interest being 
compounded each instant. How long will it take the deposit to amount 
to SIOOO? 

5. Find an expression for the position s and the velocity v of a particle 
falling vertically under the action of gravity and subject to resistance pro- 
portional to the velocity. Determine the constants of integration to meet 
the initial conditions that s = 0 and a = 0 at f = 0. Find the limiting 
velocity that the particle can attain when allowed to fall a great distance. 

6. Solve Ex. 5 when the resistance is proportional to the square of the 
velocity, given that the resisting force is 3 lb. per unit of mass of the particle 
when V = 100 ft. per second. 

7. A tank contains 500 gal. of brine ha^’ing 250 lb. of salt in solution. 
Pure water is running into the tank at the rate of 15 gal. per minute, and 
the mixture runs out at the same rate. How much salt is in the tank at the 
end of 3 hr.? (Assume that the water and solution are kept perfectly 
stirred.) 

8. The rate at which a certain substance S dissolves is proportional to 
the amount A of undissolved S present, and also is proportional to the 
difference between the actual concentration c of *8 in the solvent and the 
saturated concentration y oi Sin the solvent. 

(a) State the differential equation which represents the process of 
dissohdng. 

(b) A certain inert material contains 12 g. of sulpliur which is to be 
removed by dissolving in benzol. It is known that I of the sulphur can be 
extracted in 40 min. when 300 g. of benzol are used, and that this amount of 
benzol is saturated by 13 g. of sulphur. How much of the sulphur would be 
removed in 7 hr.? (In the above notation, y = A^o*) 

7. Homogeneous Equations. A function /(x, y, z, ' • • ,t) oi 
any finite number of variables is called homogeneous in 

if the substitution of \x, Xy, Xz, • • • , Xf, respectively, for 
X, y, z, • • , t multiplies the function by X", that is, if 

/(Xz, Xy, Xs, • • • , Xi) = X” -/(.T, y, z, • • ' , t), (1) 

where X ranges over all real numbers. The power n of X in (1) 
is called the order of homogeneity of the function /. For example, 
2xe^'‘ ~ (y^/x-) is a homogeneous function of order 1, Tan“J (y/x) 
is homogeneous of order 0, and (x^ + y^ + is homogeneous 
of order —3. If in the equation 


M{x, y) + N{x, y)% = 0, (2) 

M and N are homogeneous of the same order, then equation (2) 
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is called homogeneous. Let us write (2) in the form 

^ y) 

dx ^ N{x, 7J) 

If M and N are homogeneous of the same degree, then (3) 
reduces* to the form 

r + 2 :^ = <p{v) (4) 


upon substituting y = vx. We may separate the variables in (4), 
obtaining 


dv _ dx 

c5(i>) — a X 


( 5 ) 


from which we may obtain the solution immediatel}^ by integra- 
tion. Thus we have reduced the problem of sohdng a homo- 
geneous equation to the case where the variables are separable. 
Sometimes the substitution x = vy is more convenient than the 
substitution y = vx; in this case we take the reciprocal of (3) 
before making the substitution x = vy. 


Example. Solve the equation 2x“ dy = y-) dx. 

This equation is homogeneous of order 2. If we let ij = rx, ^ve find that 


2dv _ ^ 

{v - D* " x’ 

whence 

2 2x 

7 = log eXf and = log cx. 

tJ - 1 X - y 

8, Equations Reducible to Homogeneous Form, Sometimes 
a differential equation may be reduced to homogeneous form by 

* Since ^/(u, v) and A^(n, v) arc homogeneous of the same order, 

ill (am, xtQ _ x’’ilf(u, v) ^ M(Uf v) 

Nixu, xv) r) A^(7/, v) 

Now set u = 1. The left member of this equation becomes 

M{x, y) 

V) 

upon writing y - vx, and the right member becomes — M(l, v)/N{l, v), 
which is a function 9? of t) alone. 
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changing the variables. For example, if 

in — 

dx a^x + h^y + C2 

then the substitution x == Xq + y — yo reduces (1) to 


dv __ ajii + bit; + Qi^^o bjyp + Ci 
dll Oow + + U2X0 + 622/0 + C2 


( 2 ) 


If xo and yo are determined so that 

QiXo "}“ 6i2/o d" Cl = 0, 02^0 d“ 622/0 d" Co = 0, 

then (2) becomes 

dv _ aiti d~ 6ii^ 
du a^u -h bzv 


(3) 

(4) 


This equation is homogeneous and may be solved by the methods 
of the preceding section. 

It should be noted that xo and 2/0 are determined by (3) when 
and only when ai6o — aohi ^ 0. If ai6o — aohi = 0, then 
oo/oi = 62/61 = k (say). Let ta = aix d- biy. Then 


dw 

dx 


= ai d- 6 


tv -f Cl 
^kw + Co 


(5) 


This equation is e\ddentty separable. The substitution 

w = a^x d“ 622/ 

is sometimes more convenient. 


EXERCISES V 

1. IMiich of the following functions arc homogeneous in x and y? State 
the order of homogeneity whenever possible, 

(a) 2z^-y - zys/x- - Ay'. (b) Zxhf + 2\fy/x'^ - 1. 



(c) — + y(log y - log x). (d) V 3» Tan"* {2y/x). 

(e) 5(3a;= - 47/=)-«. (f) 

V 

2. Solve the following differential equations by the method of Sec. 7: 

(a) (xy — y") dx + x- dy = 0. (b) x^ dy — y^ dx. 

(c) (z - 2 v^) ^ ~,J = 0, (A) ~ 

. dx X — y 

(e) xxj~ =x’-+ y-. (f) ye-'^' + x = 

dy 
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(g) 2 r(l -f dy + — ?/) dx = 0. 

(h) X dy = ?/ dx -f + y* dx. 

(i) j^x^cos + y j dy = y^cos dx. 

3. Solve the fol]o^^^ng di/Tcrcntial equations faj' the method of Sec. S: 



X - y 4- 3 


Cx — 2y — 7 

dx 

X A- y — b 

~ 2x + Zy -6 


X + y 


12i -4y -7 

dx 

X 4- y 4- 1 

3x — y 4* -5 


(0 2^ = ^;+?^- 
dx X* X 


4. If Equation (2) of Sec. 7 is homogeneous, show that it may be reduced 
to the case of variables separable by means of the substitutions x = r cos 0^ 
y ^ r sin 0. Use this method to solve Ex. 2o, 6, e. 

5. (a) Find a substitution which will separate the vambles in the 
equation 

ytt>{xy) dx -r xv''(xy) dy = 0. 

where and are functions of the product xy. 

(b) Use the method developed in part (a) to solve 


(x'y* -f 2xy- - y) dx -f- 2x*y dy = 0. 

6. Develop a method for solving the equation 

Qix -r 6iy 4- ci 
oix -f bty 4- cs 

where v? is a function of the quantity indicated. Use this method to solve 

^ f ^ ~ ^ Y 

dx \2i: +2y + ij 



7. (a) Prove the following theorem concerning the integral curv’cs of a 
homogeneous differential equafion Sf dx -f dy — 0; 

If the points of the xy-plane are subjected to the transformation x = /;X, 
y = 7:Yj then each integral curv'e is carried into an integral curve. 

(b) State and prove a theorem converse to the preceding theorem. 

(c) Interpret geometrically the transformation x = fcX, y = kY, 

9. Linear Equations. An equation of the form 


dx ' 


P(x)y = Q(x), 


(1) 
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where P and Q are functions of x alone or are constants, is called 
a linear equation of the first order. To solve (1), we make (1) 
exact by multiplying both sides by obtaining 

e/edr ^ _j. c/pdx py ^ Q (2) 


But the left member of (2) is itself exact, and 

J* dy + Py dx) — J dx, (3) 

Evaluation of the left member (see Sec. 5) leads to the result 


yeipdz ^ jQe/pd=dx + C, 

SO that 

y ^ g-Jpdx jQefpdzy^ 


Example* Solve the equation (jdy/dx) + (y/x) = 

Here P = 1/x and Q = x®. If we multiply both sides by 

cfP dx — ^oc s ^ Xf 


we obtain 


Hence 






xy = 


jx*dx+ O' 



and 



10. Bernoulli’s Equation. An equation of the form 


(4) 

(5) 


^ + P{x)y = Q{x)y’', (1) 

where P and Q are functions of x alone, is kiioum as a Bernoulli 
equation. To solve (1), let z = Then 


i-a-n)y 


dx' 


If we solve (2) for dy/dx and substitute in (1) we obtain 


y" dz 
1 — n dx 


+ Py = Qy". 


( 2 ) 


(3) 
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If we multiply both sides by (1 - n)y-'' and substitute z = 
the result is 


^ + (1 - n)Pz = (1 - ii)Q. (4) 


This equation is linear and may be solved by the method of Sec. 9. 


Example. Solve the equation xidy/dz) + y = 

Divide by x to put the equation in Bernoulli's form. Let r = 
Since dzjdx — — the given equation ma}^ be written in the 
form 


Hence 



; = -2x^ -f Cx\ 


Since z = it follows that 

-h Ca:V‘ = 

EXERCISES VI 

1. Solve the following equations by the methods of Secs. 9 and 10: 


dy 

(a) — r y ctn x = csc= x. 
. ax 


(0 


dx 1 + 


:.v = 


1 


x(l -f 


(e) (y 4- 2x5) -y ^ x, 
dy 

dy 

(g) ^ y^e^'. 

(i) xi/ ^ y ± \/^x- 4- y*. 

^ dx 2x x* 

(k) ~ I ” 

dy y tf 


du 

(b) (x - 2) -- 3y = (X 2)^ 

ax 

(d) X log X dy = (2 log x — y) dx. 


dx X 


(h) xy' - 5y = X 4- 1- 

(j) xdy dx = c~^ sec^ y dy. 


2. In the discussion of Sec. 9 and in the example following, no constant 
of integration was used in evaluating /P dx. Justify this omission. 

3. Develop a method for solving (a) (dx/dy) 4- p(y)x = yfy), and (b) 
(dx/dy) -h vMy)^ = ^(y)x". 

4- Show that Bernoulli's equation may be solved by means of the sub- 
stitution y = inasmuch as this substitution separates the variables. 

Use this method to solve (x^y- 4- xy) dx = dy. 

5. An electric circuit consists of a constant resistance of R ohms and a 
coil of constant inductance of L henries in series with an electromotive 
force of E volts. In each of the following cases state and solve the differ- 
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cntial equation for this circuit under the condition that the current i = to 
amp. at time t — sec. 

(a) ^ = 0. ([}) E — Eo. (c) E — Eo sin atj where Eo and <o are constants. 

Case (c) arises in the study of alternating currents; in this case 2ir/(» is 
the period j and Eq the maximum value, of the electromotive force E. 

Give the physical interpretation of your solution in each of the above 
cases. 

6. A condenser of capacity C farads and a resistance of R ohms arc 
connected in series with an electromotive force of E volts. It is known by 
experiment that the potential drop across the condenser is q/C volts, where 
q is the charge (measured in coulombs) on the condenser; it is also known 
that the current is the time rate of change of the charge g. State and solve 
the differential equation for this circuit to determine the cliargc and current 
under the condition that the charge q — qo coulombs at time t = sec. 
and (a) E = 0; (b) jE = Eq; (c) E — Eo sin o)L Give the physical inter- 
pretation of each of your solutions. 

11. Integrating Factors. We pointed out in Sec. 5 that the 
equation 

M{x, y) dx + N(x, y) dy = 0 (1) 

may be integrated immediately if it is exact. In Secs, 6 and 9 
we showed that, if (1) was not originally exact, then (1) could 
sometimes be made exact by multiplying by a suitable function 
y)] in Sec. 6 we chose ix(x, y) so as to separate the variables, 
and in Sec. 9 we took p as This raises the question, can 

(1) always be made exact by multiplying by a suitable function 
p{x, y) ? The answer is that, not only does there always exist a 
multiplier y) which makes (1) exact, but there exist infinitely 
many such multipliers. However, we shall not prove this funda- 
mental fact. 

A multiplier yix, y) which makes (1) exact, i.e., which is such 
that {pM) dx + {ijlN) dy is an exact differential, is called an 
integrating factor. While the existence of integrating factors is 
established, it is seldom easy to find them. However, experience 
has shown that it is well worth the trouble to try to determine 
such a factor by trial, for when one is found, the integration is 
relatively simple. Sometimes a change of variable ^vill aid in 
effecting a solution. 

Example. The factor 1 /y- makes 

(3x2i/2e*’ +y)dx — xdy (2) 

exact, for application of this factor enables us to write (2) in the form 
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12. Equations of the First Order and nth Degree. The general 
first-order differential equation of arbitrary' degree ma}* be 
^Titten in the form 

J/.- P) = 0. (1) 

where we let p denote dp/dx. p- = (dy/dx}-, etc. We give two 
methods for sohdng equations of this tA'pe. 

Method I. If (1) can be factored in the form 

Ip - y)][p - Mx. w)] /-.(ar- p)l = o. (2) 

then the solutions of the various equations 

j) - /j(x, y) = 0, ■ ' * , p - y) = 0 (3) 

are solutions of (1). Methods for solving (3) have already been 
given in the preceding sections. 

Eiaraple 1. Solve the equation p* — 2rp -r 2yp — Ary — 0. 

This equation may be vrritten in the form (p -* 2r>(p -r 2y) == 0. Upon 
integrating the equations 

p — 2r — 0. p -r 2y = 0, 

Tve obtain as solutions of the given equation 

y = X- T C, log Cy = -2r. 

Method II, In this method vre eliminate p from (1) by a 
process somev’hat similar to that indicated in Sec. 3. Suppose 
(1) is solvable for y in the form 

y = g(x. p). (4) 

Differentiation of (4) v,ith respect to x eliminates y and gives an 
equation 

^ dx dx ^ dpdx 

of the first order in p and x. Suppose a solution of (5) is 

G(x, p. C) = 0. (6) 

Elimination of p from (1) and (6) leads to an equation 

Uj O — 0 (/j 

which mat’’ be a solution of {!). It is necessary- in every case to 
test (7) by- substitution in (1) because the above process of 
elimination may- introduce extraneous factors. 
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Example 2. Solve the equation py — 2p* + 2 <= 0. 

If we solve for y and differentiate with respect to z, we obtain 

dj) 

y = + 2p^ V = (2p-2 + 67>2) -i. (S) 

If in the latter equation we separate the variables and integrate, we find 
that 

X = 3p” ” 7?“"“ + C, (9) 

Elimination of p from this equation and the first equation (8) gives the 
desired solution. However, the following device is sometimes useful. In 
(9) and the first part of (8) let us formally substitute an arbitrary parameter 
u instead of p: 

X = 3?i- — u”” + C, y — 2x1^ — 2?/“^ (10) 

Elimination of w from (10) leads to the same solution as obtained above. 
But (10) may be regarded as a parametric representation of this solution. 
Hence the equations 

X = 37;2 — p-'- -f C'j y ^ 2p3 — 2p"'*, (11) 

in which p is regarded merely as an ordinary parameter, represent a solution 
of the given differential equation. In testing this solution by substitution 
in the given equation, we may utilize the fact that p is not only a parameter, 
but also denotes dy/dx. 

If (1) is not solvable for it may be possible to differentiate 
(1) as it stands wdtli respect to a:, obtaining an equation 



and to eliminate y from (1) and (12), obtaining an equation 
analogous to (5) in p and x alone. 

A special case of (4) is ClairaiiVs equation 

2/ = pa;+/(p). (13) 

Upon differentiating (13) \\dth respect to x, we find that 

= 0 - ^( 14 ) 

If we set dpfdx = 0, then 'p = c, and a solution of (13) is 

y = ca;4-/(c). ( 15 ) 

Another solution of (13) is given by the parametric equations 

y = -Pf'ip) +f(p). 
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It is sometimes possible to eliminate r, instead of y, from (1) 
differentiating vrith respect to y. 

Example 3. Solve c<m 2 t;on -r p:/ — - - 0- r i t 
If we soh'c for r and diCtrentinte with n-^jK-^ct to y. we fmcl that 


j pv 




<It 


dp 




dv 


dp 


dy 


Hence 




V - 2r’. 


This is a linear equation of the fir-t ord^r. the solution of which we ]ca%-e 
to the reader S-c. 91. 

EXERCISES VIU 

1. Solve the following: difirreiitial rquatton^ by th-- mr-thod*^ of See, 12. 


(a) 




- 0=0 


1 


(c) 

(e) (dy drd = 6r^ 


du 

(g) r - 

GZ 




(£)‘--S 




M 


(di 
f/ r = rjp 
h 2rr - 
; - 


dz 


- 'tK* 

- lop: V 


0 . 


V - Olfj: 

- 2*v -4' :/v 


(i) y- - 40 - P-) 

(k) y - (1 — p'z = 

(m) y = -r S:n~' p 

2. A particle of m tnoves around 1 onrontal circle of radius o. If 
its initial speed i- {' r.nd if it rc'i-t^'d by air aith a force proportional 
to the square of the speed, tnen iii<^ motion id t!/* particle i*^ found by ^olvins: 

:le of 


the diflorential 

ly 




d‘e PnfdA- 

laJ equation r:—; ^ \ T ) ^ vnere C‘ i« the nnr 

(ii* r: / 



rotation of th^ mdiii- vector through Ih^ 
particle, SLov that a solution of tfil*: equa- 


tion is C 


n 

/:c 


loj: 


kVl 


I C B 


Eic. 113, 


t. ' j 

3. Show that the length of the tangent 
A to the cur\*c y = /(r) from the point of 
A tan::cncy /*(r, y) to th^ intersection *4 with 


the r-axis is y\/ T-^ (dr/dy^?. (b) The 

length of the nonnal PC from to the r*axis is y \/ 1 -f- {dy/dx)*, (c) The 

togth of the subtangent AB b y dx/dy. (d) The length of the subnormal 
BC is y dy/dx. 
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4. Using the results of the preceding exercise, determine the curves C 
having the following properties: 

(a) The subtnngent at any point P on C is n times the abscissa of P. 
Find the particular cur^e of this family passing through the point (3, 4). 

(b) The area of the right triangle formed by the tangent at P, the normal 
At F, and the x-axis, is inversely proportional to the slope of C at P. 

(c) The area bounded by C, the x-axis, and any two ordinates, is equal to 
the length of C between these ordinates. 

(d) The angle ct between the radius vector and the tangent at the point 


(r, 6) is constant. 


Hixt: a 




(e) The polar subnormal at (r, 0) is proportional to sin 0. 

(f) The subnormal is constant. 

(g) The x-intercept of the tangent at (x, y) is A*x. 

(h) The length of the tangent is constant and equal to a. (This curve is ^ 
called a iractrix^ and represents the path of P when P pursues A with the 
same speed as .4.) 


PART B. LINEAR EQUATIONS 

13. Linear Equations. A differential equation of order n is 
said to be linear if it is of the first degree in y and each of its 
derivatives. Such an equation can be Avritten in the form 




+ • • • + + Xr,y 


X, 


(A) 


where Xi, Z;, • • • , A’’„ and X are functions of x alone or are 
constants. We shall denote the left member of (A) by P(D)y. 
If is replaced bj’’ 0 in (A), the result 




+ X„_,^ + A> = 0 (B) 


is known as the auxiliary or reduced equation corresponding to 
the complete equation (A). We first state several theorems about 
the solutions of (A) and (B). It vfill appear that the solutions 
of (B) are intimately related to the solutions of (A). 

Theoeeji 13.1. If 7/1, 2 / 2 , • • • , 7/n drc solutions of (B), so 
that P{D)yi = 0, • • • , P{D)yn = 0, then 

y ~ Cyyi + CjT/o + • • • + C„7/„ (C) 

is also a solution of (B), where Ci, • • • , c„ are arbitrary constants. 
Since 
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it follo'vvs that 

P(J))[c\y\+ • • • + Cni/„] = ciP(D)t/i + • * • +CnP{D)yn^ (1) 

hypothesis, each term in the right member of (1) is 0. Hence 
the left member of (1) equals 0 and 2 / is a solution of (B). 

We say that 2/i, • • • , !/« linearly independent if there 
exists no set of numbers Cj, • • • , c„, not all zero, such that 

Ciljl + C22/2 + • • • + Cn!/r. ^ 0, (2) 

It follows that, if the if's in (C) are linearly independent, then the 
number of c^s in (C) cannot be reduced without loss of generality. 
It can be showm that, if Xi, • • j , Xn in (B) arc continuous over 
an inteiw^al I of the x-axis, then (B) has 72, but not more than n, 
linearly independent solutions in this inteiw’ah It is for this 
reason that, the y’s in (C) being linearly independent, w^e speak 
of these y^s as a fimdamcntal set of solutions, and w’e call (C) a 
general solution of (B); incidental!}", we also speak of (C) as a 
complcvicntary function for (A). A criterion that the t/'s in (C) 
be linearly independent is given by 

Theorem 13.2. set of functions yi, • • • ,ynOf z are linearly 

independent when and only ichen the WroJiskian 

2/1 2/2 * • ‘ 2/n 

y[ Vz • • ’ 2/n 

0 . 

y(n-.ly y(n^V . . . 

This theorem is an immediate consequence of a w’ell-known 
theorem concerning homogeneous linear equations. (See Chap. 
VI, Sec. 4.) 

Theorem 13.3. -1/ I/i, • • • , y^ arc linearly independent 
solutions of (B), and if Y is any particular solutio?i of (A), then a 
general solution of (A) is 

y = Ci2/i + ' ’ • + c„ 2 /„ + Y. (D) 

Since P(D)[cm + * * ' + c„7y„] = 0 and P(D)Y = X, it 
follow's that P(D)y — X. 

14, Linear Equations with Constant Coefficients and X = 0. 
We shall here consider equations of the form (A) with the X's 
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all constants and ndtli X = 0, i.e., equations of the form 


dx” 




d^~hj 
^dx" 


(E) 


Equations of this type occur A^ery frequently, especially in the 
study of acoustical, mechanical, and electrical Aubrations. 

The case a = 1 has already been studied in Sec. 9 ; it is found 
by the methods of this section that the solution of the equation 
(dy/dx) + aiy = 0 is y = cc~°i^. Let us next consider the 
case n = 2 : 


d^J I dy , 

+ a,y 


= 0 . 


( 1 ) 


The solution of the case n = 1 suggests the possibility that (1) 
has a solution of the form 

y = cc--, (2) 

u'here c and m are constants. Substitution of (2) in (1) leads 
to the equation 

+ apn + a^) = 0. (3) 


It is seen that (2) is a solution of (1) AA’hen c is arbitrary and m is a 
root of 


m- + aim + Qa = 0. (4) 

If 7?u and 7720 denote the roots of (4), and if Ci and Cj are arbitrary 
constants, then 

7/1 = and 7/2 = (5) 

are solutions of (1). By Theorem 13.1, 


y = + C2C’’‘.^ (6) 

is a solution of (1). By Theorem 13.2, the solutions (5) are 
linearly independent if ttii niz. Hence if vix 9 ^ m«, (6) is a 
general solution of (1). Equation (4) is called the characteristic 
equation of (1). 

If iiii = 7?i2, the solutions (5) are not linearly independent. 
To obtain a solution independent of (5), let y — zyi, AA'here 
7/1 = cie""!® is one of the solutions (5). Since 


dx 


dz , dyi 


d-y ^ 
dx^ 


dh , 


^dx 


2 ^ 4- 
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equation (i) may be ^tten in the fonn 



where u = dz/dz and where it is remembered that yi is a solution 
of fl). If we subsliUite t/i = in (7) and dhdde by 
we find that 

^ -f (2m, -f C:) = 0. 

Since mi = :7?r. it follows bj* (4) that mi = ~’a:. Hence 
dujdx = 0, and w = Cj. But v — dz ^dz^ so that r = C^z -r Cx. 
Therefore 

y ^ zyi = {Ctz 4- (S) 

is a solution of (1), It follows by Theorem 13.2 that this solution 
is linearh" independent of the solution yi = If we add 

these two solutions (and combine c* and Ct), then b}’ Theorem 

13.L 

y = (Cr 4- Ctrk" (9) 

is a general solution of fl) when the roots of (4i are equal. 

With reference to the general equation (E), it is seen that 

y = 4- • * - 4- (F) 

is a solution of (E), vrbere n*,, • • • . are the roots of the 
characteristic equation 

m'' 4- 4^ ' " ’ -r Or. = 0 (G) 

of (E). li the roots of (G) are all distinct, then (F) is a general 
solution of (E). However, if (G) factors into the form 

(m — — m*)- • • ■ fm — r?.)-" = 0. 

so that 772:. - - « . are roots of {G) of multipliciiies n, 

- - - , Pj then a general solution of (E) is 

2^ = (oi 4- Uiz 4- • ' • -r 

-r • - - 4- (^i 4- P;r 4- • • • 4- (H) 

where Oj, ■ 

constants. 


7 ^.2 f * 


; 7>i. - 


- , Pj: are arbitrary 
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EXERCISES IX 


1. Solve 

5 the follomng equations: 


(a) 

dhj 

dx’- 

dx 

A7^s. y = Cie^^ 4“ CsC 

(b) 

d^ij 

dx- 

- 6^ + 9y = 0. 
dx 

Am. 2 / = (ci 4- C 2 x)€*^. 

(c) 

d^y 

-4^=0. 


d3^ 

dx 


(d) 

d'-y 

dx* 

- 4^ + 13y = 0. 
dx 

Am. y = e^(cie*'* 4“ C 2 C~^‘-). 

To 

change the form of this solution, 

write = cos 6 -\-i sin 9 (see 


Chap. II, Sec. 5). Then the preceding solution may be written in the form 
y — c^{ A cos 3x + B sin 3x). (lO) 

But A cos 0 4“ sin 0 = \/A- -f B-( — , ^ cos 0 4 sin | 

\ VA^ 4- VA=+JB= / 

= X(sin ^ cos 0 4- cos ^ sin 0) = X sin {yp 4“ 

where X = \/a= B- and = tan”^ {A/B), Hence (10) be mitten 
as 

y - Xe- sin (3x + s^), (11) 


A ns. y = Xc"^ sin (2x -f \C'). 


where X and ^ are arbitrary constants. 

(f)g + r-,=o. 
fe)g-r-.=o. 

Ans. y — \ cosh (fcx 4* ^). (See Chap. II, Sec. 5, (2) and Ex. II, 7.) 
dhj 


(b) 


dx^ 


d-y dy 

h t/ = 0. 


,.N d^y (By dy 
(j) --i + — ^ ^ ^ = 0. 
da^^ dx= dx 

a)^-4^+6!^_ 
dx* dx3 ^ 


4 : 


... dV d^ 

^ . d^w 

« 5? + ■'-»• 


1 /- 0 . 


16. The Particular Integral. Method of Undetermined Coef- 
ficients. We now consider equations of the form 

d^y , fill 
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where X is a function of x alone. Since (E) is the reduced equa- 
tion for (I)^ it follows that (F) or (H) is the complementary* 
function for (I). By’’ Tljeorem 13.3, a general solution of (I) 
is y = i/r + F, where yc denotes the function (F) or (H), and Y 
is a particular integral of (I). Thus, to solve (I), it remains 
merely to develop a method for finding F. In Sec. 17 we shall 
outline a general procedure for determining Y; but in this section 
we shall give a much shorter method which may* be used when 
the general form of F is known beforehand. We begin ndth a 
simple numerical example. 

The discussion of Sec. 17 below leads us to suspect that a 
particular integral of 

g_2*-3!, = e=.- + 3* (I) 

is a function of the form F = Ac^ -r Bx -f- C. We wish to 
determine, if possible, the values of A, B, and C so that F may* 
satisfy* (1). Since dY/dx = 2.4c- B and d-Y/dx- = 4.4c—, 
we find upon substitution in (1) that the foIloTsing identity must 
hold if F is to be a solution of (1): 

(-3.4)c=" -f {-^B)x -b (-2B - SC) - c- -f 3r. 

This ^^iIl be an identity if 

-3.4 = 1, -SB = 3, -2B - SC = 0. 

Hence -4 = — B = C == ?, and a particular integral of 
(1) is 

F- 

Since the complementary* function for (1) is t/c — CiC*' -j- c-c— , a 
general solution of (1) is 

y = CjC^ 4- — Ic— ^ -r I* 

This example illustrates the method of undetermined cocfficicnU 
for finding a particular integral of (I). In this method w*e con- 
struct a function whose form depends upon the form of X, 
and which involves coefficients .4, B, • - • . We then substitute 
F in (I), and evaluate the coefficients .4, B, - - • so that the 
result is an identity. The folIo\^ing table gives a few rules for 
constructing Y in certain cases. 
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I. If X == hox”^ + -j- . . . +hmi and if the characteristic equa- 

tion (G) has 7 M - 0 as a root of multiplicity then 

Y = + Aix^^^ + ■ ' * + Am). 

(If, as is usually the case, in = 0 is not a root of (G), then wc say that 
m = 0 is a root of multiplicity 0 (i,e,, k = 0), re* = = 1, and 

Y = A,x^ + + • • ' + Am.) 

II. If X = hc^^j and if (G) has in = a as a root of multiplicity k, then 

= Aa^e^^, 

III. If X = 5 sin ax or if - 5 cos ax, and if {uF + a^) is a factor of (G) 
of multiplicity k, then 

Y — x*(/l sin ax -h R cos ax). 

IV. If A’ = e°^^(x), where is some function of x, let y = ze°^j divide 
by and solve for z. 

V. If X = ni(x) + • ’ ‘ + 'itm{x)j then Y is the sum of the functions 
constructed for the respective terms Ui(x), • • • , 7u(x). 

EXERCISES X 

1. Find the complementary, particular, and geneml solutions of the 
following equations: 


(a) 


dx‘ dx 


(c) 


dx^ 

d-y . 

6-r* + oy 


? 2x, 


dry dy 

— - 2- 8?/ = 4 cos 

dx^ dx 

Ax ^2e‘ 

Am. y = cie^ + c^c' 


Aus. y = cie^ 


dx‘ 


dy 

^dx 


— TU COS 2x — tV 


T5 sir 


(d) ~ + 3^ = 4x’ - 2 

^ ^ dx'- dx 

, , d-y dy 

(e) 71 - 4;^ + 4j/ = 3e"-. 

03/ 03/ 

d^y 

(g) ^ + 16?/ = X + 5 cos 4x. 
(i) ^ + 3^ = sin=“ X. 

dx^ dx 


= 5x- + 1. 

.5x 




d-y 

— + 9?/ = 5 sin 2x + 3 


KixJLi 


ax- ax 

... dhj dy 


rAx , 


2. In many practical problems, linear equations occur whose right-hand 
members are sines and cosines. In such cases it is frequently convenient to 
regard these right-hand members as the real or imaginary components of 
complex exponentials (see Chap. V). For example, to solve the equation 
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write the equation 


g_g_2,=3rin2x, 


du ^ « 

2u = 3 cos 2jr, 

dx^ dx 


and after multiplying (2) by i and changing y to r, add (2) and (3), obtaining 


( dnz dll ^ \ / d-v dr ^ \ . 

2u]-ft1 ; 2r) = 3(cos 

dx- dx / \dx- dx / 


2x -b 1 sin 2r). (4) 


If we recall that = cos 2x -b t sin 2x, and if we let tr = u -f* tc, then 
(4) ma 3 ' be written in the form 

dir 

_ _ 2ir == (5) 

dx’ dx 

A particular integral of (5) is found in the usual manner to be 

3(3 - 1) 3(3 - il, ^ . 

,r = ^(cos 2x -r t sin 2x) 

— 9 cos 2r — 3 sin 2r ,3 cos 2r — 9 sin 2x 
— ■ “ -4" t • 

20 20 

Since tr — « tr and since y = r, a particular integral of (2) is given by 

3 cos 2x — 9 sin 2r 


A general solution of (2) is y — CiC"^ -f 


3 cos 2z — 9 sin 2x 


Solve the following equations by the method illustrated above: 

^ d-y dy 

(a) y-, — 2i/ “ 3 cos 2x. 

dx’ dx 

d~y 

(b) — -ft/ = 5 cos 3x -f 7 sin 2x. 
dx- 

V <f*!/ 

(c) — -f 4v =4 cos lOx. 
ax- 

d’v du 

^ + 7y = 4. (Hikt: 4 = 4c®'.) 
dx’ dx 

f \ 

(c) ^ right member is the imaginarj" com- 

ponent of 
d-y 

{0 --xSy ^ X sm 3x. (The right member is the imaginary- com- 
ponent of xe’^.) 



355 


Sec. 16] ORDINARY DIFFERENTIAL EQUATIONS 

16. Elastic Vibrations. Before we develop more general 
methods for solving linear equations, we give a few applications 
of these equations. The simplest application is in connection 
with 

Simple Harmonic Motion. A variable x is said to vary in 
simple harmonic motion if it changes in such a manner that its 
acceleration is always proportional and opposite in sign to its 
instantaneous value. Simple harmonic motion is the simplest 
type of oscillatory motion about a position of equilibrium and is 
typical (at least to a first approximation) of the great majoiity 
of physical systems ha\ang one degree of freedom. 

Simple harmonic motion may be represented by the differential 
equation 

d“X 2 /I \ 

lU- ~ 

where > 0. A general solution of (1) is 

r = A cos coi + 5 sin wi, (2) 

where A and B are arbitrary constants. This solution may be 
written in the form 

X = C cos (wi — a), (2') 

where 

C = VA^ + a = tan-> 

A 

(Cf, Ex. IX, 1(d).) Solution (2') shows that any given value of 
X occurs 'periodically^ for consider the value of x at the following 

instants: U, to -j ; to d y * * * / io d ? * * ’ j where k is 

CO 6) to ' 

any integer. It is seen that x has the same value at each of these 
instants since 


C cos 



a 


= C COS (co/o — a) 


for every integer value of k. The common interval o{ time 
27r/co between these successive equal values of x is called the 
period of x. The constant C is called the amplitude of the motion, 
and a is the phase angle. 
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Damped Simple Harmonic Motion, Suppose the variable x of 
the preceding paragraph is subjected to some form of resistance 
(mechanical, electrical, or otherwise) proportional to the velocity 
and acting in the direction opposite that of the motion at any 
instant. This resistance may be represented by —2p{dx/dt), 
where p > 0, and tlie equation of motion may be reduced to the 
form 

g + 2p^ + = 0. (3) 

The coefficient 2p is known as the cocSTicicnt of rc^istmicc. As an 
example of a phj^sical situation representable b}' (3) let us con- 
sider an elastic wire or spring of negligible 
mass whose upper end is fixed at A and to 
whose lower end P is attached a point particle 
of mass rn. Let the natural length of the 
spring be / = AB^ Jet = BO be the amount 
the spring extends when supporting m while 
at rest, and let s = BP be an arbitrary' exten- 
sion of the spring. If the tension T in the 
spring is proportional to the extension s, 
then T = Xs//, and in particular, 7ng = \so/L 
Let P be displaced slightl}^ from its position of equilibrium and 
then released. If / is a force of resistance proportional to the 
velocit}^ of P and acting in the direction opposite the motion of 
P, then / = ^kds/dt, and the resultant force F acting on m is 

y-f rrf 7 dS 

F = mg -T- 



mg 

Fig. 114. 


By Newton's second law of motion, P = m dh/dP, Hence 


d-s 

at‘ 



(4) 


But mg — T = — (\/l)(s ~ so) = — where x — s — sq. 

Since ds/dt = dx/dt and d-s/dF ~ d^x/dF, (4) may be written 
in the form 


-X 

'dP 




This reduces to (3) when we write w- = \/mL 2p = k/m. 


( 5 ) 
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By Sec. 14 a solution of (3) is found to be 

^ p+ V/>*— j5g(~p— V p’— 

= Ae~'‘‘ cosh (a/ p- — + jB), (6) 


when p® — CO® 5 ^ 0, and 

a; = (A + J50e-'’‘ (7) 

when p® — CO® = 0. The values of /I and .5, or of A and B, are 
determined by the initial values of x and v = dx/dt. To discuss 
the variation of x with t we consider three cases; 

(a) p® > CO®. In this case Vp^ — w® in (6) is real and not 
zero. If A and B are both positive, then x is always positive; 
moreover, — p + v^p® — co® and — p— v^p® — co® being both 




negative, j; = dx/dt is always negative. It is seen that x 0 
as t ^ 00 as indicated in Fig. 115. A similar situation occurs 
when A and B are both negative. If A and B have opposite 

signs, then a: = 0 only once, i.e., at to ~ — ^=4== log 

2v p® — CO® 

moreover, v = 0 only once, i.e., at 



t, = — J— - log ( 

2 \/ — CO® \ A (p.— a/p® — CO®)/ 

ii being later than to. When i > ii, x and dx/dt have opposite 
signs, and a; 0 as i — >• as indicated in Fig. 116. This type of 

motion is knowm as overdamped, the 
retarding force being so great that 
no vibration can occur. 

(b) p® = CO®. Regardless of the 
signs of A and B, the motion in this 
case [see (7)] is similar to that in the 
preceding case when A and B have Fm. ii7. 

opposite signs. This type of motion is known as critically damped, 
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for [as indicated in case (c)] the motion becomes osciilatoo* v^ith 
an arbitrarily small decrease in the retarding force (Fig. 116). 

(c) Let us write ( 6 ) in the form 

z = -f. (f" = -1) (8) 

This ma\' also be written in the forms 

X = cos \/o- — p*/ + D sin — p*^), (9) 

X = cos (\/ w* — pH •“ 7 )], 

where 

C = v<7* -f D', 7 = tan-' (10) 


In this case, x oscillates ^rith alternating sign, the period of 
oscillation being 2r/\/c:;^ — p*; since 0 as t x, the 

amplitude of the oscillation contimialh' diminishes toward zero. 
This type of motion is kno^vn as damped of^ciUatonj (see Fig. 117). 

Forced Yibratiom. Suppose the spring of Fig. 114 is subjected 
io an additional force 7nf(t) which is a function of the time. Then 
(3) assumes the form 



^x-k^-h infit). 


( 11 ) 


or 


dF 


+ 2p^ = /(O. 


( 12 ) 


This is knoTvm as the cquaiion of motion for a forced vihraiion. 
If the applied force is periodic, say /(/) = L cos pf, and if p- 9^ <1:-^ 
then a solution of ( 12 ) is 


V(co- - p-)= + 4p*-p- 


== cos (pi - 0) 


c-f'[Ae ^' -f ( 13 ) 


where A and B are constants of integration; but if p- = u:', then 
a solution is 


^ ~ cos (pf - ^) + (A + (14) 

When the impressed frequency p is such that the amplitude of 
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vibration [in (13)] has a maximum value, resonance is said to occur. 
Thus the maximum extension of the spring may become so great as 
to produce rupture. Equation (12) is of great importance in 
many cases of forced vibrations encountered in the theory of 
electricity, sound, and mechanics. The first term in the right 
member of (13) is called the steady-state solution, and the second 
term is called the transient solution; the significance of these 
names is evident when we consider the relative magnitudes of 
these two terms for small and large values of t. 


EXERCISES XI 


1. Solve Eq. (3) under the condition that x — xo and v = 0 at i = 0. 
Consider each of the three cases. Solve Eq. (12) under these same 
conditions. 

2. Suppose the mass m of a simple pendulum to bo concentrated at a 
point P distant I from the fulcrum, (a) Find the equation of motion when 
there is no friction, (b) If the angular displacement 0 is small and is 

sin 0 

measured in radians, then sin 0 may be approximated by 0 since lim = 1. 



R I- ?, 

r ' VW\AAr — ‘ I ■ — — 


Fio. 119. 


Using this approximation, solve the equation of motion under tlie condition 
that 0 = 00 and dd/di = 0 at i = 0. 

3. An electric circuit consists of a constant resistance of R ohms, a coil 
of constant inductance of h henries, and a condenser of constant capacity 
of C farads in series with an e.m.f. of E volts. It is seen by Sec. 3 and 
Ex. VI, 6, that 


and hence that 


+ /ft + ^ E, 


4. i p 


(15) 


For each of the following cases solve (15) to determine the charge g and the 
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current i as functions of the time t under the condition that g ~ 0 and t = 0 
when t - 0: 


(a) E =0. (b) E = Eo^ (c) E - Ea cos pi. (d) E - Ecc"^'^ sin p/, 

where Eo, p, and w arc constants, (e) Show that if R is small and p is 
close to l /\/ LCj then the amplitude of the oscillation is large. 

4. Find the steady-state current in the circuit of Ex. 3 when 72 = CO ohms, 
Z, = 8 henries, C = 3 mf. == 3 • 10**^^ farad, and E ^ 100 sin 120n-f. 

5. A condenser of 5 mf. has a charge of 0.004 coulomb. Find the transient 
current when this condenser is discharged through a resistance of 2 ohms and 
an inductance of 14 henries connected in series. 

6. Set up the dilTerential equation for the motion of a simple pendulum 
when there is a resisting force proportional to the angular velocity. 

17. Method of Variation of Constants. In this section we 
return to the general linear equation (A) of Sec. 13 and we shall 
show how the general solution of (A) ma 3 ' be found when the 
complementarj" function (C) is known for (A). It trill be seen 
that this method is merely an extension of the method described 
in Sec. 15. For the sake of simplicity, we shall base our explana- 
tions on the second order equation 


dxr 


+ 


A-.g + X„j . 


X, 


( 1 ) 


where Xi, X^. anti X are functions of x alone. 

U = Ciyiix) + Cztjiix) 

is the general solution of the equation 


d-y , */ , 

+ Ai^ + A;W = 
dx- dx ^ 


Suppose 


( 2 ) 

(3) 


so that (2) is the complementary function for (1). In (2) replace 
Cl and C 2 by functions Ci{x) and C^{x), and write 

Y = C,{x)yi + C«{x)yi. (4) 

We wish to determine Ci(a:) and C^ix) so that (4) is a solution 
of (1). Now 

^ = Ci{x) ^ + Ciix) ^ + CJ(a-)?/i + C^(x)yi. (5) 

Since the two unknown functions in (4) are not completely 
determined by the single condition that (4) satisfy (1), we may 
arbitrarily impose a further condition on Ci(a;) and Ci(x). It is 
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convenient to require Ciiz) and Cz{x) to be such that 

C[{x)yx + C[ix)y, ^ 0. (6) 

Upon differentiating (5) after substituting (6), we find that 


d-y n ( \ _L n j. 0'(^\ o- O' (-A 


i^li 


ydhyz 


dyi 


dyt> 


(7) 


When we substitute (4), (5), (6), and (7) in (1), and remember 
that y-i. and 7/2 are solutions of (3), we obtain the equation 


c;w g! + c;w - z. (8) 

If we solve (6) and (8) simultaneously for C'-^ix) and O^ix), we 
find that 


C[{x) 


-y^.x ^ 

yuA - ViVi 


Cn(x) 


yiX 

2/12/2 ~ 2/12/2' 


(9) 


where 7/17/2 ~ 2/i2/2 5*^ 0 since we supposed 7/1 and 7/2 to be linearly 
independent (see Theorem 13.2 and the paragraph preceding 
this theorem). Hence 


Ci(x) 


-I 


2/2X 


2 / 12/2 - 2 / i 2/2 


dx, 



( 10 ) 


Substitution of these results in (4) gives a particular integral of 
(1). By (2) and (4) the general solution of (1) is 

y = {ci + Ci(.t)}7/i(.t) + {c2 + C2{x)}y2{x), (11) 

where Ci(x) and C2(x) are given by (10). 


Example 1. Solve the equation (d^tj/dz^) — (dy/dx) = x^. 
The complementary function for tliis equation is 


r = Oi + + Cse-^. 

(12) 

Considering the Ci as functions of Xj we find that 


dY ^ 


— = Cac^ “ Cac*^ 
dx 

(13) 

when we impose the restriction that 


C; + C^e- + C^e-- ^ 0. 

(14) 


Furthermore, 
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when vrc impose the additional restriction that 
Cjc^ ~ ^ 0. 


Finally, 


fjsy 

~ — Ctc'^ C^c* CjC***, 

dx^ 


(16) 


(17) 


Substitution of conditions (12) to (17) in the given equation leads to the 
result 

-f (18) 

Solving (14), (16), and (18) for Cj, C,, and Cj, we find that 

c; = c: = c; = JzV. 

Hence* 

Cl « C; - -ix-c-' - x^** -f c"^, C, = JxV - xe^ *f c*. (19) 

By (12), a particular integral of the given equation is 

Y ~ — 5^:^^ “h ( — IxV'^ — xe'^ -f -f (§zV — re* -h c'lr** 

= -ir^ - 2x -h 2, 

and the complete integral is 

tj — Cl ^ CiC ^ -h CiC ~^ — — 2r -f 2. (20) 

the method of variation of constants is far-reaching, it 
is inferior in practical value because it requires a knowledge of 
the complete complementarj' function and this in general fre- 
quently requires a great deal of laborious computation. 

EXERCISES Xn 

1. Solve by the method of variation of constants. 


(a) ^ + y = tan x. 

(c) — — y = sm r. 
dhj 

(e) ^ = log 


(b) ~ -f ^ - r*. 
ax X 

(d) ^ *r 4y = 4 tan 2x. 
or’ 

(/) ^ + PW y = Q[x). 


(g) (1 


-KS-) 


£1^0 


* It is unnecessarj' to add arbitraiy* constants in (19) because they would 

merely combine udth the constants in (20). 
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+ y - e*(l - - 0. 


(i) ^ + X,y 

dx^ dx^ dx 


X 


2. Prove rules I to V in Sec. lo. 

3. If a solution y = yi h known for Eq. (A) in Sec. 13, show that this 
solution may be used to transform (A) into an equation of order n — 1 


(see Sec. 14). 


18. Linear Equations of the Second Order. Because of their 
importance in physical applications, we shall consider linear 
second order equations of the type 


g+p| + Q, = X, 


where P, Q, and X are functions of x only. 

We have already considered in Secs. 14 to 17 (a) the case 
where P and Q are constants; and (b) the case where (1) is exact. 

If a particular integral y of (1) vdth X = 0 is known, or can be 
found by inspection, the substitution y = yiia mil reduce (1) 
to a linear equation of the first order in dw/dx, which can be 
solved by the methods of Secs. 5 to 12. 

If none of these methods seem applicable, try substituting 
y = uw in (1). This yields the equation 


dha 

dx- 


( 2 ^ , p\ ^ , 1 / 

udx ) dx u\dx'‘^ dx 


+ Qu 


\ X 

r = « ■ 


( 2 ) 


If u can be selected so that the coefficient of dwfdx is zero, then 



If the coefficient of w in (3) is a constant, the new equation 
(3) can be integrated by the methods of Sec. 14; if the coefficient 
of w in (3) is equal to a constant divided by x^, the equation (3) 
may be integrated by the method indicated for (32) of Sec. 19. 

Sometimes replacing the independent variable x by w, where 
w = <p{x) is an arbitrary function of x, will lead to a solution to 
(1). The first and second derivatives of y mth respect to x are 


^ , d^ ^ 

dx dw dx’ dx^ \dx ) dw^ dx^ dui’ 
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so that (1) is transformed into 



If w can be so selected tljat the coefficients of y and dyldw are 
constants^ the equation can be integrated by the methods of 
Sec. 14. 

It frequently happens that all the methods mentioned above 
fail to solve equations met in certain applications. Such cases 
maj" be treated b}^ assuming a solution in the form of an infinite 
series. The series arising from such an equation often defines 
a new function, which must then be studied. This 'was the 
situation which led to the Bessel functions, Legendre functions, 
and others. However, we shall postpone this subject until a 
later section. 


EXERCISES Xm 

1. Shou* that when Q = dP/dx, equation (1) may be integrated to yield 
{dy/dx) -f Py ~ /A^ da; -p C a case considered in See. 0. 

2. Solve; ^ — x~ 4- xt/ = X. ^tn^. y - \ 4- cix 4- dx. 

dx* dx 

3. Solve: (1 +x-) — - 2x^ + 2jr = 0. 

dx" dx 

4. Solve: (1 + x) — 4- (1 — x) ^ — 1 / - 

dx- dx 

Hint: e' is a particular solution. 

5. Solve: = (S) ' ^ (^‘) + 


Hint; Let dyjdx = p, d-yjdx^ — dp/dx. 
2 ^ 9 

dx^ xdx X 
~3 


6. Solve: — - 4 ^ 4^ = 0. 

_r< 


Hint: Let z — 


Ans. 2/ = Cl cos I -* ) 4- sin 


7. Solve: ^ 4- 4- 

ax- dx 


o 


— 6x*“- jy c= 0. 


y — e' 
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8. Prove that if ?/i is a known integral of (1), then the general solution 
of (1) is 


y = ciyi + coyij* — dx + yij* yie^^ dx dx. 


9. Solve: 


dy 


— — 43^y ^ = 0, 


dx 

10. Solve the differential equation dy/dx = a:- + 1/ by assuming the solu- 
tion to be an infinite series of the form 


y = Go -f ffia? + anX^ + an+\x^^^ 4- , . . 

and determining the coefficients Ci, 02 , • * * . 

Solution. 


— = oi -f 202 a: + Sfljx- . -f + (n + l)an+ia;" 

dx 

Substituting in the given equation, we must have 

di -j- 2aiX -j- . -j, , 

^ -b do + aix + a^x^ + . . . -b anX^ + * * ■ . 

Equating the coefficients of like powers of x in tliis identitj^ we have 

Ui = Go? 2a2 = Uif Sda ~ 1 + 4a4 = 03 , * • • , (ti -b l)an+i = fln, • • 

Hence, if we consider Go to be the constant of integration, we find that 



so that the solution is 

y^a,+ aa + |V + + ■ • - . 

11. Solve each of the following equations by the method of series; 

(a)|=^=+,^.. (b) I =2/^+2®. 

(c)|=a:i-. (d)g+fc=2;=0. 

f V d^y 

(®) ^ + >^2/ = 0. 

12. Sol,.: (.1 + 1 ) g + (ly + 1 . 0 , (hmt: Let p = 
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13. Solve 


dx'- 


dhi\ 


T'(S) +’■ 

— s=(sT+”f' 


15. Solve: (i* — x) ~ 4* (4x 4" 2) “ 2y = 0. 
or’ dx 

IG. Solve: cos — 2 sin = 10 (cos x)y. 
dx- dx 

17. Solve: -h 2x’^ -f 9y = 0. 

<fx* dx 


18. Solve: 3^ - 
fib* 


0 . 


19. Operator Methods. In this section we shall develop 
another method for sohing the equation 


dny d^-iy 

+ “ 15 ^ + ■ ■ ■ + anij ^ X, 


(I) 


where the coefficients a,- are constants and X is a function of x 
alone. Let D, DS • • • denote the s^mibols d/dx, d^Jdx-, 
d^/dx^, ’ * ' ? respectively. Thus 2Dhj + llDy — Gy, or writ- 
ten more briefly as (2P* + llD — 6)?/, denotes 


J'y 

^dx- 


.dy 

dx 


2^, + 11^ -- 6y. 


If f{x) and g{x) are differentiable functions of x, then 

iim + ,m - ^ 

Hence the operator D obej’^s the distnhidtvc law 
mx) + gix)] = Dfix) + Hf 7 (x). 

It may be shomi in a similar manner that 


(1) 


Dlcg(x)] = c[Dg(x)] (2) 

when c is a constant but not when c is a variable. If m and n 
are positive integers, 

Z)”[Z)"/(x)] = D^iD^fix)] = D^^”f(x), (3) 

Thus D satisfies certain of the fundamental laws of elementary 
algebra. 
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Equation (I) may be written in the form 

P{D)y = Z, (r) 

where 

P(D) s P" + aiP"-i + • • • + a„. 

The expression P(P) is called an operator, and we say that we 
operate on a function j{x) with P(P) when we carry out the 
indicated operations of differentiation, multiplication, and 
addition. By virtue of (1), (2), and (3), it is possible to “factor” 
an operator P(P). For example, 

(2P2 + IID - 6y) = (2P= + l2D)y - (P + 6)y 

= 2[P(Py) + P(6y)] - (P + Q>)y 
= 2P[(P + 6)y] - [(P + 6)y] (4) 

= (2P - 1)[(P + 6)y] 

= (2P - 1)(P + 6)y, (5) 

(4) following by (1). It may bo showm in a similar manner that 

(2P2 + IIP - 6)7y = (P + 6)(2P - l)y. (6) 

It is seen by (5) and (6) that the factors of an operator P(P) may 
be written in arbitrary order. If y = — sin x, then by (5), 

(2P2 + IIP - 6)(x^ - sin x) = (2P - 1)[(P + ^){x^ - sin x)] 
= (2P — l)[(3x® — cos x) + 6(x® — sin x)] 

= (12x + 2 sin X + 36x^ — 12 cos x) 

— (3x^ — cos X + 6x® — 6 sin x), (7) 

and by (6), 

(2P=> + IIP - 6)(x^ - sin x) = (P + 6)[(2P - l)ix^ - sin x)J 
= (P + 6)[(6x® — 2 cos x) — (x^ — sin x)] 

= {12x + 2 sin X — 3x® + cos x) 

+ (36x^ — 12 cos X — 6x® + 6 sin x). (8) 

It is evident that (7) and (8) are identically equal. 

If CO is a constant, then Pe“^ = coe“* P^e"* = co^e"*, • • • , and 

P(P)e"=" = P(co)e“*, (9) 

for 

P(P)e“* = (P" + oiP"-i + . . . + an_iP + o„)e“* 

= (co" + aico"~i + • • • + a„_ico + a„)e“® = P(co)e"*. 
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Again, D" cos (tsx = —a?- cos cox, 

jD* cos cex = (— cos cox, ■ ‘ , 

and 

P(D“) cos cox = P(~co") cos cox, (10) 

for 

P(P=) cos cox = (Z)2” + + • • • + + a„) cos cox 

= [( — C 0 “)” “i" ai( — C 0 ")"“' “i' ’ ' ■ 4" On^l( — co*) -h Qn] cos cox 
= P(— C 0 ‘) cos cox. 

It follows in a similar manner that 

P(D“) sin cox P(— CO”) sin cox. (11) 

It is readily possible to derive many other formulas of this sort. 
For example, 

P[e"=/(x)] = + co)/{x), 

P”[(--/(x)] = Plc-[(P + co)/(x)]} - c--{(P + co)[(P + co)/(x)]} 

= €^^(d -f co)y‘(x), ' • • , 

and 

P(P)[c--/(x)] - r-*P(P + co)/(x). (12) 

Thus, 

(P^ - oD + 6)(^-u - c"-[(P ”f 3)= ~ 5(D + 3) + Q]y 

= ^-(D^ + D)i, = ^{3 + |). 

Complementary Functions. It lollows hy (9) that the charac- 
teristic equation [see (G) of Sec. 14] of the equation 

P(r>)y = 0 (13) 

is P(m) = 0. Hence if P(D) is factored in the form 

P(D) = (D- r,)(D -r,) ■ ■ ■ (D- r„), 

then 

P(m) ^ (m — ri)(n? — rj) • • - (jn — r„), 

the roots of the equation P(?n) = 0 are r,, r;, • • • , r„, and if 
the r’s are all distinct, the general solution of (13) is 


2/ = Cie'!' -f 


+ CnC’". 
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We wish to show how the general solution of (13) may be obtained 
•nnth the aid of operators when some of the r’s are equal. 

It follows from the preceding discussion that the equation 

(£> - tYv = 0 (14) 

has 2 /i = C* for a solution. Let y = e”/(a;), where /(x) is to 
be determined so that y is a solution of (14). If we substitute y 
in (14) it follows by (12) that 

(D - r)p[e"/(x)] = e”[(jD + r) - r]^fix) = e^^D^fix) = 0. 

Hence D^J{x) = 0 since c" is never zero. If we integrate p 
times we find that /(x) = Ci + C«x + Cax* CpX’’"'. 


Thus the general solution of (14) is 

y = (Cl + Cix + • ■ • + CpX'’~^)e’'®. (15) 

Now suppose (13) factors into the form 

{D — riyi{D — r2)'’! • • • (D — u)’’*j/ = 0. (16) 

It is evident that any solution of the equation 

(D - n)Pty = 0 (17) 

is a solution of (16). By reordering the factors in (16) it is seen 
that the solutions of each of the equations 

(D - rOPiy = 0, (£> - r2)^nj = 0, • • • (18) 

are solutions of (16). If all these solutions, each of the form 


given in (15), are added, the result is the general solution of (16) 
[see (H) of Sec. 14]. 


Example 1. Solve the equation — — 18-; h Sly — 0. 

ax* ax* 

We may write the equation in the form 

(Z)* - 18D2 + 81)7/ = (Z)2 - 9)27/ = 0. 

The characteristic equation is (D^ - 9)= = 0, where we write D instead of 
m, and the roots are —3, —3, 3, 3. Hence the general solution is 

y = {Cl + C2x)e^- + {C, + Ctx)e->\ 

Example 2. Solve the equation (D- -f- 9) -y = 0. 

The characteristic roots are — 3t, — 3i, 3i, 3i, and the solution is 

2/ = (cj 4- cix)e^‘’^ + (C3 + C4x)e~’>*», 


y — {Cl + Cjz) cos 3x + {C% + C^x) sin 3x, 
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Particular Integral. To obtain a particular integral of equation 
(I), let us first consider the equation 

(D - r)xj = X(x), (19) 

which, by Sec. 9, has the solution 

y = c-^^X(.x) (lx + Cf". (20) 

Let US formally" write (19) in the form 

y = (21) 

where the sjunbol 1/{D — r) is as 3 ''et undefined. Comparison 
of (20) and (21) shows that (21) determines the solution of (19) 
if we interpret the S 3 ’'mbol \/{D — r) as an operator which, when 
acting on the function X(x), gives the right member of (20), 
i.e., if we define the operator \/{D — r) b^* the formula 

c^^X{x) dx + Ce", (22) 

It is seen that the term in (22) is the complemcntarj'' function 
for (19) and that the term e^‘jc'^^X{x) dx is the particular 
integral. It is also seen that if r — 0 in (22), then 1/D means 
the same tlung as /, i.e., that 1/D is the inverse operation of D; 
in the same sense, 1/(D — r) is the inverse of D — r, i.e., 

{D - r) ^^A'(x)j = X{x). 

Let us next consider the equation 

(D ^ rO(D ^ r,)y == X(r). (23) 

To solve this equation, let s = (D — r^)?/. Then (23) assumes 
the form 

(D - ri)z = X(x), (24) 

and by (21) and (22) a solution of this equation is 

z = ^ ” ^ •X(x) = J" c^i^X(x) dx + 

If we now replace z by (D — r 2 )y and solve the resulting equation 
we find that 
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D — Tz 


J e-^^Z(a:) dz + 

= J e~'''^X(x) dx + dx + CzN^ (25) 

= e“''i^Z(a;) dx dx + Cie'^^ + Cze''^, (26) 

jf n 9 ^ rz. However, if rj = rz, then (25) reduces to 
y = e’'i^J'j^J'e~^i*X(3;) dx + C'lj dx + Cae*"!® 


= j'e~^i'^X(x) dxdx + {C[x + Cz)e‘"i^ 


(26') 


If we evaluate the integral in (26) by integrating by parts 
(integrating and differentiating /e~^j*X(a;) dx), then (26) 

assumes the form 

/)(r.—r.)x C (* «(r.— rj)x | 

y “ y I dx — \ dx 1 


((?•! 


1 


+ 


^)z(x). 


r2)(i) - ri) {rz — ri){D — rz) 

By (24) and 21) we may write (23) in the form 
1 1 . ' 1 


y = 


D — Vz D — Ti 


X{x) = 


(-D - rz){D — ri) 


(27) 

X(x). (27') 


It is readily veritied that (27) results from (27') when the operator 

(j) — y — r ~) treated like an ordinary fraction and 

resolved into partial fractions. Formula (26') may be reduced 
in a similar manner to the form 


( 28 ) 

An immediate extension of the preceding discussion shows that 
the general solution of the equation 

(D - r,){D -rz) • • ■ {D- r„)y = X{x) (29) 
is 


y = er„*J e(r„..-r„)a.J . . . J gfr.-r,)* J e-r,*X(x) dx dx • • • dx 

+ Cien* + Cze^=== + • • • + Cne'n*, (30) 
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where the integrations are carried out by beginning at the extreme 
right and working to the left, and where all the r’s are distinct. 
However, if some of the r's are equal, then (30) must be suitably 
modified [see (15), and (H) of Sec. 14], We may wite the 
solution of (29) formally as 


V = 


1 


1 


D Tfi D I 
1 


D-u 


X{x) 


(D - Tr^HD - r„-i) •••(/)- r,) 

If the ris are all distinct, we may resolve the operator 

‘ 1 


(31) 


{D - rn) 


{D - rO 


into “partial fractions^' in the usual way [see (27) and Ex. 7 

below]. If we define ktkx to mean — — » 

P{D) D - Tr, D - Ti 

where P{D) ^ (Z) — ri)(Z> — rs) • * • (D -- Tn), then we may 

write the solution of the equation P{D)y = X{x) in the form 


y = 


1 


'A'’(j*). It should be obsen^ed that 


I 


P{Dy^ V-/* - 

of P{D) in the same sense that l/H is the inverse of D. 


is the inverse 


Example 3. Solve tlie equation (D* — 9D)y = x. 
Considering only the particular integral, we have 




D D - S Z> 4-3 




= i . _J_L- = i . _ i) 

D D-Zl \^3 9 yj D D-^zyz Qj 

^ iF r c-*/ + £ ». I") rfxl = if - 
J \ 3 9/ J dV 9/ 

= ^ dx 




Hence the general solution is 
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It is sometimes possible to simplify (30) and (31) considerably. 

Example 4. Solve the equation P(D)y = c“^. 

Let P{D) = (D — ri) * • • (D ~ r„) and suppose that co is distinct from 
the r’s. It is readily verified b}" direct computation that 




where P(w) 0 and where we consider only the particular integral. 
Another way to arrive at this result is as follows: The operator 

inverse of P(D). But P{D)j when applied to gives the function 

P(w) 

€"* [see (9)]. Hence - ^ t when applied to brings us back to 

P{D) P(co) 

Thus a particular solution of the given equation is y = when 

P{oj) 

P(a>) 9 ^ 0. Again, if P(D) = {D — w)**, then it may be directly verified that 
1 xP 1 

y- -e-x = [By (12), — r\(^^Dpf(x)] - In the 

{D — (j>)^ p! {D “ cj)P 

present instance, D^fix) = 1, so that/(x) = x^/p\,] Finally, if the given 
equation is of the form 

<>(Z)) . (D ~ 

where does not contain the factor (D — w), then a particular solution is 


V = 


1 


1 


{D - w)p 4>{D) 








(D — aj)P <f>(cci) 4 >{q3) p! 


The complementary function is obtained in the usual wa3^ 
Example 6. Solve the equation P(D~)y — cos osz. 


By (10), P(P^) 


LP(~c2) 


cos cox 


“ cos cox. Hence 




1 

P(-o>=) 


cos 6)X, 


1 


cos <oXf pro- 


and a particular integral of the given equation is v - 

P(-6,2) 

vided that P( -co^) 0. The case where P( — w^) = 0 is left to the student. 

Example 6, Solve the equation (D^ + 3D + 2)y = cos 4a:. 

It IS apparent that a particular integral of this equation is of the form 
y ~ A. cos 4a: + P sin 4x. By (10) and (11) we may write 


(D- + 3D + 2)y = ( — 16 + 3D + 2)y = cos 4x, 
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(1) + 3x*g + = 24x*. (m) + 3rg = r‘ 


dx’ dx 


(n) + 9x^ + 25y = 50. 

ax’ dx 


dx> 


(o) (x’D’ + x2> - Dy = 2x log X. 


(p) (1 + 2x)’^ 4- (1 + x) ^ + 2 / = 4 cos log (1 + x). 

dx’ dx 

[Hi.vt: Let 1 + 2x = e'.] 

(q) (x + l)’0 -4 (x + 1)£+6:/ =X. 

G. Show that 

P(D-)(A coah 67X 4- B sinh wx) = P(<i>*)(A cosh wz + B sinh <ax), 
7. Show that 


1 


(D - a){D - 6)(J:) -- c) 


1 


1 


(a — ij)(a — c) B — a 


, 1 1 I ^ ^ 1y 

(b - a)(b - c) D - h {c - a)(c - 6) D - cj ’ 


when fl, h, and c are distinct. Generalize this result. 




8. In Fig. 120 the equations of the normals to the curve C at the fixed 
point (zo, I/o) and at the varialile point (z, y) arc 

y — 2/o = —-ryr {X — Xo), Y — y = '-^{X — z). 

\y )o ?/ 

Solve these equations simultaneously for the coordinates {X, Y) of the point 
Q of intersection of these normals, use the results to compute 


r = V(X - Xo)’ + (r - yo) 
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and evaluate lim r by L’Hbpital’s rule (Theorem 11.2, Chap. I) to show that 

X— *XD 

lim r is the radius of cur\"ature p of the curve C at (xo, 2/o). 

^9. Let AB and A'B' (Fig. 121) be normal sections of a beam. Sup- 
pose that, after the beam is bent, these sections remain plane and intersect 
at Q. Owing to the bending of the beam, a tensile force F acts across the 
outer part of AB and a compressive force F acts across the inner part of AB. 
Let Pq be the point oi A B where this internal force F is 0, let P be any 
other point of AB, let QPo = n, QP = r, FeP ^ r - u ^ y, and let p be 
the radius of curvature of PoP^ at Po. The value of P at P (in pounds per 
square inch) is Ed, where E is the modulus of elasticity of the material in 
the beam and 5 is the elongation (or compression) per unit of length along 
PP'. Now 


a 


ppr 

— lira 


-PqPq 

PoPo 


Or — Oro 

— lim 

e-^0 Oro 


= -y = Ky, 
P 


for, as indicated above, lim ro is the radius of curvature p of the curve 
Po'->Po 

PoPo at Po and K = 1/p, where K is the curvature of PoP© at Po. Hence 


F - EKy, 

and the total moment of all the forces F about Po is 


M = Fy Hy) dy = EK f""' if Hy) dy = EKI, 

JVB JVb 


(i) 


where h{y) is the breadth of the beam at height y and 7 is the moment of 
inertia of the section AB about the axis 
through Po perpendicular to the plane of 
QPo and PoPo- Show that this axis is the 
gravity axis of the section AB. 

In Fig. 122 it is seen that the moment M 
in (i) at any section AP is induced by, 
and exactly balances, the moment of the 



Fio. 122. 


impressed force W about the point Po in AB. Hence 


W 


EIK = W{1 - x). (ii) 

But K = y"/(J. + where y now denotes the deflection at distance x. 

If the bending is small so that y'- is negligible, then (ii) reduces to 



-Wd-x), 


(iii) 


where we write -IF because y" is negative (the beam being concave down- 
ui equation, determining the constants of integration 

suitably, and find the deflection of the beam at its end. The solution of 
(ill) is called the elastic curve of the beam. 
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10. Show that the following equations represent the clastic cur\*cs of the 
beams loaded as indicated, where shading over the beam represents a uniform 
load (including the weight of the beam) of w Ib. per foot of length. Solve 
these equations and find the maximum deflections. 



Fig, 123. 


(a) El—^ — irlx — ^(1* -f ic*). 
(£z* 2 


(b) El 





dhj 

iO EI^^ 
ox- 



(d) Show that if a concentrated load ^V and a uniform load tr per foot 
are combined, the deflection is the sum of the deflections for the separate 
loads. 

11. Let there ))e suspended from two points A and B a flexible, inex- 
tcnsible cable of weight tr per foot of length. Let Tq be the tension at the 
bottom point Pc, let Tr be the vertical component of the tension at any point 
P, and let IF be the total weight of the cable to the left of P. Then 

DrTr ^ DAV. 


But Tt = To tan a = ToCdy/dx), the horizontal component of the tension 
being the same at cver>' point P as at Pc, 
d'y 

D,Tr - and 

dx- 

DAV — DmWDtS *= U7/COS a = 7r\/ 1 + (dy/dx)-. 

Hence 

^ w’ 

where c ^ Tc/w, Solve this equation. 

Hint: Let p = dyfdx and show that a first integral is 

\/ l -b p^ -f p ~ 

Taking reciprocals and rationalizing, we have V^l -f p* — p = 

Find the difference between these two last equations and integrate, deter- 
mining the constant of integration so that y — c where x ~ 0. 
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Show that DxS - y/c and hence that the tension T at any point P is 
T - To SQQ cc - ToDtS == unj. 

12. In the preceding exercise, suppose the cable is of negligible weight, 
but that a horizontal roadbed of weight lo per foot is suspended from the 
cable. Find the equation of the curve along which the 
cable hangs. 

13. In the preceding exercises, state the differential 
equation representing the curve along which the cable 
hangs when the weight of the cable, supporting rods 
(supposed infinitely close together), and roadbed are all taken into account. 

14. If a weight TF is pulled (at constant velocity) along a horizontal 
surface and if the motion is opposed by a force of friction F, we say that the 
coefficient of friction between W and the surface is ^ ~ F/IF. We 'may 
extend this idea of coefficient of friction to the case where we have a cord 
wound around a (circular) drum; We define the coefficient of friction p 


iW 
Fig. 125. 





between the cord and drum by the formula 
r (AT) cos (A6/2) 

+ ^T) sin (AG/2)’ 


(iv) 


where (AT) cos (A0/2) represents the resultant force 
normal to ON and (2T + AT) sin (A0/2) represents 
the resultant force along ON. Since we may write 
(iv) in the form 


y. = lim 


cos (Aa/2) A0/2 


T -f (AT/2) sin (A0/2) 


dB 


' AB 


r ^ de 


IfT = Toat5 = 0, show that the tension T at any point is 

T = To6^®. 


Show that if a brake band {y = i) is increased from a half circumference 
to a whole circumference, its effectiveness is increased about fivefold. 

15. Suppose that the bottom surface of a solid stone bridge is in the shape 
of an arch, the roadway being level. Show that the equation 


^ P 

dx^l ^ dx 

represents the arch when there is no tendency to bend at any point and when 
the weight of the bridge is supported by the arch alone. 

16. A particle P is dragged slowly over the horizontal x?/-plane by a line 
PA of constant length 1, A mo\T.ng along the x-axis. The path of P is called 
a iradrix. Show that this path is represented by 
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V 


dtj 

dr 


arid solve this equation. 

17. A river flows with speed r and a boat sails (relative lo the water) with 
speed r. Find the path of the boat when it sails across the river from A to 
Bf A and B being directly opposite and the boat always pointing to B, 

18. The point P(x. y) moves with speed r and Q moves along OX away 
trom O with speed T". If P always moves tov,*ard Q, show tliat the path of P 
is represented by 



and solve this equation. 

19. A particle moves in the zy-plane subject to forces attracting it toward 
the axes and proportional to its distance from the axes. Find and solve 
the equations representing the motion. 

20. A mass m is attracted to a fixed point Q by a force inversely propor- 
tional to the square of the distance from rn to Q. Find the path of m. Also 
find the path of rn when the force is directly projKjrtional to the distance; 
also when the force is proportional to the square of the distance. 


PART C. SYSTEMS OF DIFFERENTIAL EQUATIONS 
20. Total Differential Equations. A differential equation of 
the form 

P(x, ?/. z) dx + Q(x, y, z) dy + i?(x, y, 2 ) dr = 0 (1) 

is called a total differential equation in three variables. Suppose 
a solution of (1) can be written in the form 

c(x, 7 /, z) = C. (2) 

Differentiating (2), we obtain the equation 




(3) 


The left member of (3) is either (a) identically the left member of 
(1), or (b) the left member of (3) differs from the left member of 
(1) by a factor ti{x, y, z), so that 





(4) 


with ^ = 1 in case (a). Thus in ease (b), 1 is an integrating 

factor for (1), 
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We now seek an answer to the question: Give7i an equation 
of the form (1), does it ahvays have a solution of the form (2)? If 
(1) has such a solution, then P, Q, and R must satisfy equations 
(4), leading to cases (a) and (b). A third case (c) to consider is 
the one where (1) does not have an integrating factor. 

Case (a), M — 1- Ihis case the left member of (1) is exact 
and the solution to (1) can be found by the method of Sec. 12, 
Chap. II. The method given below for case (b) may also be used 
to solve (1). 

Case (6), m ^ 1- In this case the left member of (1) has an 
integrating factor y 0, so that 

gP dx nQ dy ixR dz = 0 (5) 

is exact. From Sec. 12, Chap. II, we then have (subject to the 
proper assumptions as to the existence and continuity of the 
derivatives of nP, fiQ, and fiR) 

d{iiP) _ djfJiQ) ^ djtiQ) _ djiiR) ^ djfiR) _ d(iiP) 

dy dx ’ dz dy dx dz 


Multiplying the equations in (6) by R, P, and Q, respectively, 
and adding we find, upon simplifjdng the result, that 




Equation (7) is often written in the operator form 


|P Q R 

iL A A 

dx dy dz 

P Q R 


(7') 


Thus, Eq. (7) is a necessary condition that (1) have an integrating 
factor. 

We shall now show that relation (7) is also sufficient by indicat- 
ing a method for obtaining a solution for (1) when (7) is satisfied. 

Assume that the coefficients in (1) satisfy relations (7). Hold 
z constant. Then (1) becomes 


Pdx + Qdy = 0 (8) 

which (under the proper restrictions on P and Q) has a solution 
of the form 


f(x, y, z) = C(z), 


(9) 
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where of course the constant C of integration may be a function 
of r. 

We now determine C so that (9) is a solution of (1). From (9), 
f.dx +f,du + (/. - C') dz - 0. (10) 

Hence, as before, if (9) is an integral of (1), then there exists a 
nonzero factor X such that 


Jr = Xp, - XQ, - C' - XP. (11) 

From (11), 

C'(2). (12) 

Suppose (9) defines y as a function of x, z, and C, say 

y = ip{xy z, C). (13) 

Substitute (13) in (12). In order that the left-hand side of the 
resulting equation be independent of x, it is necessary and suffi- 
cient that 

But 


[^] = (^» - - 4) 

+ ii-’ - - ofM).,- 

From (10), with C' dz = dC, w’e have {dy/dx):,c = — JxJfy, and 
from (11), {dy/dx)T,c = — P/Q. [We shall suppose that (? 0, 

for if Q = 0, (1) is reducible to an equation free of y.] 

Equation (15) may now’ be put into the form 


Q' 


dUz - XP) 

dx 


= QSzr - Pf.y + PI 


(-1 - €) 


(16) 


From (11), it is easy to show that 


/« = ^(XP), = i(XQ), 


dz'- ~ dz^- dy 


a(xP) _ a(xQ) 


dx 


_ 

dy ^dx ^Var 


dyj 


( 17 ) 
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so that (16) may be as 

P Q R 

- >'«L - 4 I; I 

P Q R 

We now see that if (7) holds, then so does (14); consequently 
(12) can be e.xpressed as an equation in C, C, and s, and solved 
for C. Equation (9) is then of the form 

^(x, 7j, z, C) = 0, (19) 

which is a solution of (1). 

If (7) is violated, our method of solution fails, for (7) is a 
necessary condition for the solution of (1). If (1) is exact, (7) 
holds. Thus we have proved 

Theorem 20.1. A necessary and sufficient condition that 
P dx -{■ Q dy At R dz = Q have a solution of the form 

y, 2 , C) = 0 

is that 




Example 1. Solve zy dx ^ zxdy — y- dz =: 0. 
Evidently, 




a 

a 

ax 


-y 

— rx 


-y*- 

d 

= zij{ -2y 4- a:) 4- zx{0 - y) - _ 2 ) = 0. 


Let 2 be a constant- Then we have zy dx -- zxdy = 0, Integrating, we 
find that 


Differentiating, we have 
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and combining the given dificrcntial equation, vre find 

y* dz = irz dC, 

which lias for a solution log z - C -f C*, where Ci is a constant. Thus the 
solution of the given equation is 

log 2 = ^ + C.. 

V 

EXERCISES XV 

1. Solve: f/' dx -h z dy — y dz — 0. Ans. yz — z ^ cy ^ 0. 

2. Solve: yz- dx + iy^z — xz^) dy ^ y^ dz. .47w. ^ 4- ^ = c. 

3. Solve: -f z) dr -b dy A- x dz =0. 

4. Solve: (y ^ z — ^ ^ y) dx -h -r z — y — a) dy 

(r -r J/ — a — d) dr = 0. 

5. Solve: x dx -r y dy -r "x/ a' — r* — t/* dz = 0. 

-47W. r* -r -t (z ~ c)- — a*. 

C. Verify the relations indicated in (17) and (IS). 

Case (c). [Equation ( 7 ) not satisfied.] In case ( 7 ) is not 
satisfied, (1) is said to be nonlntcgrablcj i.c., (1) has no integral 
of the form/(T, ij, z, c) = 0 . Since (I) is an equation in three 
%"ariables, we might suspect that (1) really has infinitcl3’ many 
integrals. If we assume anj' arbitrarj' relation whatever between 
the variables x, y, z, say 17 (x, y, z) = 0, this relation g — 0 will 
then (with suitable restrictions) determine anj' one of the vari- 
ables in terms of the other two, sa3% 2 = A(x, y). Substituting 
h for z in (1), we then obtain a now difierential equation in the 
two variables x and y. The resulting equation may have an 
integral u?(x, ?/, c) = 0. The general solution of (1) for the 
nonintegrable case then consists of an arbitrarily^ chosen relation 
gf(x, y, z) = 0 together with a second relation 2c(x, 2/, c) = 0 
containing an arbitrary constant. 

Example 2. Find a solution of r dr + !/ dy — xz^ dz « 0. This equation 
is nonintegrable for relation (7) does not hold. 


X y — xz* 



X y ~xz\ 


Suppose y(r, y,z) = + y* - 2 " — c == 0. Then xdx A' y dy -- zdz = 0. 

Subtracting this relation from the given equation we find (xr* — r) dr — 0, 
dz — 0, 2 — c. Hence 
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J + t/- — — O =0, 

1 z - c, 

is a solution of the given equation, Tliis solution consists of the curves cut 
from the hyperboloids - a= = 0 by the planes z = c. 

Geometrical Interpretation. The statement that (1) satisfies 
the condition (7) of integrability may be interpreted geometrically 
as stating that through each point (xo, ijo, Zo) there passes one of 
the surfaces of a family of surfaces cp(x, y, z) = c, namely, 
^(x, y, z) = <p(xo, 2/0, Zo), and that the equation of the tangent 
plane at any point (x, y, z) of this surface is 

P{x, y, z)(X - x) + Q(x, y, z){Y - y) + B{x, y, z){Z — z) = 0. 

(Here (p is assumed to be single-valued to avoid certain difficul- 
ties.) To find the integral of (1), then, is the problem of deter- 
mining a family of surfaces such that the surface passing through 
any point (? is tangent to the plane corresponding to that point S’. 

If (1) is nonintegrable, that is if (7) does not hold, the assump- 
tion of a second relation g{x, y, z) = 0, determines in conjunction 
with (1) a curve e at each point on the a.ssumed surface 
g{x, y, z) = 0, i.e., 

( P{X - x) -f Q{Y - y) + R{Z - z) = 0, 

Thus, the problem of finding the integrals of (1) is that of deter- 
mining a family of curves such that the curve passing through 
any point (P is tangent to the curve 6 corresponding to that point 
(P. In other words, finding the integrals of (1) is the problem 
of finding that family of curves on any arbitrarily selected 
surface S whose tangent at any point of the surface S lies in the 
plane determined by the given differential equation at that 
point (P. 

The differential equation (1) may be interpreted as a statement 
that two vectors having direction cosines proportional to P:Q:R 
and dx:dy:dz, respectively, are perpendicular to each other. 
To solve (1) is to determine geometric loci which satisfy the 
property of perpendicularity mentioned above. If (1) is inte- 
grable, the loci corresponding to the solution of (1) consist of 
surfaces which are orthogonal to the direction P:Q:R at each 
point (P. Clearly then any ordinary curve drawn on the surface 
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has this orthogonal property at each of its points. K (1) is 
nonintegrable, there exists no such family of surfaces. The 
solution to (I) then consists in finding a family- of cun^es upon 
some assumed surface ha\dng the property of orthogonality' 
to a vector of direction P:Q:R, 

Example 3. Consider the nonintegrable equation 

2zy dx 4y <Ij/ -h ^ dz = 0. (20) 

Here F = 2rp, Q — 4y, R ~ z. There exists no farnily of surfaces per- 
pendicular at each point fx, y, z) to the direction PiQiR, Ho’^vever, 
shall find a family of curves upon some sunacc, say, 

X* -f r - = 9, (21) 

which has the property of being perpendicular to the direction 2ry:4y:r. 
From (21), 

xdx ydy — zdz =0, (22j 

Adding (22 J to (20) we have 

{2x11 4- X) dx -r by dy = 0, (23) 

whose solution is 


X' 

o 


- log (2y -r 3 > 


= c*. 


(24 i 


Hence, in a certain sense, the cur;'e5 cut by (24) from (22) satisfy' (20). 
Other solutions of (20) may be found by assuming various other surfaces 
instead of (21). 


EXERCISES XVI 

1. Given: rj dx -r x: dy = (x -b y -b c) dr. 

(a) Find solution on x -f y -r - *= 1. *4nj. xv == r. 

(b) Find solution on x -f y = 1, Aru^, xy = r -f ~ -f c. 

(c) Find solution on some other surface. 

2. Given: xzdx ri* y dy zdz — 0. 

(a) Find solution on sphere x- -f y’ -r c* = 100. x = c. 

(b) Find solution on y = xz, (1 x- a)\/l 4- x* = c. 

(c) Find solution on some other sun ace. 

If P, Q. and R are all homogeneous and of the s^me degree, then the 
variables are separable by means of transformations c^ch as, x = nx, 
y = rr, • * ' . Use this method to solve: 

3. - yz) dr + (s’ - xz) dy -f (xy - y') dz = 0. Ans. ~ = c 

' y - z 

\ 



387 


Sec. 211 ORDINARY DIFFERENTIAL EQUATIONS 

4. (y’ - yz + z") - (2“ +XZ + x"-) dy + \x- - xy + if) dz = 0. 

5. tiy — z) dx + t{y — z + 1) dy ~ tdz + {z — y) dl = 0. 

Am. iy — z)c^'^ — ci. 

6. Interpret geometrically the solutions in Exs. 1 and 2. 

21. Simultaneous Linear Equations with Constant Coefficients. 
Operators may be used advantageou.slj'- in solving a system of 
y linear equations with constant coefficients in rj dependent 
variables and one independent variable. When y = 2 we may 
represent such a system in the form 

(coD’ + + • • • + a,)x 

+ (boD”* + + • • • + bm)F = . 

icoD^ + CiD^^ + • • • + Cp)x ^ ’ 

+ {doD'^ + + ■ ■ • + dq)y = 

where the a’s, Vs, c’s, and d’s are constants, t is the independent 
variable, D = d/di, and x and y are the dependent vaiiables to 
be determined as functions of t. For convenience we shall write 
(1) in the form 

An0)z + riio(D)y = Zi(0, ) 

AAD)x + Ai2{D)y = X^Xt). ) ^ ^ 

To solve for x and y we may resort to the usual algebraic proc- 
esses, -since the symbols D, Aii(D), ri 12 (D), A 2 i(D), yl 22 (D) obey 
the necessary algebraic laws. If we apply the operator A 22 (D) 
to the first equation (2), A 12 (D) to the second, and subtract, 
we find that 

[Aii(D)A 22(D) - A2,(D)Ai2(D)]a: 

= A22(D)Zi(0 - Au{D)XXt). (3) 

Hence 


X = 


An(D)A22(D) - A2 i(D)A,2(D) 


[A22(D)Zi(i) 


-An{D)XXi)], (4) 

where the operator Zi; ( - 5) - An(DU,.<.D) 

significance indicated in Sec. 19. A solution for y may be 
obtained in a similar manner. Thus the solution of (2) is 


Xi 

A 12 (D) 

1|A„(D) 

Xi 

X 2 

A22(D) 

1 ^ a]A2,(D) 

Xj 


( 5 ) 
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where A = 


provided of course that A ^ 0. 


/ln(D) A{m 

An{D) A2o(i))l 

[The case where A ^ 0 will not be considered, since it implies 
cither the inconsistency or dependence of Eqs. (2)* In expanding 
the determinants in (5) the terms invoI\dng A": or A'o should 
always bo written \nth A'l and A'’^ to the right, as in (3); thus, we 
write A 22 X 1 , and not A’^iA 22 *] 

To ilhistratc the method, we shall solve the system 


(32) + Z)x + (2)y = 
(4)r + (-32) + 3)y 




By (5), wc have 


^ 1^; 
^ a! 


c' 2 

3/ -3D + 3 




where 


Hence 


A = 


3D + 3 2 

4 (-3D + 3) 


3D -f 3 c'l 

4 Zt\ 


= 1 - 9D= 


(-3D + 3)c' - Cf _ -Qt \ 
1 - 9D= 1 - 9D"’ 1 ' 

(3D + 3)3? - 4c' 9 + 9? - 4c' ( 

1 - 9D= 1 - 9D= ■ ) 


( 6 ) 


( 7 ) 


( 8 ) 


(9) 


By the methods of Sec. 19, wc find that 

X ^ + cic*/* + C2C~*^^ ) . . 

?/ = 9/ + 0 + u* + j uu; 

The constants of integration appearing in the solutions for x 
and 7j are not independent, nor arc the}' necessarily identical. 
To determine the relations between these constants, we substitute 
(10) in one of the Eqs. (5), say the first. Upon simplif 3 dng the 
result, we find that 


(4ci + 2 c3)c'^3 + ( 2 c 2 4- 2c4)c-*^3 ^ q. 

Since the terms and are independent, it follows that 
each of the coefficients must vanish. Hence 


4ci + 2 c3 = 0, 2c2 + 2c4 = 0, 
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( 11 ) 


so that 

cj = — 2ci, Ci = —Co. 

Thus the solution of (5) is 
' a; = — 6/ + Cic'''^ + coc"'''®, 

y = 9« + 9 + |e‘ - 2cie‘/3 

' While the above method leading to (11) includes the comple- 
mentary solution of (6), we now wish to show liow the comple- 
mentary solution may be obtained directly. The complementar}’' 
solution of (6) is the solution of the sj’^stem 

' (3D 4- 3)a: -f- (2)y = 0, 1 

{i)x + (-3D -b 3)y = 0. / 

By (5) this solution is 


( 12 ) 


1 


0 = cic'''^ -b ae' 


1/3 


y = — 0 = cac"'^ -b c^c"'^®, 


(13) 


where the c’s are related as indicated above. 

In the same manner, the complementary solution of (2) is 

X = ^0 = CiCi' -b + • • • + CnC-', \ 

1 

y = ^0 = dicii' -b dsCs' -b ' ■ • + dne’'n‘, \ 

where 

^ A„(D) A 12 (D) 

A2i(D) a 22 (D)' 

and where rj, r^, • • • , r„ are the roots of the equation 

A = 0. 

Here A is regarded as a polynomial in the variable D, so that 
A ^ k{D - n){D - rs) • • • (D - r„), 

k arising from the coefficients in (1). [Of course, (14) must be 
suitably modified if some of the r’s are equal.] Substitution of 
(14) in (2), X\ and being replaced by 0, leads to the equations 

[ciAii(ri) -b diAi2(ri)]e’‘i' 

+ • • • + [CnAii(r„) -b d„Al2(r„)e^‘ = 0, (15) 

[ciA2i(ri) -b diA22(7'i)]e’'>‘ 

+ • • • -b [c„A 2 i(r„) -b d„A 22 (r„)]e’’n' = 0. (16) 
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The r’s being all distinct, the coefficient of each factor c^* must 
be 0. By (15), 


Since 


CiAnCri) + diAiiiri) = 0, 

CnAll(r„)+ C?nAl2(r„) = 0 . 


( 17 ) 


A iiivi) 


Ai2iri)\ 

A22(rf), 


- 0 , a = 1 , 2 , 


, n) 


it follows that the coefficients of in (15) and (16) are linearl}*' 
dependent, and (17) insures that the coefficients in (16) arc all 
zero. 

The general theory of systems of differential equations would 
require too great a space to present here. For a more extended 
treatment the reader should consult a good treatise on the 
subject. The exceptional cases where A = 0 has multiple roots 
occur rarely in practice. In the exercises below several such 
special cases are encountered. The method of undetermined 
coefficients will be found to be quite useful at times. 

The follo^^'ing remarks in regard to methods for finding solu- 
tions of 71 ordinary differential equations involving n dependent 
variables ma}^ be helpful. It often happens that differentiating 
the given equations a sufficient number of times enables one to 
eliminate (71 — 1) of the dependent variables and their deriva- 
tives, leading to a single equation containing only one dependent 
variable, Xi, If this equation then be integrated and the value 
of Xi thus found be substituted in the other (;? — 1) equations 
there may be obtained a system of (71 — 1) equations in (n — 1) 
dependent variables. Bj" a repetition of this method a system 
of one equation in one dependent variable may be eventually 
obtained. From the solution of this latter equation the com- 
plete solution of the given system ma 3 ’^ then be obtained. Sys- 
tems of 71 equations in ti dependent variables of order higher than 
the first may be replaced by sj^stems of 1st order differential 
equations. Thus the equation 


djtf 

dx^ 


+ Oy 


0 


is equivalent to the system 


dx 


= “W, 


du 

dx 


- -9y. 
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1. (a) Solve by (5): 


EXERCISES XVn 


dxdy 

ha: = cos t, 

didt 

d’-x dy 


(b) Find the complementary solution by (14). 

Cl f Cz Cz 3\ . / C2 C3 . 

At,.. x=-e<+{^---+-jsm^+(^-+-+-j 


2 i 

-f 4- “ cos tj 
o 2 


y = cic* + C 2 sin / -f cs cos £ + + ^£(sin i + cos £), 

Solve each of the following systems: 

I dij 


^dx dy 


a? - (ci -f Cr£)e* 4- Cz€^^^- 


y = ( 6 c 2 — 2 ci — 2c^i)d — 


dy dz 

^-17y+2--S^^0, 

dy 

13-7 = o3i^ 4- 2z, 

at 


' dx 

= 


4. < ^ = 3s, Ans. < t/ = cic^ 4* csr'*' cos 


dz I 

^ = 3x. I s = Cie- + cos ' 

,<f£ \ 

dx 

^^ + X = 0. 

[ di 

^ dx dy 

|-+2jf-te-2y.«.+5,» 

I dx dy ^ 

^4‘~ — 3x— i/==0. 
i dt dt 


X = cic^ 4^ csc"* cos (a/3£ — a), 
y - cic^^ 4* csr'*' cos — a 4- 

z Cjc** 4* CiC ^ cos ^*\/^3£ ct 4"^ 


X = Ci£ 4- C2£“‘‘, 

y = - ci£. 
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7. The difiercntml equations of the transformer circuit indicated in 

the figure are 

tr n 

M~ ~ E sin trf, 
dt Cl dt ' 



Fig. 127. 


dt dl ^ Ci 


0 . 


where the e m.f. impro^«ed in the first mesh is E sm irf, m and g\ arc the 
current and charge, respectively, m mesh one. and tj and fjz are the current 
and charge, rcspecthel}', in mesh two. 

(a) Reoallmg that dgi/dt = ii and dgz/dt = tt, WTite these equations 
entirely’ in i^s (Hint: Difi’erentiatc ) 

(b) Sol\ c the resulting sjstem for the currents ii and t: 

(c) State the transient (complcracntarj ) solution. 

(d) State the ‘^tcady-slate (particular integral) solution, 

(e) Find the boliition to this problem if at t == 0. 

Xi “0. i 2 = 0, gi = 0, and gz = 0, 

8 The equations of motion of a partteJe of moss m m pounds are 


d^x « 


where Zy ?/, and c are measured in feet and w Jiorc A”, and Z are the x, and 
z components, ro^pectivclv of the force acting on the particle mcn«urcd in 
pounds weight 

(a) Find the equation of the path of a projectile «hot into the air with a 
pven initial velorit> in a direction making iwi angle a-, with honzontal 
plane, (Assume flight to be m a \crt!C'il plane ) 

(b) Solve (a) if the air exerts a rcsi‘^tancc proportional to the ^eloclt^ 
and directed along the path. 

9 A particle mo\cs m the xi/-planc under an attractnc force propor- 
tional to its chstance from the ongm (a) State the equations of motion 
of the particle (b) Show that the path followed by the particle is an cllip-^e 

(c) State the penod 

10 Solve Ex 9 if the particle is subject to a rc^isUnf: force proportional 
to the velocity and directed along the path 

11. A particle A moves about a particle S which exerts an attracting 
force inversely proportional to the square of the distance between A 
and S. 

(a) Show that the equations of motion are d^/dt* ~ —Kxjr*^ 
d'y/dt^ = —Kyfr^y where K is a constant and r- = o:’ -f y*, if the particle 
S IS located at the origin (This is the case of the motion of a planet about 
a central sun.) 

(b) Show that the radius vector 5A sweeps out equal areas in equal 
times. 
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Hint: By substituting s = r cos O, y = r sin 0, rewrite the equations of 

.do , 

motion in polar coordinates and integrate, obtaming the integral *= «, 


dV / do\^ K dr dO 

dr-~\dt) ^ ' 


(c) Show that r is a solution of the equations 

K[1 4- a cos (0 — j5)] 

found in (b). (Tliis shows that the path of motion is a conic with focus at S.) 

12. A particle moves under the influence of the force of gra'vdty near the 
surface of the earth (taken to be plane). If the particle is projected at 
time t = 0 with an initial speed of 7i ft. per second at an angle a ndth the 
horizontal, determine the equation of motion of the particle. Solve this 
equation, assuming that at i = 0, the particle is at the origin of a given 
coordinate sj'^stem. What is the time of flight of the particle if the ground 
is perfectly flat? What is the angle a for maximum range? What is the 
envelope of the family of trajectories, for fixed u F What is the pf^’^sical 
significance of this envelope? How inany trajectories touch tliis envelope 
at a given point? How many trajectories reach a point on the interior of 
the envelope? Above the envelope? If the ground slopes at an angle ^ 
with the horizontal, find the range. Find the maximum range. 

13. By Newdon's law of gravitation, the force of attraction exerted by 
the earth on a body is given by F = -yinM/r-j where m is the mass of body, 
ilf the mass of the earth, r the distance between the bodies and 


7 = 6.65(10)'"® g,"^ cm.® sec’"^ 


Wdiat is the differential equation of motion of a body falling to the earth from 
a great distance? Solve this equation for the velocity, assuming that at 
f == 0, r = To and a = 0, and that if a is the radius of the earth, F — mg 


and M = — • 


Am. V- = 2a-g\ 




If the body starts at a very great distance from the earth what is ti at the 
surface? Heglect the resistance of the air. Ans. 7 miles per second. 


22. Simultaneous Total Differential Equations. We shall 
consider the following special system which is of considerable 
importance: 


Pi dx + Qi dy + Pi dE = 0, 

Pa dx + Qa dy + Po ds = 0, / 

where Pi, Qi, Pi, P2, • • ■ are functions of x, y, and z. Equa- 
tions (1) may be written 
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where 



It can be shown that the general solution of (2) consists of two 
relations invohing two arbitrary’' constants: 


<rl(^, y, Cl) = 0, 1 
v':(a:, y, c, c.) = 0. j 


(3) 


Equations (3) ma 3 ’ be interpreted as representing a family of 
curv’es whose direction at (x, j/, c) is given bj” dxidyidz in (2), 
curv’es whose tangent at (x, r/, z) have direction cosines propor- 
tional to P 

We shall indicate certain methods of obtaining solutions to 

( 2 ). 

Method 1. It is sometimes possible to deduce from (2) two 
equations each of which contains onlj^ two variables and their 
differentials. 


Example 1. Consider 


Evidently 


dx dij dz 
yz zx zy 

dx dz dy dz 

Z X z y 


x^'hicb have the solutions 


X- - -f Ci, 

Equations (G) are solutions of (4). 


ir = r* -r C;. 


(4) 


(51 


(6) 


Method 2. It ma}" happen that but one equation containing 
onl\^ two variables and their differentials is readih’ obtained. 
In this case the solution of this equation mat" often be used to 
obtain another equation in two variables. 


Example 2. Consider 


dx _ dy dz 

y X -f r y 

From the first and third members of (7) we find 


(7) 


X = - -J- Cl. 


( 8 ) 
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Substituting (8) in (7), we find 

dp _ dz 
2z + Cl y, 

whose solution is 

Y = + Ci2 -f C2 

The solution of (7) consists of (8) and (10) taken together. 

Method 3. Each of the fractions in (2) is equal to 

Idx + mdy + ndz 
IP + 7nQ + nR ^ 

where I, m, and n are arbitrary multipliers not necessarily con- 
stants. This fact may sometimes be used advantageously to 
obtain a zero denominator and a numerator that is an exact 
differential, or to obtain a nonzero denominator for which the 
numerator is the differential. 

Example 3. Consider 


(9) 

( 10 ) 


dx dy dz 

2/-f2 z X X y 

Evidently 

dx — dy ^ dy — dz ^ dx — dz 
y — X z — y z — X 

from which we find 

y — X - ci{z — y), z — y - 02 ( 2 - x). 
Example 4. Consider 

dx dy 2dz 

y + 22 a: 4 - y ■+■ 22 —a; 

Then 


( 11 ) 


( 12 ) 


(13) 


dx dy ^ 2dz ^ dx — dy — 2dz 

y + 22 x + y -h 22 ~ -a; ~ lV+2z) ~ {x + y + 2z) ^ {--x) 

_dx — dy -- 2dz 
0 

^ence 


dx — dy — 2dz = 0, 
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so thst 

. ^ V ~ 2r - C:. (14) 

Substhulfng ( 14 f in the fraction of ( 13 ), ’tre fcd 

dr ^ 2£r 

’.vhosc solution b* 

— Cl) — (15/ 

The solution of (13) (14) nnd (I5'> together. 

The relation of (2) and the equation 

Pdx-^QdiJ^Rdz==0 (16) 

is of some geometric interest. 

Equations (2j define a famih* of curves whose direction vector 
V at each point (x. y, z) has direction cosines proportional to 
P:Q:R. If (16) is integrable, its solution consists of a family of 
surfaces everywhere orthogonal to the direction vector V and 
normal to the curt'es (3j defined by (2). (2) always has a 

solution, (4) does not in the nonintegrable ease. This means 
that if a family of curves is given, it is sometimos impossible to 
find a family of surfaces orthogonal to them. On the contrar\\ 
for a given family of suriaces, P, Q, R are defined, so that equa- 
tions (2) may be solved. This means that to a given lamOy of 
surfaces a family of curves orthogonal to the stirfaees can always 
be constructed. 


EXERCISES XVm 


Solve, checl:, nnd interpret geometrii 

1. dx/l = dy/l - dc 1. 

2. dxJz ^ dyfzyzff — dz,z. 

3. dr 'v = dy —r = di 0. 

^ dr dtf dz 

^ rfr -r y) z(z — y) r* -h y* 

^ dz dy dz 



rsliv eseb soluti' 


uUon: 




Anz. i - 

y V - r ^ Cr. 

j ' = c.r, 

i C'Jz — l,c* — log Cig. 




cj. y = 


m. \ = Cl, 


Am. 


i 2zy ~ 
Am. z = ei(2 ’f ^ 4* y) 
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^ = JL. = -A- Ani. 

X X y z + X' 

— ^2/ _ 

’ bz — cy cx — az ay — hz 


^ == Ci(^ — x), 

^og (y - - C2 + 


2 / 






Cl(l/ — x) 
ax by + cz = ci, 
^ + 2/^ + 2- = C2. 


8. (fx/2/3 — dy/zx == dz/xy, 

dx dy dz ( 2 + 2x = ci, 

1 3*= sin (2® +z) -2 (y = sin c, + C:. 

. 10. In Ex. 7 determine the circle wliich passes tlirough (0, — c, h), 
iL Find curves of Ex. 9 which intersect the circle x- + — 1, c = 0. 

Find and name the surface generated by these curves. 

12. Show that the lines of the system in Ex. 1 meet the curve x- 4- 2/^ = 4, 
2 - 0, to form the surface (x — 2 )^ + (2/ — 2 )^ =4; also the curve 


<p{xt 2 /) = 0 , 2=0 


to form the surface — z^ y ^ s) =0. 

dx 

13. Show that a general integral of jz=z===i 

I + V2— X — y 

ipi^y 2 , 2 / + z — X — 2/) == 0, when tp is arbitrary. 

14. Discuss from a geometrical standpoint the solution of 



dx dy dz — 0 


and the solutions of Ex. 1. 

15. Find a set of surfaces orthogonal to the set* of curves given by 
dx dy dz 

yz 2zx —3x7/ 


.4 715. xy^ ~ C2^. 


16. Show that there exists no set of surfaces orthogonal to the curves 
whose differential equation is dx/z = dy/{x + y) = dz II. 

17. Find a set of surfaces orthogonal to the set of curves given b}'' 

dx dy dz 

= cl 

18. Find a set of curs^es orthogonal to the surfaces represented by 

zy dx — zxdy — — q 

19. Find the set of curves orthogonal to the family of surfaces xyz — c^. 

Arts. See Ex. 9. 

20. Show that the problem of finding the orthogonal trajectories of a 
family of surfaces whose equation is /(x, y, z) ^ c necessitates solving the 
system 


_ dy ^ dz 
Bf jBx 3/ jBy Bff dz 

Illustrate this by finding the orthogonal trajectories of the family of surfaces 
xz — cy; -f- + c-2^ = c; y — x tan (2 + c). 
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Example 2. A general solution of (lie equation 

== Ox 

\h 

{y 4- c)' = 

and tlic e-discriminant of this solution is 

x’ = 0. 

The line x 0 is a cusp locus C, and there is no envelope (Fig. 132). 
ly x-1 


1 T N 
' E 

Fig. 131. 

It should be observed that if (2) is solved for c, so that it is 
of the form c — yf'ix, y) — 0. then tlie second equation (6) reduces 
to the absurdity 1 = 0, and the above procedure fails. Thus 
the applicabilitj" of this procedure depends upon the form in 
which (2) is uTitten, This illustrates the need of carefully 
analyzing the preceding discussion in order to render it exact. 

The equation of an envelope E may sometimes be obtained 
directlj'^ from the difTerential equation (1) without first obtaining 
the solution (2). Suppose that neighboring curves of (2) 
intersect at points Q near E (sec Fig. 128), and suppose it were 
the case that, for some point (xi, yi) on J5J, Fp(xi, i/u P\) ^ 
Then Fp 9 ^ 0 throughout some region about (xi, 7 / 1 ), and in 
particular at a point Q near (xi, 7 / 1 ). By Theorem 20.1 of Chap. 
I, Eq. (1) would determine p as a single-valued function of x 
and y near (xi, 7 / 1 ). But p is obviouslj” not a single-valued 
function of x and y at points Q near (xi, 7 / 1 ). Hence, for each 
point (x, y) on E, 

Vf V) = 0. (9) 

Since (1) and (9) hold simultaneously for each point (x, y) on 






Fio. 132. 
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E, the equation of B may be obtained by eliminating p from (1) 
and (9). The expression resulting from this elimination is called 
the p-discrwiinani. It turns out that the p-discriminant may 
include other loci besides E, such as a iaclocus T or a cusp locus 
C, and that these other loci are seldom solutions of (1). 

Example 3. In Example 1, F{Xj y, p) = ^yrx — (3x — 1)% Hence, 
Fp(a:, p) — 8px, If we eliminate p from F — 0 and F^ — 0, we find the 
p-discriminant of (7) to be 

x{8x - 1)2 ^ 0. 

In Fig. 131 we see that the line a: = 0 is the envelope E and that the line 
x = J is a taclocus T. 

The p-discriminant method for obtaining the envelope is 
subject to the same difficulties as the 
c-discriminant method (see paragraph 
following Example 2). Thus^ the equa- 
tion p = has no p-discriminant, 
while the equation p^ = has the 
p-discriminant p = 0; moreover, ?/ = 0 
is the envelope of solutions of 
p2 = 3?/. 

EXERCISES XIX 

Find the singular solutions of each of the following equations. Use two 
methods where possible, and verif3^ that the solution obtained actual^ 
satisfies the differential equation. 

1. y — xp — (1/p). 2. xp“ — 27 /p — a; — 0. 

Ans. 1/2 = — 4a^. Ans. ^2 + ^2 — q 

3. 4p2 = 9a;. 4. (1 4. a;2)p2 - 1. 

5. p2 -f 2xp = y. 

6. p5 - 4:xyp + 82/2 = 0. Ans. 1/ = 0, 27i/ = 4a;*. 

Find the envelopes of the following families of curves: 

7. y ^ 2cx + 8. - cx — c^. 

9. (1/ — c)2 — x(x — 1) 

24. Evolute and Involute. Consider the curve C whose equa- 
tion is ?/ = f{x) and let (a, b) be a point P on C. Then b = f{a) 
and the equation of the normal to C at (a, b) is 

P - /(a) = - ®)- 

The envelope of these normals to C is called the evolute E of C. 
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By the method of Sec. 23, we find the parametric equations of 
the evolute E oi C to be 


T = a — 


1 + [/'(«)]^ 


^ /(«) + 


/"(«) 

1 + [/'(c)] - 

r(o) 


f(a), 


( 1 ) 


In these equations (x, y) arc the coordinates of the point T on 
E corresponding to tlie point P on C, i.c., the normal at P is 
tangent to E at {x, ;/). By (1), the square of the line segment 
FT is equal to 


(a- - a)= + [y - /(a)]= 


11 +[/'(a)l=P 
[/"(«)]= ’ 


which is 
(a. b). 


the square of (ho radius of curvature p of the curve C at 
Consequently T is the center of curvature of the curv’e C 


Involat, 



of P is 
position 


Fig. 134. 

called 

of T, 


for the point P. This proves that 
the evolute of a curve C is (he locus of 
the centers of curvature of C. 

It is quite casj' to show that the 
Icngt h of t he line segment PT is equal 
to the length of the curve E meas- 
ured from some fixed point A, 

Now regard P as a given curve. 
Draw the tangent line r to P at a 
point P = /i, and thinking of P as 
fixed on r with .4 fixed on P, let r roll 
around E without sliding. The locus 
an iiu'olutc of P. It is seen that, at any later 


7T = TA, 


where T is the point of tangency of r with P. It follows from the 
preceding paragraph that E is the evolute of the locus of P. 

EXERCISES XX 

1. Find the evolutes of the following curves: 

(a) y* = 4ax. 
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. (c) 

2. Find involutes of the following curves; 

(a) 

(b) y - = 4ax. 

PART E. ELECTRICAL NETWORKS 

26. Linear Networks.* Electric-circuit theory is a branch of 
general electromagnetic theory and deals tvith electrical oscilla- 
tions in electrical networks. An electrical network is a connected 
set of circuits or meshes (formmg 
closed paths) each of which can be 
regarded as made up of circuit param- 
eters called resistance, capacitance, 
and inductance elements. In a linear 
network, the circuit parameters are 
assumed to be constants (independent 
of current strength). A passive net- 
work is one which has no internal 
source of power, and an active network is one which has one 
or more internal sources of power. Ordinary network theory 
proceeds from the assumption that the network is linear and 
passive. 

Two laws of great importance in the theory of such networks 
are Kirchhoff’s laws (see Ex. XI, 3 for the relations connecting 
R, L, C, i, and e) : 

(a) The total impressed e.m.f. around any closed loop or circuit in 
the netivork is equal to the potential drop due to resistance, capaci- 
tance, and inductance. This total must include applied e.m.fs- 
as well as voUage drops due to the effects of self -parameters and 
induced couplings with neighboring circuits. 

(b) The algebraic sum of currents flowing into a branch {or junc- 
tion) point is zero. 

Consider the w-terminal pair n-mesh linear electrical network 
containing (lumped) resistances, inductances, and capacitances. 
Let ei, Cm be the (real) e.m.fs. impressed on terminal 

pairs 1, 2, • ■ • , w, respectively: q, and L, be the instantaneous 
(real) charge and (real) current, respectively, in mesh s; R,i, 
L,t, Dh, s 9 ^ t, (real numbers) be the (lumped) circuit parameters 

* Guillemot, “Communication Networks,” Vols. I, II. 

Burington, R. S., Matrices in Electric Circuit Theory, Jour. Math. 
Physics, Vol. XIV, No. 4, December, 1935. 
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(resistance, inductance, and elnstance^, respectively) mutual to 
meshes « and /; and /?,„ the total circuit (real) parameters 

of mesh s, that is, the total resistance, inductance, and elastance 
of mesh c<? (s, f = 1, • • * , n). The meshes are so chosen that 
mesh s (s = 1, • • • , m) 5s the onl}’' one which passes through 
the terminal pairs s. 

KirchliofT’s laws, an equation for each circuit of the network 
may be written. The complete diflercntial eqtiations for the 
network of 7i meshes are: 


where 


On 

u 

+ 012 


* + Oil In 

== Cl, 

Ofr, \ 

h 

+ Or..2 

f. + • • 

’ 1 0 tnn 7 n 

~ Cfi' 

Utn-i-l.l 

h 

+ Om-M.S 

+ 

+ OfR J. I,rs Jjy 

= 0, 

On 1 

U 

+ On2 

72 + * 

■+ Of,,f, In 

= 0. 


a,r = R,t + L,tp + D,tP^\ p = 


( 1 ) 


p being the usual derivative operator and inverse. f These 

equations, together with a description of the initial conditions of 
the network, completely specify the network performance. 

If the row by column rule for multiplying matricest be used, 
Eqs. (1) may be written 



or AiF/ == (e), 


where A = (Or,) is a iKtivork jnatrix for the given network. 

We shall assume that the mutual impedances are (bilateral) 
reciprocal, that is, a„ — a,r, and hence /?„ = Lr, — Lir, 
Cr» = C,r, Dr, = In other words, A is a symmetric matrix. 


* B}' definition the clastaricc is D,t « l/C,t where C,t is the capacity 
common to meshes s and t. 
t (Iq,/dt = 1,. g, ~ t, dt « 
t See Chap. VI, Part A. 
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It is important to note that the network matrix A is dependent 
not only upon the circuit parameters Ors, but also upon the 
particular agreement made upon the selection of the circuits 
of paths forming the meshes, the numbering of these meshes and 
the directions which the currents in these meshes are assumed to 
take. 

26. Steady-state Solution of A{i} = {e}. The solution of 
(1) in the preceding section is divided into tAvo parts, the particu- 
lar or steady-state solution and the complementaiy or transient 
solution. The general solution of (1) is the sum of the particular 
and the complementary solutions. 

Let the driving force e.m.fs. for the terminal j^air in mesh 
y be* 

for ju = 1, • • ■ , m, j- = -1, | 

Cp = 0, for y = m + 1, • • • , n, } 

or more brie%, 

{ej = {Ei6’“', 

where is the complex e.m.f. impressed in mesh y, and where 
is the complex voltage for terminal pair y. The real part of e^ 
is the actual e.m.f., i.e., e,, = (Jl(ep). Since phase relations 

are to be taken into account, the E^, being complex numbers, 
may be made to take care of the situation. Thus, if the actual 
e.m.f. in mesh 1 is 100 cos + a), the complex e.m.f. is 
Cl = where Ei — 100e’“, and where 

(R(ei) = 100 cos {(nt a). 

Suppose that 

{i} = (2) 

that is, 

y — , n, 

is a solution of (1), Sec. 25. (f,, is called the complex current in 
mesh y, the actual current v being the real part of %.) Then 

A{i! = A{I}e'"' = {E}c'“‘, 

* In order to avoid confusion, we shall use y = \/ — 1, * = 2.71828 • ■ • , 
instead of the symbols i and c, usually used by mathematicians. Here or, u 
are measured in radians. 
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hence 

B{I} = {E}, (3) 

where {I) and {Ej are column arrays and B s (b,.), 

b,i = bi, = /?i( "h Z/«(X X = ju, j‘ !• 

If d(B) ^ 0, from (3) 

B-‘B{I) = B-ME), 

and 

1I1=B-1E1, (4) 

or in the usual notation, 


m ri 



p — 1 M " 1 


where is the cofactor of b^k and == (/(B)/B^i is the general- 
ized network impedance, being a transfer impedance if p 5^ /; and 
a driving-point impedanQc if ;i = /:. f 

The steady-state solution of equation (1), Sec. 25 is (2). where 
{I I is given (4). From (4) follows the 
Superposition Principle. The result of m voltages of the same 
frequcnc}'' simultaneously impressed in the various meshes is a 
linear superposition of the individual responses in mesh k for 
the voltages ej, - • - , Cm impressed successively in yneshes 
1,2, • • * , m, respectively. 

If all the e.m.fs. arc zero except at terminal pair then 

Ij- /-\ 

/. B,, 

Now it is kno\\m that Bf,i = Bif,, Hence if h = and 

lix = Eijbif,, then = h if ~ Ek* Thus, the reciprocal 
Theorem 26.1. Lei an ejn,f., be impressed in ynesh p and the 
current ik be measured in mesh k. If the same e.m.f, be placed 
in mesh k instead of p, and the residiiiig current ip measured in 
mesh Pf then the currents Tp and n are exactly the same, both in 
magnitude and relative phases, as before; i.c,, tp = n. 

For simplicity of notation, we shall frequentl3’’ omit the factor 
from notations for currents and e.m.fs., and shall speak of 
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the actual currents and e.m.fs., in terms of their complex repre- 
sentations 1 and E. 

Theorem 26.2. 7/ a set {E'} of e.m.fs. all of the same frequency 
acting in the m branches of an invariable network, -produce a current 
distribution {Tj, and a second set {E"| of the same frequency 
produce a second current distribution {!”}, then 

(E'){I"} = (E'Od'K 


m m 

t.e., 

Proof. By (4) {!'} = and {!"} = B-ME"} or 

(I") = (E")(B“')’'. [(I) is a row vector (Ii, • • • , Im)]. Multi- 

ply bj^ the transpose (E") of {E"}. Then 

(E"){I'} = (E")B-ME'} = (I'OfE'}, 

for (I”) = (E")B~^, (B~i)^ = B~^, since B is symmetric. 

If several different e.m.fs. of different frequencies w, are 
simultaneously impressed, each of the type Cr.j = Cr,. 

being the e.m.f. impressed in mesh r of frequency w,, then 


{i} = (7r..){€-‘‘l 




( 6 ) 


is the steady-state solution, where (Ir.,) is a rectangular array 
and Ir., is the current amplitude in response to frequency u, in 
mesh r, ir., = 7r,se’“*'. 

In connection ndth (1) of Sec. 25 and its solution, it may happen 
that (3) are insufficient to 3 deld a unique solution due to the fact 
that all the independent relationships that can be expressed by 
lurchhoff’s laws have not been utilized, or some of the equations 
may be linearlj’- dependent upon certain others, i.e., a linear 
dependence relation may exist between the e’s, etc. Such situa- 
tions arise in the theor 3 ’' of ideal transformers. The rank r oi B 
is the number of equations determining uniquely r of the currents 
{1} as linear functions of the remaining (n — r) I’s, and (n — r) 
is the number of linear independent mesh currents. 

27. Transient Solution. In this section the complementary or 
transient solution of A{i} = {e} is considered, that is, the solu- 
tion of 


A{i} = (0} 


(i) 
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where {Oj is a column array all of whose elements are zero. 

Let a solution of (1) be 

t; = i.c, {i| = (m = i, • * * , n) ‘(2) 

Then 

A{il = =r fO}. 

hence 

- 10!, (3) 

where 

- (c;-j>), c;t = Rjk + Likp. + Djkpr^. 

If (2) is valid, then (3) must hold. For each rnodc p, of the 
system there is a set of equations (3). 

A trivial solution of (3) is ^ fO}. This means that 

the natural behavior of the s^^stem ma}’ be to remain at rest. 
However, nontrivial solutions arc desired. In (2), the p, are 
as yet undetermined. By Corollary 4.5 of Chap. VI, a necessary' 
condition that (3) have a nontrivial solution is that 

= D{pr) = 0. (4) 

This polynomial equation is of degree r ^ 2n and is known as the 
ddcrininayital equation. Let Pu pz, • • - ^ Pr be the solutions 
of (4). 

The number of independent solutions of (3) is (n — p), while 
everj" other solution is linearh" dependent upon them, p being 
the rank of 

A solution X of the matric equation = 0 of rank p, 

where p is the rank of is called a complete sohdion. Let 
(x) = {xi ' • • , Tn\ be arbitraiy\ Then it is known that if 
is a complete solution of “ 0, then 

(5) 

is a general solution of (3). 

The solution of (1) for p, is 

ji) == . (6) 

If all the natural modes p, are distinct, the transient mesh 
(complex) currents are 
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r 

U = ^4”’ • (fc = 1, ■ • • , n) 

or 

{ij = (7) 

j = being a rectangular array. 

The follomng theorem concerning the determinantal equation 
is well known: 

Theorem 27.1. The r ^ 2n roots of (4) are the natural modes 
Ph * * * } Pr netivo7dc. If the nctiooi'h is passtDC^ i,e,, the 

matrices R, L, D arc 'positive seviidefinitCj the real modes are negative^ 
and the complex roots always occur in conjugate pairs with their 
real parts negative. 

The individual terms of (7) are known as natural or 

normal functions; r is the number of normal meshes , fictitious 
meshes” having one natural frequency and one rate of decay. 

is the transient current amplitude in mesh k of mode r. 
If Ph P 2 conjugate complex numbers, then J[P and are 
conjugates. For pi = —a + jp, a real and positive, then 

= 2(Jl'>l€-“'[cos (gi + 

where g is the natural frequenc}^ in radians per second, a is the 
decrement per second, is the initial amplitude 

in amperes, and <f>iP is the phase angle in radians. 

The number n of degrees of freedom of a network is the number 
of linearly independent mesh currents; i.e., the least number of 
meshes by which a network may be specified. 

Theorem 27.2. The maximum mcmher of modes that a network 
may contain is twice the number of independent meshes. The 
degree r o/ D(p) = 0 is ^2n. r is the nu?nber of independent 
integration constants of (1), the maximum number of initial condi- 
tions that can be specified for the network, the number of independent 
modes of the system and the number of transient current amplitudes 
for a given mesh current. 

While (7) contains 271 ^ amplitudes only the amplitudes for 
one mesh current need be considered as the integration constants 
of the system (1). 

In electrical networks the rank of C is either n or (n — 1). 
Then from (3), for the mode and any f = 1, * • • , n, 

- 1, 2, — • , n; r 2, — • , 2n) (8) 
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where 

= cofactor of 

and the are arbitrary* constants. 

Since C is sjTnmetric, ^ (F^p) is the adjoint matrix of 
and for arbitrary i and s, 




= rM. 




= h 


, v; y = 1 . 


,2n). (9) 


Thus, all the J’s are expressible in terms of those for the sth 
mesh and may be considered the tnie integration constants of ( 1 ). 

If certain of the modes are coincident, instead of (7) the tran- 
sient mesh current solution uill be of the form 


{i} = 00) 

where [ye^^} is a column array with elements 

being a representatives? coincident mode, and 7)1 a representative 
distinct mode. 

The general solution |il^ of ( 2 ), Sec. 25 is the sum of the 
steadj"-state solution jij, and the transient solution {iU of ( 1 ), 

Ulff = UU + Ul** (11) 

If it is required to find the charges qi. recall that 

!ql = (12) 

Equations ( 1 ), Sec. 25, may be replaced by a similar sot in {qj. 
The solution for {q|j, could then be carried out in a manner 
entirely analagous to that given here for {i}^. 

It should be emphasized here that the actual currents (and 
charges) are given by the real part of (ijo and {qj^, written 
(R{i} and dlfq}. 

The use of elementarj- dmsors in the transient solution of ( 1 ), 
Sec. 25 is well knorni* in the theorj^ of differential equations. 
This method will not be discussed here. 

28. Energy Relationships. If both sides of equation ( 1 ), 

Sec. 25 be multiplied on the left by the transpose of { 1 ) 

{ir ^ (i), 

• Moulton, J. R., ** Differentiftl Equations.” 
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a one-rowed array, then we have the expression 

n 

CP s (I)A{i} = (I){e} s (1) 

3 = 1 

which is the rate at which the applied e.m.fs. are supplying 
energy to the network. O’ is known as the instantaneous power. 
The left-hand side of ( 1 ) is evidently equal to 

n n 

'Ijdjf/tj;, ( 2 ) 

Since 0 , 7 , = Rjk + LjkP + DjkP'~^, we may express (P in the form 

(P s (I)R{I} -p (3) 

where R = ( 22 , 7 :) is the resistance matrix, L ^ (L/t) the inductance 
matrix, and D ^ (A/O fhc clasiance matrix. 

The rate at which energy is being converted into heat, the 
total instantaneous power loss, is 



n n 

(R s (i)R{I} ^ ^ Riki,% 

3 = 1 k=l 

the rate of increase of magnetic energy, the total instantaneous 
magnetic energy, is 






k=^l 


and the rate of increase in electric energy, the total instantaneous 
electrostatic energy, is 


© = 




^• = 1 A; = l 


It is important to note that the netAvork matrix A is actually 
the matrix of the instantaneous power, A = R pL -j- p“^D. 
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In appljang matrix theory" we should emphasize the fact that 
the network matrix A can be \^Titten down quite readil}" from the 
wiring diagram of the network, once an agreement has been made 
as to the numbering and path of the mesh currents. It is merely 
a step then to state the diflerential equations Af 1 } = {e} of the 
network, and the relation for power. 

29. Equivalent Networks. Let Y ^ (Y,d be with all but 
the first VI rows and columns deleted. Then from (4), Sec. 26, 
we have 



or 

{!}. = Y{EU, (1) 

The matrix Y is called a characteristic {adviiitancc) coefficient 
matrix of the network N, 

Two 7 u-terminaLpair networks, A’*! and AL, arc said to be 
equivalent if, for all frequencies (oj = —Xy), the 3 " have equal 
characteristic coefiicient matrices Y; i.e., for all w the^^ have equal 
electrical characteristics. 

The element I'',!, s 7 ^ /, of Y is the shorl-circuii transfer admit- 
tance between terminal pairs 5 and ty and the element Yt, is the 
short-circuit driving-point admiiiance between terminal pair 

S, (s = 1, • • • , m). 

Assuming that /i, • • • are linearly- independent, we know 
that Y is of rank m, and that (1) gives 



or 




( 2 ) 
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where 

Z = (Z^t) = Y-h (s,t=l, ■ ■ , m) (3) 

The matrix Z is known as a characteristic (impedance) coefficient 
matrix of the network. 

The element Z,t, s 7 ^ t, oi Z is the open-circuit transfer imped- 
ance between terminal pairs s and t, and the element is the 
open-circuit driving-point impedance betw'een terminal pair 
s, (s = 1, • • • , m). 

, The admittance Y,i may be shown to be equal, save for sign, 
to the ratio of the determinant of B\, where B\ is B with row t 
and column s deleted, to the determinant of B as given in (3), 
Sec. 26, that is, 

F., = (±)^' (s,t = l, - ■ - ,m) (4) 

where (+) is used if is + 0 is even^ (“■) if (5 + 0 is odd. 

Equation (2) may also be obtained from (1) of Sec. 25 by 
eliminating the inner currents 2 ^+ 1 , * • * , u, provided, of course, 
that the matrix AJ;;;” obtained from A by eliminating the first ??? 
rows and columns, is nonsingular. 

The rate at which energy is being supplied to the network 
(1), Sec. 25, the imiantancous poweVj is (dropping the symbol 
~ from above I and e) 


71 71 

(P = iiCi + • • ' + imem = + ^ ^'^j laLsdl 

s,t = 1 « 1 

n 

( 5 ) 

S,t = 1 

or in the language of matrices 

(P = (i){e} = (i)A{i! = (i)R{i! +|(i)L{i} +|(q)D{q}. (6) 

Suppose we fix the impressed e.m.fs., ei, • • • , Cm, but let the 
currents and charges in the quadratic form (P be subjected to the 
real cogredient nonsingular linear transformation T, 
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<P = ilCi + • • ■ + Imem = il^l + • ■ ■ + iinCm = 

a,t = l 

or, more briefly, 

(P= (i){e} = (i){e} =(i)A{i}, (8) 

where 

A = T^AT, A = (a„). . (9) 

Hence the matrix corresponding to B in (3) of Sec. 26, becomes 

B = TTBT, (10) 


or 


• 

■ ® i 

0 • 

• • 1 ! 

0 • 

. . 0 1 

■ 

• • 0 ! 


where 

Hence 


B s 

* ^n.l 


bn ■ 


Hn 


|5nl • * * hnn 
b\\ • * ‘ &ln 


* ‘ * 


0 • • • 1 


0 • • ' 0 


0 • • • 0 






* * • ^n.nlj 
B = R + LX + DX-i, X = jo). 


tn,n 

( 11 ) 


R = T'fRT, L = TH.T, D = T'^DT. (12) 

It can be shown that the elements of Y as given in (1) are 
absolutely invariant under nonsingular m-afiine transformations 
T operating upon A as given in (7).* Hence Y is an absolutely 

* That is, A and A have the same characteristic coefficient matrices Y. 


/ 
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It can be shown that, under certain conditions, lim is 

the desired solution y of (1). 

Example 1. Solve dy/dx ^ x — y under the condition that y - I when 

X -0. 

Write 

1 / = 1 + J^‘(r - y) dx. 


By (3) and (4), 

^ 1 , 


r 

y'-\i) = (x — l)dx = l— i-r-^ 

[x-(l-x+f)]dx = l 


£,<»>(!) = 1 + 


j: 


■ X -h T* 




T* X* 

= 1 - x+x’--+— > 
3 24 


and so on. It is readily verified that y ~ 2c"- -r x — 1 is a solution of the 
given equation, and that */^**(x) contains the first four terms of the Mac- 
laurin series for y. 

It may happen that the integrals in (4) cannot be computed 
directly. In this event we approximate a solution y of (1) by a 
procedure consisting essentialh’ of two stops: 

Step L Evaluate the integrals in (4) by some numerical 
method so that accurate numerical values of y in (1) are deter- 
mined at a few values of x near zo, say zi, z^, zj, these z’s being 
equally spaced at a distance h apart. (The computational labor 
makes it impractical to extend this procedure to very^ many 
values of z.) 

Step II, Extend the tabulation of values of y for later values 
of X (say xa, * • * ) by a step-by-step process using values of 
y already obtained. 

To describe step I in detail, write 

2/'='(a-o) = y‘o-\ v'-'Kxi) = yf\ • • • , i/<=>(xo) = yj,”, • * * • 
Then by (3) and (4), 
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2/^ = yo, = y^^Kxi) = 2/0 + 2/0) dx, 

/(a:, 2/0) rfa:, 2/^"’ = 2/o + I f{x, 2/0) <2*, 

Xo •/xo 

yo being a known number. We evaluate 2/f' and 2/^^’ by (27) 
and (23) of Sec. 39 Chap. II, and we find from the relation 

y? = 2/0 + 2/0) dx = yo + 2/0) dx + fjy(x, yo) dx 

= 2/f’ + 2/0) rfx, 

the last integral being evaluated in the same manner as y'i'>. 
By (4), 

2/0®' = 2/0, 2/”' = 2/0 + H'fix, y^-'>) dx, 

tJXti 

y^A^ = yo + r‘f(x, y^-') dx, yi^’ = yo + P’/(a^, 2/'^0 rfa-, 

*/Xo */xo 

where the values of 2/^"^ and hence the values of f(Xj are 
known at Xoy Xiy X 2 y xs by (5). This process is continued until 
2/2”^ 2/^^ remain constant (to within the desired accuracy) 
as n increases. If we denote the values of y in (1) at Xi, Xo^ xs 
by 2/1, ^2, 2/3, then 


2/1 = yi'\ 2/2 == y^P\ 2/3 - 2/^^ (6) 

when n is sufficient!}?' large. 

Step II is now readily carried out. By (2)^ 

2/4 = 2/0 + I V(^, y) dXy 

JXQ 

where y is evaluated by (6). This integral may be evaluated by 
formula (25) of Sec. 39, Chap. II. Again, 

2/5 = 2/0 + f fix, y) dx = yo At f 'fix, y) dx + f""' fix, y) dx 

vXO */X0 */Xl 

= 2/1 + y) dx, 

where the last integral may be evaluated in the sanfe manner as 
y\. Since we may write 
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2/i = yo -f y) dx = yt-^ ^ 

= yi-i -f P‘ /fa-, 2 /) dr, 

jTk^i 

this process may be continued as long as desired. 

To guard against errors, either accidental or arising from the 
approximations involved, it should be verified for each k that 

Vk ^ ?/o + f(:r, y) dr (7) 

by computing the integral by Siinp-onV rule, using the values of 
y ^ven by the preceding formula, or by some other more accurate 
formula involving yy (as previous!}- estimated by the above 
method). If this check is carried out simultaneously \\'ith the 
above computation, it may be possible at each step to eliminate 
small discrepancies in the last computed number yi by adjusting 
yk by trial and error so that (7) is accurately verified. Extreme 
care must be taken to avoid small errors in ?/i, y^. yt\ to this 
end h may have to be ver}- small. 

Sometimes the integrals (4) may be computed directly, but the 
successive functions converge slowly for not at all) to y 

except in the immediate neighborhood of zo. In such a case it 
ma}^ be possible to use (for sufficiently large n) to evaluate 

Vh 2 / 2 t directly (thus shortening step I), and then to find 
' ' ' by step II. 

The above method may be readily extended to higher order 
equations, and to systems of equations, but we shall not giv-e thesfc* 
extensions here. Many other mcthod.s have been devised for 
approximating a solution y of (1), but in most cases the gist of 
these methods is to replace y in (1) or (2) by its Taylor series 
and then to manipulate this series in some convenient fashion. 
Wc shall give an example to illustrate the manner in which this 
manipulation may be effected. Let us consider the wave equation 

% + = 0 ( 8 ) 


which occurs in connection %rith many forms of wave motion. 
y ^ /Mr have 
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'y. = fixo + 2/0 = /(xo) + 2hnx,) + 4/j==^^ + 

+ + 


r/i = /(.To + h )^ /(to) 4- /if (To) + + /i^ 


4! 
/'"(xo) 


3! 


1/0 = /(to), 

y_I = /(xo - /l) = /(To) - hfixo ) + 


+ h* 


3! 

/'“’(To) 

4! 


( 9 ) 


Let us introduce the notation 


i 


Aoy = yi - yo= /(to + h) - /(xo), 

Aiy = Vi - Vi, A"jj = yz - Vi, ■■■ , 
A\y = All/ - Aoi/ = 1/2 - 2 yi + r/o, 

Afy = A2i/ - Aiij, • • - , 

Agj/ = Ai// - Aly = 7/3 — 37/2 + 37/1 - 7/0, 

Afy = A;i/ - A^//, • • • , 


and so on. It is readily verified from (9) that 


' 2! 
1 


1 4i.s - i=£|5) + /..A^ + ,,.£^ + 


^AijT/ = 


1.A1W + + 


4! 


61 


Aioi/ = 


6! 

/,o£!4£o) , 
6 ! ^ 


( 10 . 1 ) 

( 10 . 2 ) 

(10.3) 


If we neglect terms of order higher than the sixth, it' follows by 
(10) that 


.z^Xo) 1 , 

1 


' ^ ^ .1 !> 
2! - 


4! “ = 4l^i22/ - S^AIsT/, 

= iA2.„ _ ^Ai2i7 + 4iAi3iy. 


( 11 ) 
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Lei - —p<:r)y = —pix)f(z). By ^S;. 

ij" S dx). y'” = dix), ■ 


Hence, b}' (30.1). 




c) , ^ . . . 

, , n ,, > ^ rA ‘ 8! 


= A- 


a- J-/ I A. if flllll 1 

21 M2l^ 2! / ' 30i" 4! j 

1 / dHxo) \....] 

^roi''-o!-r^ j- 


(12) 


Since (II) hold5 for an arbitrar;' function /, we may replace f 
and y in (11) by c and Fubnitute the results in (12 h Vk’e Snd 
that 


All?/ = -f 

-5oro^-‘- } '■*> 

XovT suppose the values y^r yi^ of a particular solu- 

tion y of (8) have been determined in some v;ay [as by a power 
series solution of (8)] at the vaIu<■^s Zr,xi, - < - . z-, of x, and sup- 
pose the following table ha- constructed (neglecting 
and higher differences) as far down a- the line: 


1 ■ 

2 

1 3 , 4 

, i 

5 0 7 

S 9 

ao 

C; 

V'l 

V^I 



, 

J Aiy 

a:v ‘ a.v 

J ^.v. 

i Vi 
yi 

Vl 



1 Afv- 


' yt 



Mlv- 

ije I.;,- -zizd^- 

Mv .A,y 

‘ v« 


|a«sr 


! .iV 

' Aiy 

' y^ 

I 

1 a«_ic 

* • * ^ ' 
ih-'r— 

^L.v- 

-t-z!/ 1 

y 1 2/« 

\ 



i 

< 

3 

i 


■i;-:y ' 

1 

i 

t 


Make preliminary' estimates of A^_;c^ and This is a 

simple matter when AV varies slowly; but if AV does not vary' 
slowly', then a smaller value of k should be used or AV should 
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exists a number N such that for all n > iV, Sn < — (?, then we 
shall say that {sn} definitely diverges negatively, or decreases 
without bound, and shall write asn— >+«>. Thus, 

if Sn — n-, s„— > +<», while if c„ = ( — <Tn does not 
diverge definitely, either positively or negatively. 

A divergent sequence {s„) which is not definitely divergent 
is said to be indejinitely divergent. Thus the sequence {o-„j 
mentioned above is indefinitely divergent, as is also the 
sequence 0, 1, 0, 2, 0, 3, 0, 4, 0, 5, • • • . 

If two sequences {s„} and neither necessarily convergent, 
are so related to one another that the quotient Sn/cn tends, as 
n 00 j to a definite finite limit K different from zero, then we 
shall say that {sn} and {cr„} are asymptotically proportional, and 
we write ~ o-„. If K = 1, we shall say that the two sequences 
{s„j and {(>■„} are asymptotically equal, and we write s„ = cr„. 
Thus, for instance, + 1 = n, since ■y/n^ + 1/n — ^ 1 as 

n + CO ; — "s/n Ij-s/n, since 

•\/n — y/n 1 

IJy/n - 2 


EXERCISES I 


1. Examine each of the following sequences for convergence, or type of 
divergence: 


(а) (n + 1). 

(c) (logn). 

(e) ((-1)V"}. 

(б) ((-3)’'). 

(i) (n-* + (-l)n„t. 

2. Prove: 


(b) |n= - n). 

(d) ((-l)'‘->2n). 

(f) H-D"). 

(h) {3- + (-2)-'). 


(a) 1 -|- 2 4^ * ‘ • “f~ 

(b) 1® + 2® 4“ • • * + n® ^ Jti®. 

(c) log (7n3 + 17) log n. 

3. If a > 1, prove that 1 as n -^ + (Hint: Let 


Xn = a/o ~ 1, 

show a = (1 4 - XnY > 1 + nxn > and finally prove 


x„ 0 as n + eo.) 

4. Prove the theorem stated in Ex. 3 for the case where 0 < a g 1. 

• W -» 1 as n — + «. (Hint: Polloir the method used 

in Jiix. o.) 
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2, Convergent Sequences. The following theorems indicate 
a few of the elementary properties of convergent sequences: 
‘‘^’Theorem 2.1. A convergent sequence {sn} has a unique limit. 
We base our proof on the fact that if a number a is such that 
|a| < e for every positive number €, then certainly a = 0. Sup- 
pose Sn—^i and Sn Then for any arbitrary positive number 

c there exists a number N such that for n > Nj jsn — f | < e/2 and 
|sn — t'l < 6/2. Now 

If - f'l = \(Sn - f) - (Sn - fO! ^ 1^. - fi + If' - 


By the preceding remark, 

‘'^Theorem 2.2. If a sequence {s„} is convergent, it is bounded; 
and if [s^) ^ K, where K is a finite number, then the limit f of 
the sequence is such that ({| g K, 

If s„ —> f, then for any given positive number c there exists a 
number N such that for every n > N, { — c < s„ < $ + e. 
Hence, if iiC is a number greater than the N values |aij, 1^2 j, • ' • , 
l^.vl, and greater than |{| + e, then |s„| < K for every n. 

We shall leave to the reader the proof that jfj g K, 
<'*'Theorem 2.3. If Sn f, then \Sn\ lf|. 

Since ||a„[ — |fj( g (s„ — it is clear that (|s„l - (?() --> 0 
when (sn — f) 0. 

^Theorem 2.4. If {s„) is a convcrgcjit sequence all of whose 

terms are different from zero, and ?/ lim f 0, then the 

n— *4" « 

sequence {l/s„) is bounded. 

There exists an integer N such that for every n > N, 
\sn - f| < ^Ifl, and consequently |s„l > i\^\. Let y be the 
smallest of the positive numbers jsi[, (s 2 j, • - • , | 5 .y[, Then 
7 > 0 and for every n, |s„| ^ y, so that |1/5„| ^ K = l/y. 

If {s„j is a given sequence and if 

ki < k2 <h < — • <kn < • • • 

is any increasing sequence of positive integers, then the numbers 
w = 1, 2, * ‘ , are said to form a subsequence of the 

given sequence. 

‘^^HEOREM 2.5. Let js'} be amj subsequence of {Sn\. If 
Sn f, then s' — v 
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Using N and e ^th the significance given in Sec. 1, we see that 
for every n > N, ls„ — $1 < e. Hence for any n > N, 

K - ^1 = 

since > iV when n > N'. 

'Theorem 2.6. If the sequence {sn} can be subdivided into a 
finite mimber p of subsequences, each of which converges to then 
{s„} itself converges to 

We shall prove the theorem for the case where p = 2. Let e 
be any arbitrary positive number. By hypothesis there exist 
numbers n' and n" such that for every n > n', js' — ^| < e, and 
for everj’- n > n", js'' — $1 < 6. The terms s' and s” have 
definite positions in the original sequence {snj. Hence there 
exists an N sufficiently large m {sn} such that for every n > N, 

(Sn <C €. 

Let Ki, Ks, • • • , Kn, • • • be a sequence of positive integers 
such that every positive integer occurs once and only once in the 
sequence; the sequence |s'} formed from the sequence {s„} by 
letting s' = Sk^ is said to be a rearrangement of the given sequence. 

''Theorem 2.7. Let {s^} be an arbitrary rearrangement of 
{s„} . If Sn—^ ^ then s' — > 

For every n > N, |s„ — < e. Let n' be the largest of the 

indices belonging to the finite number of places which the 
terms si, sj, • • • , s„ occupy in {s'}. Then for every n > n', 

jS/i “ ?1 ^ 

Consider any sequence {s„j. If we alter this sequence {sn} 
bj’- omitting, or inserting, or changing a finite number of terms, 
or by doing all or a part of these things at once, and then renum- 
ber the resulting sequence (s'), then we shall say that {«;} is 
obtained from {sn} hy a finite number of aUerations. 

''^Theobem 2.8. Let {s'} be derived from {s„} hy a finite number 
of aUerations, 7/ Sn — > $ then s' 

The proof of this theorem rests on the fact that for a suitable 
integer p and a sufficiently large number N, 5 ' = Sn+p for n > N. 

‘'^'Theorem 2.9. 7/ s' f and and if for a suffici&ntly 

large m, the sequence {sn} is such that 

^ ^ j 71 ^ TTlj 

then Sn 
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We shall leave the proof of this theorem to the reader » 
'Theorem 2.10. If ^ ond ^ j?, then 

(a) {s„ + Cn) + 17 ); (b) (^n ~ C-n) — " (J — 77 ); (c) SrSTn {t?', 
(d) if arnj Sn ^ 0 aiid ^ 0, Cn/Sn v/s- 

The proofs of the varioxis parts of this theorem arc verj' similar 
to the proof of Theorem 3.2, Chap. I. 

"CoROLLAKY 2.101. If Sn ? 07id c is 07} y coasfarif. then 
eSn — ^ Cj. 

By repeated application of the above theorems » we have 
‘Theorem 2.11. Let • • ■ ? P ^fren 

sequences converging respectively to • r If 

Rr. = ‘ ‘ y Tationol funclion of the p 

variables sl,^\ • ' ' > n2i 772crical coefneients^ then the 

sequence Rn — ^ ’ * ' . provided dit'isiori by zero 

is not required cither in the evaluation of the terms Rn, or in that 
of the 7nHR5cr • • * , 

The symbols 0(z) arid o(c). Let { | and j | be two sequences. 
Then the sequence {i’nj is said to be of the order of the sequence 
{Zn\ if there exists a positive constant and a value X of 7i such 
that, for every n > N, jrnAnl < h ^ 0, and we M’rite 

r« - O(r0. 

If lim iXnlZr) = 0, we write = o(c„). 

n— • « 


Example 1. — — — ^ = 0^~\ Since — 

1 -f \ny r, 

lows that for n sufficiently large, Ifn/’w! < I', 
greater than 7. 


Eiample 2. ~ 



(Vqiy?) 


7n 4- 19 1 

— ; — ~ 7 fop 

1 -f Tl* Tl’ 

where k is a real number 


EXERCISES n 

1. Complete the proof of Theorem 2.2. 

2. Complete the proof of Theorem 2.6. 

3. Prove the statement given in Theorem 2.3 that 


!W - Uli s k - 5i. 


4. Prove tliat if ls«| is a null sequence and [Or} is any bounded sequence, 
then the numbers tr* = OnSn also form a null sequence. 
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5. Prove Theorems 2.8; 2.9. 

6. Prove Theorems 2.10; 2.11. 

7. If (pn j — » 0, show that s„ = a'’" — 1 — > 0, a > 0. 

8. If a > 0 and Sn -> S, then o'" -> o£. 

Hint: Show that o'" — — 1) is a null sequence. Use Ex. 7. 

9. Let |s„} be a null sequence all of whose terms are greater than -1. 
Prove that log (1 + Sn) is a null sequence. 

10. If s„ > 0 for ever 3 ^ n, J > 0, and if s„ -> f, then 


log s„ log f . 


Sn 


Hint: log Sn — log $ - log — = log 



Demonstrate that 


log 



is a null sequence. Use Ex. 9. 


11. If { 5 „} is a null sequence all of whose terms are greater than —1, then 

= (1 -f- _ 1 is a null sequence. Here p denotes any real number. 

Hint: Show that pn - p log (1 + Sn) 0. Next show Zn — > 0. 

12. If s„ > 0 for every n, and if ? >0, then s J where p denotes 

an arbitraty real number. 


Hint: By Ex. 11 show that sj — 




-> 0 . 


3. Cauchy *s Theorem and Its Generalizations. We shall now 
prove certain theorems of great importance. 

""""Theorem 3.1 {Cauchy^ s Theorem). If s „— then the 
arithmetic means 


Sl + S2 + 


+ 


n 


71 = 1, 2, 


also approach f. 

Let e > 0. Then there exists an m such that for every n > m, 
is„ — Ij < f/2. Then for n > m, 

js' — ^1 < ~~ ^) + • • • + (sm — ^)| , ejn — m) 

n 2n 

The numerator of the first fraction on the right-hand side con- 
tains a fixed number m of terms of {s„}, so that we can determine 
an iV ^ 777 so that for every n > N, that fraction remains less 
than e/2. Consequently, for n > N, |s' — ^| < e. 

‘Theorem 3.2. If s„ where each Sn > 0 and ^ > 0, then 

the sequence of geometric means 


<r„ = 52 • • • Sn —7 
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Since r^. ~ Jog — * X = log ^ ihy Exs. il. 9 and 10). 

By Theorem 3.T 



= log — log 


The theorem follows at once from Ex. S and the fart that 
r. 

IIXERCISES HI 


Prove: 



o. Prove "C f , (l>e Ex. 4.' 

Many generalizations of Cauchy's theorem have been riven. 
The foUoTNung theorem (due to 0. Toepiitr, 191 is perhaps one 
of the most important and far-reaching of these erneralirations. 
Consider the system M of real numbers o-,. 



where M is subject to one or more ci the following conditions: 

(a) Every column of Jf is a null sequence: 5.t\. for any nxed 

P ^ 0, ^ 0 as n -r , 

(b) There exists a positive constant K such that for every fu 

J-O 
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(e) If s a„i, then A„ 1 as + w . 

/=o 

(d) For any fixed p ^ 0, Un.n-p 0 when n—^ 4- «> . 
"Theorem 3.3. If xo, xi, is a null sequence and if M is 
subject to conditions {&) and (b), then the sequence {x'J formed by 

n 

the numbers ^ UnjXj is also a null sequence, 
y=o 

Let € be any positive number. Select an integer m such that for 
every n > m, \xn\ < e/2K, Then for n > m^ 


l^nj ^ jetnO^O "1“ • • • -|- anm^m{ |^n,ni+l^m-f 1 “1“ * * * *4“ ^nn^nl 


lUnO^O anrn^m\ “I" 


^ jUnO^O "4“ • • • UjimirTnl "f" 


y = 771 4* 1 
€ 


2K 


By (a) there exists an N > m so that for every n > N, 


Hence 




K|<|+i = e. 

‘''’Theorem 3.4. If and M is subject to conditions (a), 

71 

(b), and (c), then the sequence rc' — ^dni^i 

'j = Q 

Evidently, 


7t 

"4“ anq(Xq 

g =*0 

Theorem 3.4 now follows as an immediate consequence of 
Theorem 3.3 and condition (c). 

""Theorem 3.5. Suppose M satisfies conditions (a), (b), (c), (d); 

n 

then if Xn-^ ^ and — > n, the sequence Zn — a„pXpyn-p — > 

P — 0 
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Write 

•Cpl/n— p ” (^P ^2/rt“P* 

Then 

n n 

Zn nnp2/n— pC^rp ~ ^ Onp2/n— p* 

p — 0 p*»0 

Since (xp — {) --4 0 and the 7/„^p are ail bounded, it follows from 
Theorem 3.3 and Ex. IV, 1 that the first sum in tends to zero. 
From Theorem 3,4 and condition (d), it follows that the sum 

n n 

i'ZanpVn-p s 

P-0 P“0 

tends to Consequently z„ -* 

EXERCISES IV 

1. Prove: (Corollary (0 Theorem 3.3.) If in Theorem 3.3, the Or. are 
replaced by at, S3 CtriXfi, tchcre |Xr,l arc all less than or equal to a fixed constant T, 

n 

then (/3n) is a null sequence^ where 

y-0 

2. By setting Ono *= Oni = ■ • • = o^n = l/(n + 1) in Theorem 3.3, 
n = 0, 1, 2, • • * , prove Theorem 3.1 with £ = 0. 

3. Prove Theorem 3.1 from Theorem 3.4. 

4. Let pq, pj, * ‘ • be any positive numbers such that 

n 

}~0 

Prove that if Xn — > then so does x'n — * where x^ 

Hint: In Theorem 3.4, set 

Cnk = pk/tTn] n = 0, 1, 2, • • • ; /: = 0, 1, • • • , n. 

5. Prom Ex. 4, prove Theorem 3.1. 

6. Prove Theorem 3.1 is true for ^ = 4- w and for f = — w. 

7. Prove Theorem 3.4 is true for ^ = + « and for ^ pro^^ded 

apq ^ 0. 

8. Prove Ex. 4 assuming, instead of the positiveness of the p/, that 
IPjI — -h and the existence of a constant G such that 
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^|pif ^ 

j*=o (y«o 1 

n . n 

9. Prove that if y„/p„ f. then y ,■ / ^ P; -* ? pro'i'ded the proper 

/=o ' y^o 

restrictions are placed npon the p/. (Hncr: In Ex, 4 or 6, set p„Xn = Pn-) 
What are these restrictions? 

» n n 

0. Let Fn = suppose that 

j-0 y-o 


10 . 


Pn = iln — (U ^ 1, Po = ilo) 

satish’ the restrictions given in Ex. 4 or S. Prove that if 

^ ^ Yn 

^ then ^ ^ 

Ar. - An^l An 

11. From Ex. 10. show that 




(a) lim = lim 


1 


n- - (n - I)- 2 


2^- 


(b) lim — \ ■ = lim 


r.-^« rA n-^ *n* — (n — 1)^ 3 




(c) lim - — ^ = lim 




1 


— (n — 1 )p+' p 4- 1 

where p is a positive integer. 


12. Prove; If x. -- t and tj, then j ^ {n ^ 1) ^ 

n 

13. Prove: If x, -► 0. and y, 0, and for every n, ^|y,j < K, o-here K 

n = 

is feed, then r„ = — 0. (Hint: Use Theorem 3.3.) 

j=o 

171 

logt 


14. Show 


fc«i 


m log m J ^ 
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4. Criteria for Convergence. In examining a sequence 
{5n} two important questions present themselves: (1) Is the 
sequence {sn} con%'ergent, definite!}" divergent^ or indefinite!}’’ 
divergent? (2) If the sequence {sn} converges^ what is its limit? 
In general, (2) is by far the more difficult. 

We now state what is sometimes termed the first princi’pal 
criterion for convergence. 

Theorem 4.1. Every hounded monotone sequence is convergent, 
and every unbounded monotojic sequence is definitely divergent. 

This theorem is proved in Chap. IX, Ex. Ill, 5. (A monotone 
sequence is defined in the same manner as a monotone function. 
See footnote to Theorem 26.4 of Chap. II.) 

A second criterion of convergence is given by 

‘"‘‘Theorem 4.2. Let {sn} he an arbitrary sequence of real 
numbers, and let e be any preassigned positive number. A necessary 
and sufficient condition that {snj be convergent is that there exists 
a number N = N{e) such that for every n > N and every 7:^1, 
\sn^h — Sni < 6. 

Necessity. If > f, then for a given c > 0, there exists an 
N such that for n > N, |s„ — < </2, and for any tj' > A', 
\sn' — < e/2. Hence 

\Sn - .Vl = \(Sn “ ?) “ (Sn' -* $) | 

^ is. - + Uv/ - < I + 1 = «• 

Sufficiency. The sufficiency proof for this theorem will be 
deferred to Chap. IX, Ex. Ill, 5. 

Let {s„} be a given sequence, let ri, r-, - - • , r„, ■ • • be 
any sequence of positive integers (equal or unequal, monotone 
or not monotone) which diverges to + cc , and let hi, 1:^, • • - , 
• • • be any positive integers (unrestricted); then we call 
the sequence {d„j, where 

a difference sequence of {^nj. 

‘^Theorem 4.3. A necessary and sufficient condition for the 
convergence of a sequence {sn} is that every one of its difference 
sequences be a null sequence. 

The proof of this theorem follows quito easily from Theorem 
4.2. 
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EXERCISES V 


1. Let sn = -I-: + — + • ■ ■ + 

n + 1 n + 2 2n 

Estimate its limit. 

1 i ^ I » 

2. Let s„ = 1 +-+•••+ -• Is |sn! convcri 

2 n 

(Hint: Prove {sn] is unbounded.) 

Ill (--I)"' 

3. Prove:Ifs„ = 1 -- + g--+ • • • +^ 73-1 

converges. (Use Theorem 4.2.) 

4. Let 

(a) that {o'nj is monotone decreasing and bounded; 

(b) that {sn} is monotone increasing and bounded; 

(c) that (snj and (o-„) converge to the same limit. 

(d) What is this limit called? 

5. Prove Theorem 4.3. 


Prove {5^} is convergent. 


Is j5n} convergent or divergent? 


the sequence \sn} 


6. Limiting Points of a Sequence. In this section we shall 
introduce certain general concepts which will be of considerable 
importance for our later work. 

If Sn — > then every neighborhood of $ contains all but at 
most a finite number of terms of the sequence. Since every 
neighborhood of ^ contains an infinite number of terms of the 
sequence, ? is sometimes called a point of accumulation or limiting 
point of the given sequence. However, divergent sequences 
may also have such points of accumulation, as for example 
the divergent sequence 1, 2, 2, 2, 2, 2, • • • , which has 
0 and 2 as points of accumulation. 

""^Definition 6.1. A numher $ is called a point of accumulation of 
a given sequence {Sn} if every neighborhood of $ contains an infinite 
number of terms of the sequence. 

Perhaps the most fundamental theorem here is that due to 
Bolzano (1817): 

""""Theorem 5.1. Every bounded sequence possesses at least one 
point of accumxdaiion. 

This theorem is proved in Chap, IX, Ex. Ill, 5, but owing to 
its importance we are including it here. Theorem 4.1 is a special 
case of this theorem. 

A particularly interesting theorem wliich brings out the rela- 
tionship betw^een the limit point and a limiting point of a sequence 
is the following: 
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‘'Theorem 5.2. Every accumulaiion poirU of a scqiu'nce {^nj 
//ic unique accuvjjdaifon powi of so?ne suhscgucj^cc of 

Let ^ denote a point of accumulation of S^«}. For ever\' 
c > 0, there exists an infinite number of indices n for wdiich 
\sn — < <• We can pick a suitable n = pi for which 

si f ? 

a suitable n = ps > pi for which \sj,^ ^ i\ < i', ^ ' f RR 

n = Pr > pr-i for which \sp^ — < 1/r, r = 2. S. 4, • ' • , 

The subsequence {spj — {s^\ thus selected converges to 

From Theorem 5.2. we may prove tliat every bounded sequence 
has a least accumulation point m as well as a greatest accumula- 
tion point -If. (See Chap. IX, Ex, III, 2.) 

The least accumulation point m of a (bounded) sequence 
{,^„i is frequently called its lower Uvut or inferior limit, and is 
often indicated by 

lim Sn = m. or lim inf = n?, 

ae -r "f 

Likewise, the greatest point of accumulation S[ is called the 
upper h'ynii or suprnor limit of the sequence {s„!, and is indicated 
by 

lim = 3f. or lim sup = 3f. 

n— ♦-*- « n— *-r k 

Etddently. g M. 

If a sequence has no lower bound, we shall write lim = — ac ; 

if it has no upper bound, lim ^ • 

For cx.ample, if \t^\ = o. h, c. a. b, c. a. b. c, • • • . a < 6 < c, 
then lim :r„ = c, Vm = o. If ^ 5 — 1, 5 — 5 — 3, 

n-*-f « « 

5 — . lim = — cc, Jim = 5 . 

n—'i- sc r.— *-r 

EXERCISES VL 

1, Distinguish between the definition of limit as given in See, 1 and point 
of accumulation as given in Sec. 5. 

2. Pind the points of accumulation of { s, j , where 

(a) - Ml ~ 

(c) ~ (n -f l)/n. 


(b) 2\ 

(dl s, == (n — 
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3. Construct a sequence of rational numbers having cverj'* real number as 
a point of accumulation. 

4. Do the accumulation points of a sequence necessarily belong to the 
sequence? Illustrate. 

5. In each of the following sequences determine lim inf s,. and lim sup s„ 
(if they exist) : 

(a) $fi = w = 2j 3} 4j • • • * 

(c) Sn — — n. 

(e) 3, 5, 3, 5, 3, 5, • * * , 3, 5, • • • . 

(g) 5„ - 7 

6. Prove the following theorems: 

(a) A sequence {s„) is convergent if and only if its upper and lower limits 
M and ?n are equal and finite. 

(b) A sequence {5„! is indefinitely divergent if and only if its upper and 
lower limits are distinct, 

(c) State and prove a theorem similar to (a) and (b) for the case where 
{s„l is definitely divergent. 

7. Let lim Xn — m, m 9^ ± Prove; 

n— 00 

(a) The limit S of every convergent subsequence [xl^] of {a:„} is always 

(b) There exists at least one subsequence of j3;„} whose limit is State 
a similar theorem for the lower limit. 






(b) s„ = 3 - . 

(d) Sn = (— l)"n. 

(- 1 )" 

(f) s„ = 5 -■ 


PART B. SERIES 


6. Infinite Series, Products, and Continued Fractions.* In 
the application of sequences to mathematics and applied fields, 
the sequences to be examined do not as a rule present themselves 
directly. Sequences appear indirectly in a number of common 
types, the most common of which are (1) infinite series, (2) 
infinite products, and (3) continued fractions. We shall first 
consider infinite series. 

"Definition 6.1. An infinite series 

CO 

ttl + ^2 + + • • ' , 0 ?' 

is a symbol for the sequence { Sn } , where 


Si — Ui, Sz — Ui A" 0,2j 


Sn = ^aji, 




*See the excellent treatise, by K. Knopp, “Theory and Application of /' 
Infinite Senes. ^ ^ 

.... 
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Con5ideni3g the representation of a real number by a sequence, 
Tve may £tate question (2) in Sec. 4 as follows: Given two con- 
vergent sequences Sn — ^ $ and n. How can we determine 
if f is equal to or if $ and 77 are in a simple relation one to the 
other? For example, if 

it is not at all etndent that nor is it evident that 4, 

If. * ' • and 1.414213563 - • • both converge to -s/2- 
EXEPXISES vn 

1. Does *= (1 - 1) -r (1 - Ij -r • • - - (1 - 1) -f - • - ? 


2. Prove: 


i - (1 - 1} - (1 - 1) - (1 - 1) - 




,v, '5' — * I. 

(n -r I)(n -r 2) 


! 

-f n;{r — rt -r- , 


vrh^re x is real and 


z 9^0. -I. -2, - ' 

3. T&ft for convergence. If the series diverge^, does it diverge dednitch' 
or indednitcdv? 


'3) 2 ”- 


n«l 

n-»I 

fci -r 1). 

(d) 

r. = I 

r = 1 

4- Prove: 

/a; If X be fixed, 0 < x < 1, 

= (n -r I)^ — — 0. 

i=l 

i-1 

(d) - 2 -t4t 
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Let s = Prove that if ^ is monotone and 

O. OJt-I. in ^ 5, . . . 4- 6„ 

b„ > 0, then s„ is also monotone. 

7. Series of Positive Terms. We shall now concern ourselves 
exclusively with series all of whose terms are real and nonnegative 
numbers. 

oo 

If ^a„, (all On ^ 0), denotes such a series of positive terms, 

n = 0 

then the sequence {sn\ of partial sums is monotone increasing 


$n = Sn-1 + Ctn ^ Sn_x. 

It is easy to see (from Theorem 4*1) that 

Theorem 7.1. A series of positive terms co7iverges if and only 

if its partial sums are bounded; otherwise it diverges fo -f* co , 

00 00 

Theorem 7.2. The two scries and p being any posi- 

n « 0 71 = 7? 

live integer, converge or diverge together. 

Theorem 7.3. IJ each Xn satisfies the inequality 

0 < X' ^ X„ g X", 


where X' and X" are fixed finite real positive mmbers, then the two 
00 00 

series of positive terms ^On and ^Xna„ converge or diverge together. 

n=0 n=0 

Proof. If Sa„ converges,* then the partial sums of Sa„ 
are all less than some fixed number K, and the factors X„ are gX", 
so that the partial sums of SX„a„ are all gX”if, whence SX„a„ 
converges. 

A similar argument may be given for the case where Sa„ 
diverges. 

Theorem 7.4 {Comparison Test). Let 2c„ and be two 
series of positive terms, the first of which is known to be convergent, 
the second, divergent. Let Sa„ be a given series of positive terms. 


We shall often use the symbol for where no confusion will 

71 = 0 


result. 
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I, If there exists a 'positive integer m such that for every n > m, 

On ^ Cnj then 2g„ ts convergent; (A.l) 

and if for every n > vij 

Gn ^ dnj then wGn is divergent, (A.2) 

II. If there exists a positive integer 7n such that for every n > m, 

g iJicn SOn is convergent; (B-1) 

Or, On 

and if for every n ^ in, 

— t then 2a„ is divergent. (B.2) 

On On 


Case A.L The h3T3othc5is permits us to ^Tite = jnCr., 
7n ^ I for every n > in. Consequently, by Theorems 7.2 
and 7.3, Son and ZCn converge together. 

A similar proof may be given for ease A.2, 

Case B.L Consider the sequence {/7ni, gn == g«/c„. For 
everj^ n > iV, gn^i ^ gnj hence there exists an iV such that for 
n > {{7ni is monotone decreasing, and since all of its terms 

are positive, is bounded. Theorem 7.3 assures the convergence 
of ZOn. 

Case B.2 may be proved in a similar manner by considering the 
sequence hn = On/dn, and applying Theorem 7.3. 

In order that these comparison tests ma}" be useful, it is 
necessary" to have a large stock of series whose convergence or 
divergence is known. The exercises given in the following 
sections of this chapter should form a nucleus. 

EXERCISES Vni 

1. Prove Theorem 7.2. 

2. (Complete the proof of Theorem 7.3. 

so 

3. Consider the ffcomcfric scries Derive an expression for the sum 

n *=0 

(if it exists) of this series. For what values of a does this series converge? 
diverge? 


4. Show that the partial sum Sr of 


n(n 4- I) ^ 

n — l 


1 — L_ . 

n + 1 


Find 
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5 A series of the form , p real, is called a harmonic series, Shovi 

ns= I 

that if p ^ 1, the series diverges; if p > 1, the series converges. 

00 

6. Show that is convergent to a sum g 3, where 0 ! = 1 . 

n\ 


n*=0 

Hint; Show that Sn^2+;r+“ + 




' On-l 


7. Prove Cases A.2 and B.2 of Theorem 7.4, 


Theorem 7.5. {Cauch7/s Root Test), Lei be a series of 

71 « 1 

positive terms. If for N sufficiently large, On < a'^, n > N with 

0 < o < 1, that is, if -v/o^ ^ a < 1 for all n > N, then the series 
00 

converges; but if for some N, ^ 1 for all n > N, then 

n*=l 

00 

the series ^ an diverges, 

n« 1 

We shall leave the proof, depending on Theorem 7.4, to the 
reader. 

From Theorem 7.4, we see 

Theorem 7.6. {Cauchy’s Ratio Test). If for N sufficiently 
large, and for all n > JV, a„ > 0, 


an 


^ a < 1, 


then ^ a„ converges; hut if for all n > N, 

n = l 


an 


^ 1 , 


then ^ an diverges, 

n«l 
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EXERCISES IX 


1. Prove Theorem 7.5. 

2. Prove Theorem 7.6. 

0t 

3. (a) Use Theorems 7.5 and 7.6 to test for convergence. 

n “1 

(b) Wli3’ is it essential that the root and ratio a^^ilan should not 

approach arbitrarily near to 1? 

4. Determine whether or not the following scries arc convergent or 
divergent. In each of the examples where x appears, assume x ^ 0 and 
determine the values of x, if any, for which tlic given scries converges: 

(a) 2 S 

(convergent for x ^ 0) 

n-0 

«c 



(convergent ) 

n * 1 


(c) X > 0. parbit^ar>^ 

n 1 

(convergent if x < 1) 
(divergent if x > 1) 

« 

2 Vn(a + 1) 

n ■» 1 

(divergent) 

^ ^ V n(l 4- n*) 

n ** 1 

flS 

(convergent) 

n ■» 1 

(convergent) 

(log n)" 

n«2 

rat 

(convergent ) 

« ss- 

n»l 

(convergent) 


(divergent) 


n-l 
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2 (log 


(convergent) 


5. (a) Prove that — — V— is divergent for p ^ 1, convergent 

(2n + 3)P 


for p > 1. 


(b) Show that 


{an + b)p 


I a and 6 being positive numbers, diverges 


for p ^ 1, and converges for p > 1. [Hint: Prove l/(a7i + b)^ ^ 1/n^*] 

CO 

6. Prove that ^ is convergent if fc > 1, where p is a prime. 

7, Let 2i, 22 , * * ' , denote any "digits,^' 0, 1, 2, • • * , 9. Prove 

eo 

that 2 o + converges when 2o is any integer. 


This example shows that every infinite decimal fraction may be regarded 
as a convergent infinite series, and therefore may be regarded as a represen- 
tation of a definite real number, the sum of the infinite series. 

Test each of the following series for convergence. If the series diverges, 
does it diverge definitely or indefinitely? 


- (converges) 

1 1 1 

+ (converges) 

1 1 1 

10 . 1 ~h ^ ^ ..j. . . . ^ (diverges definitely) 

' (diverges definitely) 

+ ■ • • + 27 ^ + • - • . (converges) 
r2 ^ ^ + • • • + + • • • . (converges) 

r+1 4+1 oTT + ' • • + ^ 7^1 + • • • • (converges) 
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15. 


10 , 


2-3-4 ’ 3-4-5 ' 4-5-6 


2n 


(ri l}(n -f 2;(n 4" 3) 
0 3n 


(converges^ 


■ -f - - - . Miver^; 


2-3'3-4‘4-5' ‘ <n -f -f 2; 

TrM es: 4 ?i o: the for convcr^-Tice, vrh^re: 


17. / 


i- J 


(converges) IS. 

fc-1 

'*'•=2^' 20- *- = 21 


k 

10^2' 


ir-J 


i-l 


I:! 


' ■'* 23-5-7 - - - (2k -i- 3) 

i-I 
r. 

2 1-2-3-4 - - - (k) 

1 - 3 • 5 - 7 - - • <2!: - 1)‘ 

2 2‘ 

vt 


22 


23. i 




(conrerg^) 


(diverr^' 


(coT3 verges; 


(converges; 


i-i 


Theohew 7-7. ^ ^crie^ irhose terms form a positive 

n-l 

monotone dccrecLsing sequence {a«j, /-cf • - • be any 

increasing sequence of podiitc inlegtrs. Then the ixco series 

^a.. and - aija,^ 

Tj-0 k~0 

are either both convergent or both divergent, provided that there 
exisAs a positive constant M such that for every h > 0, 

gk^i - CTf. g Migt - 

Let Sx, denote the partial sums of the given series and h the 
partial sums of the second series. Let A denote the sum of the 
terms (if any) preceding Then for n < gt. 
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Sn <Sb^^ A + (ag^ 4- . • ■ 4- ttg-l) + • • • 

+ (Ost + • • • + 

^ .A + (gi — go)ag^ + • • ■ + (Ok+i — ^ A A- tk’, (1) 

for n > gk, 

s„ > Sg^ > (ag^+i + ■ ■ • +ag) + • • ' + ‘ ‘ 

^ (gi S'o)Off, + • ' • + ((7fc ” gk-l)0-g^ ^ ik — to. 

Also, 

Ms„ > {gz — g^ag^ + • • • + (&i+i — 9k)(ig^. 

Hence 

MSn >L- to. ( 2 ) 

From Eq. (1), if {(„} is bounded, then so is {s„}; and from 
Eq. (2), if {s„} is bounded, so is {<„j. Consequently {/„} and 
{s„} are both bounded or both unbounded, and so converge or 
diverge together. 

«o 

Theorem 7.8. If o. positive monotone decreasing series, 

1 

is to converge, not only must On — > 0 but also na„ — » 0. 

If Sfln converges, for every chosen € > 0, there exists an m 
such that for every y. > m and every tr ^ 1, |s„+o^ — s^j < e/2. 
Pick n > 2m and y the largest integer not greater than n/2. 

n 

Then y and ^ a,- < e/2. Therefore (n — y)a„ < e/2 and 

j «;x + l 

^dn < Hence, non — > 0 as n — > + <» . 


EXERCISES X 

1. Retaining the relevant assumptions of Theorem 7.7, prove that 
00 

and ^ 2 ^a 2 )fc converge and diverge together. 


n«l 


fc«0 


2. Show that and diverge together (use Ex. 1). 


n = l 


k^l 


3. Show that and converge and diverge together. 


n = l 

p fixed but arbitrary. 
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4. Show that gk « 3S 4‘, • • * , fc*, /:*, • • • arc examples of particular 
values of gk for which Theorem 7.7 holds. 

Exercises 1 to 4 clearly show the value of Theorem 7.7, for the divergence 
and convergence of S2*aji is more easily determined than that of the 
series Tan. 

5. Prove that 2(2/; -h and Son converge and diverge together. 


6. Prove that 
together. 

7. Prove that 


S(i^ - Ss-nlisr) 


aog 2)/; ^2^ log (2^) 

fc-I i:-l 


2r 




2‘ 


t log 2 • log (/; log 2) • log 2^ • log (log 2^) 

;t-2 i-2 


and 


^ L 

• log n • J 


log n • Jog Jog n 

ti«3 

8. Generalize Rx. 7. 


diverge together. 


9. Prove that, if 6 > 


..'S 


log n • • • logp_i n • (logp 


converges 


and diverges together wi 


with 


3t+i _ 3t 


S^Oog 3^) • • • (logp 3M^ 


10. Consider where <i„ = l/(n log n). Show that — * 0 and 

n-2 

1C 

na„— >0. Does diverge? (No.) 


11. Investigate the beha\dor of ^ On, where for n ^ N with iV suffici- 

ently large, a„ has the following values: 

0>)'^ 

(2«)I 

(e) Va “ 1, 


(a) 

(d) 3"(n!)/n«, 
(g) 


(c) 


(f) ", 


( v;m - v;^), (h) 

12. Prove: * ^ 1 ^ ^ everj' n > 1. 

13. Prove: The sequence {xnl, where x« = 1 + i ^ 1 — log n, 

2 n ’ 

is monotone decreasing. 
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14. Prove; If converges, then so does 

n 

15. Prove: Every positive real number x is 
form 





n*=>l 

expressible uniquely in the 




where o„ is a nonnegative integer with On S n — 1 for n > 1, and where 
On n — 1 for everj' n after some deSnite value N of n. The series ter- 
minates if and onlj^ if x is rational. 

8. Series of Arbitrary Terms. In this section we shall assume 


that the terms a„ in are arbitrary real numbers. 

n = 0 

From Theorem 4.2 follows immediately 

"Theorem 8.1. A necessary and sufficient condition for the 
convergence of the series SOn is that for any preassigned positive 
number e there exists a number N = N(e) such that for every n > N 
and evei-y b ^ 1, Is„+r. — Snj < e, that is, that 

Ifln+l + Qn+s + On+Jti < «• 

"Theorem 8.2. Let {mhI and {b„} be two arbitrary sequences 
of positive integers, the first {at least) of which tends fo -}- w . The 
series Sa„ converges if and only if the sequence 

Tn = (a(.„+l + 0;i,+2 + • • ■ + 

is always a mdl sequence. 

This theorem is an immediate consequence of Theorem 4.3. 

An immediate corollary to Theorem 8.1 is 
"Theorem 8.3. A necessary condition that Sa„ converge is 
that a„ — ^ 0. 

Is Theorem 8.3 true if the condition necessary is replaced by 
sufficient? 

CO 00 

"Theorem 8.4. If ^ a„ converges, and if r„ = ^ a,- denotes 

n=0 ' jt=n4-l 

the “remainder" after n terms, then r„ — > 0 as n -> -f- = 0 . 

so 

Since ^ a„ converges, for every e > 0, there exists an N such 

n = 0 

that for every n> N, and every fc ^ 1, 
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6. Explain the absence of comparison tests in the case of series of arbi- 
trary terms. 

ALGEBRA OF CONVERGENT SERIES 
9. Algebra of Series. We have already pointed out that the 
terra “sum/^ used to designate the limit of a sequence of partial 
sums of a series is quite misleading, because it is apt to foster 
the belief that an infinite series may be manipulated by the same 
rules as an actual sum of a finite number of definite terms. This 
belief is, of course, erroneous. 

In the following paragraphs we shall show to what extent the 
principal laws (the associative, distributive, and commutative 
laws) of the algebra of actual finite sums hold for infinite series. 

We first consider to what extent the associative law is valid 
in the theory of infinite series, this law being expressed by the 
relation 

Uo + («! + Us) = (oo + Ul) + 02. 

‘^^Theorem 9.1. Lcf pi, M 2 , • • • denote any increasing sequence 
of distinct ^positive integers. Suppose that 

Oo ri” Oi -f- ^2 * • ' = iS 

is a convergent infinite series. If 

Ah = "h = 0. 1, 2, • * • 

(po = — 1) 

where each At is considered as one term, then the series 

Ao + + ' * • + At 

converges to S. 

ee 

The partial sums St of ^ At is a subsequence 5^^, Sp,, • * • , 

to 

• • • of the soqupnce of partial sums s„ of 2^a„. So, from 

n<=0 

Theorem 2.5, we see that Si tends to the same limit as s„. 

Thus the convergence of ' implies that of 

n-l 
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and 


2[(2A* - 1) 

k=-l 



2(2A- - l)-21c 


00 



to the same sum S. 

The following example shows that, while Theorem 9.1 permits 
us to introduce brackets, we may not omit brackets occurring 
in an infinite series without special consideration. 

In the convergent series 0 + 0 + 0+ • + 0+ with 

sum 0, replace each 0 by (1 — 1). We obtain 

(1 - 1 ) + (1 - 1 ) + • • • - 0 . 

However, upon omitting brackets we have the series 
1 - 1 + 1 - 1 + 1 - 1 +-— 
which is divergent. 


c^Theorem 9.2. If is a convergent infinite series and the 

terms are themselves actual surnSy then the brackets enclosing the 


Ak may be removed if and only if the series ^ Un so obtained is also 
convergent. 

We shall leave the proof of this theorem to the reader. > 

00 eo 

‘"'^^Theoiiem 9.3. If = + and ^6n == -B are both con- 

71 = 1 n = l 

vergerdj they may be added term by term, Le.y 
00 

(On + 5„) = .4 + S. 

n = l 

Also without braces, 

+ &1 + a2 + &2 + * • ’ + ttn + bn + * * * = A + B. 

Let Sn and Cn be the partial sums of the first two series. Then 



476 


HIGHER MATHEMATICS 


[Crap. IV 


(sn + c*„) are the partial sums of the third. By Theorem 2.10 it 
follows that {sn + cr) -> (A -f B). The proof of the remainder 
of the theorem is left to the reader. 

Similarly, it may be sho^\'n that 

•^Theorem 9.4. T iro convergent series may he sitbiracicd term 
by term. 

■c 

^^^HEOREM 9.5, If — s converges and if c is an arbitrary 

n 1 

constantj then the series may be muUipIied by the constant c, that is, 

«c 

^ (cOn) converges to cs. 

n-l 

Theorem 9.5 provides a partial extension of the distribidive 
law to infinite series. 


EXERCISES Xn 


1. Prove that iS in the example following Theorem 9,1 satisfies the 
inequality f - < 5 < 


2. Prove that 




1 

4p - 1 



is convergent as well as 


p-i 

the series resulting from it by remo\ing the braces. 

3. Show that the sum c of the series in Ex. 2 is | times the sum 5 of the 
series in Ex. 1. 

4. Prove Theorem 9.2. 

5. Prove Theorem 9.4. 

6. Prove Theorem 9.5. 


7. Prove: The scries deduced from in Theorem 9.1 is convergent 
ij the quantUies 




form a null sequence. 

8. Complete the proof of Theorem 9.3. 

10. Absolute Convergence. The following definition enables 
us to extend further the laws of algebra to infinite series. 

^Definition 10.1. A convergent scries Zun is said to be 
absolutely convergent if 2|a„j also converges, othcrimse it is said 
to he nonahsoluiely convergent. 

For example, the convergent series 

is nonabsolutely convergent, for 1 + J • is divergent, 
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while the convergent series 1 — ^4-^ — ^ + * * 'is abso- 

111 

Intel}' convergent since l“l‘^ + ^ + ^+ ' ' 'is convergent. 

«Theorkm: 10.1. If Sla„| converges, then so does San. If 
San = Ela„! = tr, then jsj ^ a. 

k h 

Since l^fln+pl g ]^|an+pl, the left hand number is < e if 

?■=! p-1 

the right-hand number is. The first part of the theorem then 

n 

follows from Theorem S.l. Since [snt S ^i^pl < o', then by 

p = 0 

Theorem 2.2, Is] ^ <r. 

■Theobem 10.2. Let Scf be a convergent series of positive 
terms. If, for every n > in, |a„l ^ c„, then So„ is absolutely 
convergent. 

Comparison of S|anl with Scn together ndth Theorem 10.1 
makes this theorem emdent. 

■Theorem 10.3. Let pi, Pa, • • • > Pn, ■ • • form a bounded 
sequence. If So„ is absolutely convergent, then so is Sp^On. 

The sequences {|pnl! and {pn} are both bounded. From 
Theorem 7.3, Slp„| • jonl s Slp„a„l converges with Sjon]. 

We shall now show that the fundamental laws of algebra for 
finite sums are essentially maintained in the case of absolutely 
convergent series, but not for nonabsolutely convergent series. 

‘'Definition' 10.2. Let 2a„ be a given series. If m, ps, ps, • • • 
IS any rearrangement, of the sequence 1, 2, 3, • • • , then the series 


^oid to be generated from by rearrangement. 

n = l n=*l 

^Definitiok 10.3. A convergent infinite series ivhich remains 
convergent, without alteration in stem, under every rearrangement 
(i.e., obeys the commutative lam) is said ta be unconditionally 
convergent. If a convergent series is stick that its convergence^ can 
be altered by rearrangement {ix., does not obey the commutative law), 
the series is said to be conditionally convergent. 

2( — 

is unconditionally con- 


vergent; but the series 


2 ( — 1) 
n 


conditionally convergent. 



478 HIGHER MATHEMATICS [Chap. IV 

^Theorem 10.4. Every absolutely convergent series is uncondi- 
tionally convergent, 

(a) Case when Ecn = S Is a Sr7'ics of Positive Terms, Let 

n 

/S„ = Consider an arbitrary rearrangement 

p-i 

of Ecn- Then if S' be the partial sums of Zc', then aS' < Sy, 
provided N is greater than all of * • * > Pn. Since 

Ss < S, S' < S for cv^cry n > N. Hence by Theorem 7.1, 
2c' coiwcrges. If S' be the sum of 2c', then b3’’ Theorem 2.2, 
5' ^ S. But 2c„ can be Uiought of as a rearrangement of 
2c', so that as before, S ^ S'. Hence S = S'. 

(b) Case when 20^ Is an Arbitrary Absolutely Convergent Scries, 
Let 2cf' be an arbitrary’' rearrangement of 2an. B3" (a), 2[a'j 
is conv^ergent; so b3' Theorem 10.1, 2a' is also conv^ergent. 
AVe shall now show that an3’^ rearrangement of 2an docs not alter 
the sum. Let e > 0. From Theorem 8.1, there exists an M 

k 

sufficiently large that for ever3' ^ 1, ^^lun+rl < Next 

p-i 

select an integer No so large that po, Pi, * • • , contain at 
least all of the integers 0, 1, 2, • • • , M, Onl3" terms aj/+i, 
a3f+2i * ' * of index > M remain in the difference aS' — S„ 
for all n > No. Hence for n > No, [S' — S) < c. From this 
we infer that Si = S„ + (Si — Sn) coiiv'crgcs to the same 
limit as S„, so that 2a„ and 2ai hav’C the same sum. 

^Theorem 10.5. If 2a„ is nonabsolutely convergent, it is only 
conditionally convergent. 

To prov^e this we shall show that b3’ a suitable rearrangement 
of 2an a div^ergent series 2ai can be obtained. Denote the terms 
of 2a„ which are ^ 0 by pi, ps, ' ’ ' , and the terms which are 
<0 by — gs, • • • * At least one of the series of positiv'e 
terms, 2pn and 2g„, diverges, for if the3’' both converged, then 
2a„ would be absolutely convergent. Suppose 2p„ diverges. 
Consider a rearrangement 2ai of 2a„ as follows: 

Pi + P2 + * * * +Pn^- q\ + 1 + Pn,+2 + * ‘ + p,.. 

— ?2 + Pn,+ 1 + ' ' ' . 


Since 2pn diverges its partial sums are unbounded, so that we 
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catt select an integer 7 !i sufiSciently large that '^pj > 1 + qi, an 

j=i 

nt 

n 2 > so that > 2 + + 52 , * * ‘ , a nt > Vt^iso that 

ni 

'^Pf > t + '^Qf. E^ndently ^a' diverges, A similar argument 
=1 /=! 

holds when 2 g„ diverges. 

<rHEOREM; 10.6. Lei iii, P 2 , ■■■, Pn, be any increasing 
sequence of positive integers. If Sa„ is absolutely convergent, 
then so is the suhseries . 

This theorem follows from Theorem 10.1. 

Let San be any absolutely convergent series. Let Sajj„ be 
any subseries of SUn (Suite or infinite}. Arrange this suhseries 
in anj’’ order and denote the resulting series by 

k 

where is its sum. (Why does this sum exist independentlj^ 
of the arrangement selected?) Pick a second subseries of SUn 
(finite or infinite), arranged in any order with sum 

k 

Continue this process in such a manner that each term of 
SOn appears exactlj^ once in exactly one of the subseries. The 
series -j_ . . . -j. ^.(n) ^ . jg g^^^ ^ rearrange’‘ 

ment of Son in the extended sense. It can be shown that 
’Theouem 10.7. If an absolutely convergent series be rearranged 
in the extended sense, the series is absohitely convergent 

k 

and its sum is equal to the sum of Son. 

ae « • 

<^Theoreii 10.8. Lei = ^a'“, ■ • • , 

a=0 ^=0 

s 

~ sei 0 / absoh/ieZy coarergent senes. 

s = 0 

« 03 

If converges to f, cohere jo^] = then for each fixed s, 

r=0 s-Q 

eo 

(s = 0, 1, 2, • ' ' ) the series is absolutely convergent 


r^O 
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and ~ words, in the infinite matrix 

5 mQ r ■“ 0 

the sums of the rojvs and the sums of the colum7\s arc both 
absolutely convergent to the same su?n.) 

Arrange all the terms in [ai"^] = A in some simple sequence, 

m 

say, Go, ai, a 2 r * • • . Now every partial sum ^ <r, since if 

j *-0 

we pick A* large enough that oo, a I, * * • , Om all occur in the first /j 

n h 

rows of A, ^ ^ o'* Hence is absolutely 

jr *»0 y *"0 

convergent. A new rearrangement of the terms oj’’^ in A, aj, gJ, 
Gj, • • • would produce a series 2a' which is merel}’’ a rearrange- 
ment of 2an, and consequcntl}^ absolutely convergent to the same 
sum cr. 

Both 22 ^'"^ and 2crf*^ arc rearrangements of 2 g„ = a in the sense 
of Theorem 10.7; hence these series both converge absolutely 
to the same sum <r. 


EXERCISES XIU 

1. Examine each of the following scries for absolute convergence: 


(a) > E 

<»> 2^- 


(b) 

(d) 


|(l/nP), ^ < 1. 


nP 


V > 1. 


(c) 


n\ 


X < 0. 


2. Prove Theorem 10.2 vnth the condition lonl < c„ replaced by the 
condition |a„ 4 i/Gn| ^ c„+i/c„. 

3. Prove that if 2a„ is absolutely convergent, then the scries generated 
from it by an arbitrar}’- alteration in the signs of its terms is absolutely 
convergent. 

eo 

4. Prove that ^ ^ ^ is nonabsolutely convergent. Rearrange the 

n-l 

series to give a divergent series. 

5. Prove Riemann*s theorem: The terms oj a nonabsolutely convergent series 
can always he rearranged (1) so (hat the new series is convergent to any arhi- 
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iraribj given numhcTj (2) so that the new series oscillates between arbitrarily 
assigjied boundsy (3) so that the noio series is definitely divergent 
6. Illustrate Riemanix's theorem by means of the series 



1 

2n + 1 


n«0 


1 

2n+2 


) 


7. Prove Theorem 10.7. 

11. Multiplication of Series. The distributive law for finite 
sums is 

a = 0,.,.,Tn 

irrespective of the order in which the products afi, are added. 

00 cc 

Let ^ ^ Jiiid ^ 6, = 5 be two convergent series with sums 

r«0 

A and B. Under what conditions does 


X-' X*-' 


Kr = 0 


0 


independently of the order in which the products a A are added? 
Let po, Pi> P 2 , • • * denote the series of all the products Urh* 
in any chosen order. Under what conditions does 2pn con- 
verge? Converge to ABl These questions are partially 
answered by 

^THEOREsr 11.1. If Ear = A and Ebs = B are absolutely 
convergenty then the 'product series Epn converges absolutely to the 
sum AB. 

(a) Let n > 0. Denote by M the largest of the indices r and s 
in the products aA which were denoted above by po, Pi, • • • , 


M 


M 


Pn. Then ^ where ^[anj = a 


and ^ |6rt| ~ This shows that the partial sums of y^|pn| are 

n=0 ^ 


bounded, so that Xp„ converges absolutely. 
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(b) The sum S of 2pn can be determined quickly by the 
“squares arrangement/^ Ooho = po, 

(oo -f Ui)(ho + hi) = po + pi + P2 + ' ' ■ > 

(oo + • • * + Gn)(ho + ' • * + hn) = Po + ' “ • + Pcn-i-l)*~2 

= Cn- 


By Theorems 2.5 and 2.10, AB. 

EXERCISES XIV 

1. Let Xflr = A^ 2:6, = B be two absolutely convergent series. L«t 
M — (Of^,) be the infinite matrix wbo‘-e element in rth row and sih column 
is Orb,. Show that AB is equal to the sum of the diagonals of Jlf, 


Oibc -r (oc6i -b Cih^) -r -b a:6j -b 0165) -b * • ' . 

This form of the product 5s called CaueJn/s product. Write the product in 
the form indicated when squares of the main diagonal of M are used, starting 
from the upper left hand comer of M. 

2. Ivct bo two pov.'er serums. Indicate the Cauchy's product 

of these two series. 


3. Prove: 


Hikt: If X\ 


X^”)( X*" ~ ‘^1 

n“0 /\n“0 / n*“0 

\n-0 /\n«0 / n-0 


4. Prove that if the scries 




be rearranged so that we have 


alternately r positive terms and r negative terms, that the resulting series 
converges. What results if the number of positive terms used is different 
from the number of negative terms? 

0 , Prove that any conditionally convergent series can be grouped together 
in such a manner that the resulting scries is absolutely convergent. 


6. Let 


2 i = 


Show that 1 -b -r “b 


= that, 
4 


1 1 - i i 

2* 4» ^ o* 


1 


4 

~ 9*' 


1 - J- 

S’ “ 10’ 

/. *^AbeVs Partial Sum. Lrl 5^^ . . . arbitrary num- 

bers. Show that for every ^ 1 , and for every n ^ 0, 

n-\-h n*rfc 

= ^,-4 r( 6 f “ — Aribr.Ji^i + 


= Tl+l 


-Tlbl 


where An 



r = 0 
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8. ^Mertens* Theorem, Suppose that at least one of the two convergent series 
Xan - A and XK - B converges absolutely. Let 


Cn = (fiobn + ai6n-l + 


+ dn&o). 


Prove that Xcn converges to the sum AB. 

9. ^AheVs Theorem. Show that if Xon = A, S6n = B and Scn = C each 
converge^ then AB — Cj where Cn = Oo6n + oi&n-i 4* * * * + Unho. 


PART C. POWER SERIES 

12. Power Series. In this section we shall consider scries of 

ea 

the type where x is assumed to be a real variable. Such 

n = 0 

series are kivown as power series in x, and the (real) numbers a„ 
are called their coefficients. 

We shall first consider the question, for what values of x is the 
series convergent and for what values is it divergent? 

oO 

It is quite obvious that every power series '^a„x'' is convergent 

n “O 

for X = 0, no matter what the coefficients Cn may be. However, 
as will be seen in Exs. XV, 1 to 5, power series exist which con- 
verge for all values of x, which converge for only certain values of 
X, or which converge for no values of x different from zero. In 
the first case, the series is said to be everywhere convergent and 
in the last case the series is said to be nowhere convergent (even 
though convergent at 0). 

to 

The totality of points x for which the given series ^a„x” con- 

«=o 

verges is known as its region of convergence. (Thus the region of 

CO 

convergence for is the set of all points x for which |x| < 1.) 

n = 0 


'Theorem 12.1. Let ^a„x’' he any power series which is neither 

n = 0 

convergent everywhere nor convergent nowhere. Then there exists a 

to 

positive number r such that ^a„x" converges {even absolutely) for 

n«0 

every \x\ < r but diverges for every |x| > r. 
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The number r in this theorem is called the radius of convergence 
and the region of convergence of the given power series is the 
interval — r < x < r. 

It should be remarked hero tliat the question of the convergence 
of the series at x = r and x = — r is not answered. A separate 
investigation must be made for the values r and — r of x. 

We shall ba.se our proof of Theorem 12.1 in Chap. IX on the 
following two theorems: 

« 

‘Theohem 12.2. Lei ^ given power series convergent 

TJ 0 

for X = To, Xo 0. Then ahsoJutely convergent for 

n *"0 

every X == X\for which |ti| < jxoj. 

«e 

If converges for xo, then there exists a positive number 

n »>0 

K such that |a„x3j < K for everj^ n. Then 

M = la„TSl ■ gp g A’ • gp. 

The theorem now follows immediately from Theorem 10.2. 

ac 

^Theorem 12.3. If 2^«nX” diverges for x = xo, then it diverges 

n-O 

for every x = x\for which |xi| > Ixoj. 

If the series were convergent for Xi, then hy Theorem 12,2, 
it would also converge for xo since |xoi < (xi|, contradictor^' to 
the hypothesis. 

Theorem 12.1 merely assures the existence of the radius of 
convergence without giving us any information as to its magni- 
tude. To supply this need we shall now prove 

«c 

"Theorem 12.4. Let ^flnX” be a given power series. Lei 

n <=0 

/i = Hm 

Then, (a) ?/ = 0, the power series is everywhere convergent, 

(b) if y = + oc , the power series is nowhere convergent. 
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(c) t/ 0 < M < + °° ( power series converges absolutely for 
every j^l < 1 /m, but diverges for every |i| > 1 /m. Thus, r - 1/m, 
is the radius of convergence of the given power series. 

(a) Let xo 3 ^ 0 be an arbitrary real number. Then there 

exists an in large enough that ■'\/\^\ < l/2|xo|, or |a„xS| < 1/2” 
for n > m. By Theorem 10.2, Sa„xS converges absolutely. 

(b) If Sa„x” converges for some xi 0, then (a„x?} and 
{-{/lanx;!} are bounded. From this we can conclude that 

is bounded. This contradicts hypothesis (b). Hence 
So„x" cannot converge for any Xi 0. 

(c) Suppose X 2 is any number such that |x 2 | < I/m- Select a 
positive p such that |x 2 | < p < I/m- Then 1/p > y. Then for 

m sufficiently large, "^lanl < 1/p, and -s/Ja^^l < \x 2 \/p < 1 
for n > m. Sa„Xo is e^^dently absolutely convergent. If 
jxsl > 1/m, ll/xsl < M, and there must exist infinitely many n’s 
such that -x/lonl > ll/a^si, or |anXS| > 1. Hence the series 
cannot converge, (^^hy?) 

CO 

‘Theorem 12.5. If ]^o„x" has the radius of convergence r, 

n «0 


then so has ]^Ra„x""h 

n«0 

Let na„ = a'. Then = ■^On * -^yn. Since — > 1, 

the sequences | '‘J/|a'| } and { ■iy\a „\ } have the same upper limits, 
and the theorem follows from Theorems 12.4 and 9.5. 

So far we have considered only power series of the form 

w 

]^a„x”. However, our results are essentially unaltered if we 

n =0 

eo 

also consider power series of the more general type ]^c„(x — Xo)". 

n »0 

By setting x — Xo = x', we see that the series converges abso- 
lutely for all x’s such that [x'l = jx — xo] < r, but diverges for 
|x — xo| > r, where r denotes the number determined by Theorem 
12.4. Evidently, the region of convergence of the series is there- 
fore an interval (or the point Xo) the middle point of which is xo. 
The interval of convergence may or may not include one or both 
end points. All the considerations given above for the series 
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2^a„z" are valid, except for the translation of the inter\'al of 

n — 0 

convergence. 

For each value of x in the inter\"al of convergence, the power 

9C 

series — xo)^ has a definite sum S, In general the value of 

n ”0 

S is dependent on the value of x. To denote this dependence of 
S on X, we shall ^^Tite 

ce 

- Xo)’‘ = S{x), I? - Toj < r, 

TJ *»0 

and say that the power series defines, within its inters’al of con- 
vergence, a function of x, 

EXERCISES XV 


1. Prove that the geometric series is absolutely convergent for 


T-O 


|xl < 1 and divergent for jrj ^ 1. 

2. Prove that «{x"/'ri!) is absolutely convergent for all real x*s. 

3. Prove that 2(z"/n) is absolutely convergent for |t 1 <1; is divergent 
for \x\ > I; is convergent for r — —I; and is divergent for z = I. 

4. Prove that — 1)^ ^ ^ is absolutely convergent for all real z’s. 




5. Prove that is absolutely convergent for \x\ g 2, and diver- 

Jlr*=l 

gent for [zj > 2. 

tc 

6. For what values of x is convergent? Ans. 0, 


n^l 


7. For what values of z is — convergent? 


Ans. X > 1. 


S. Prove Theorem 12.2 if the first sentence is changed to read, “If the 
sequence la„zj} of its terms is bounded at x = zc, Zo r=^ 0.” 

9. Show that .= ;= is not necessarily equal to lim ^ 


lim ^/M 
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10. If a power series is everywhere convergent, then ■%/ |an| — » 0 as 

n — > + ». 

11. Prove that "x/l/n! -^•0 as n-++M. (Hint: converges 

everywhere.) 

12. Show that each of the following have the same radius of convergence 


as 


n = 0 


=0 

QO 

+ l)a„+ix"; 

0 
00 

]^n(n - 1) • • 


n«0 


ji — 0 n —0 

(n — for ali positive integers k. 


n = 0 


as 


13. Show that each of the following have the same radius of convergence 
00 


n = 0 


rTfl' 


^ 

(n + 1 


n«0 


n = 0 


(n -h l)(^i 2)^ 


anX^ 


n = 0 


[(n + I)(n-h2) . . * (n 4-fc) 


Find for what values of x (if any) each of the following series converges: 


14. X 1 u 

22 ^32 42 ^ 




15. 1 -f X + + ■ 

16 . 1 + -f 5 -* 4- 

2! ^4! ^ 

17. X + + X® 4- 


+ x*' + ‘ • 

x*" 

4 h 

(2n)! ^ 

4- + • • 


Atw. —1 ^ X ^ 1. 
Ans. — 1 < X < 1. 


Ans. — 00 < X < 4“ 
Ans. —1 < X < 1. 


18. + (-l)n-l_ + . . . 

i5 3 4 n 


19. 1 + * + - + . 

20. a:-J + -- - + 

3! 5! 7! 


x" 


Ans. —1 < X ^ 1. 
Atis. — 00 < X < 4 “ 


y2n— I 

+ (-l)’’“*7:r rr; + 


(2n - 1)! 

Ans. — ^ < X < + 00 , 
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21 . X 4 - —7= + —j=- + • — 4 - ~ 7 =. 4 - 
V2 V3 Vn 


« < a: < 4- 00 . 


1 . 2x 3x2 

22. - 4 h 

3 2 ' 3* 22 • 3* 


4- ; 


2''“^-3'» 

An^. -G < X < 4-6. 

23. 1 -- 2(x - 1) 4- 3(x - 1)2 - 4{x ~ 1)2 4- • • * 

4* (-'l)"-2(n)(z - 1)-“** 4- * ‘ . Ans, 0 < x < 2. 

For what values of x, if any, does each of the following sequences 
converge, where: 


25. 


26, 


24. 

k^i 

■-2^3. 

A-1 
n 

2 2*x* 

;;2 + 1 

Jt-i 
n 

"S^a' + Dx^ 
'• = 2<-Tr— 

X -I 
n 

TJ 

2- 


28, 


(2t - 1)' 


30. «, 




31. .„ = 2 


2ti:-i)(A- 4- 1) 

i-=i 

jt=*2 


—1 < X < 1. 


-3 ^ X < 3. 


.4n^. — - g X ^ 

2 ”2 


.4 « < X < 4” ®c . 


29. = 2 


X* 

31/t’ 


Jb-l 


An.?. —2 ^ X < 2. 


Atw. 1 < X < 3. 


13. Properties of Functions Represented by Power Series. 

QO 

Let the power series f{x) = ]^a7i(x — Zo)" define a function of x 
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•nithin tlie (open) interval ji — Xol < r. As a general rule the 
most important problem concerning this series is to deduce from 
the series the principal properties of the function represented by 
the series. 

‘Theoeem 13.1. The function f{x) defined (in ite interval of 
co7wcrgencc) by the 'power series continiwus 

n«0 

Qix — {ix,,S{x) -^J{xo) — Qq as X Xo). 

ac 

Suppose 0 < p <T. Bj"- Theorem 9.5, = K (K > 0) 

n=0 


and ^|a„|p" converge together. Then for every \x — loj < p, 

n = 0 


l/{a:) - Ooj = 


(x - xf)'^an{x — aro)”"!] 


n == 1 


^ ja: — a:o| • K. Let 


€ > 0. Then if 5 > 0 be less than both p and e/K, then for every 
jx — Xc| < 5, |/(x) — Ool < €. Theorem 13.1 follovs from Theo- 
rem 4.2 of Chap. I. 


'Theobem 13.2 (Uniqueness Theorem). Let ^a„x" and 

n “0 

oe 

^6„x" be two power series both having a radius of convergence 

n=0 

r ^ p > 0, where p is some positive number, and both having the 
same sum for every jx] < p. Then, for every n = 0, 1, 2, • • • , 
the two series are entirely identical, that is, a„ = b„ for all n. 
Consider 


Oo + Oix + aix- -h - • • • = 6o + bix -f- b^x- -f • • • , 

lx| < p. (1) 

Let X 0. Then by Theorem 13.1, = bo. Subtracting 

flo = bo from (1) and then dimding bj’’ x, we find that 

Ui fl:a: a3.X" -h * ■ ' = 5i -{■ 62 a; -H bix~ -{-■■■, 

(0 < lx| < p). (2) 

Again let x — > 0 and apply Theorem 13.1, We find Oi = bi, 
and 
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02 + ci^x + 4* ' • * = ^2 + + h^x* + • * * , 

(0 < \x\ < p). 

By a complete induction proof, we are then led to the conclusion 
that On = hn for evcr^" n. 

A corresponding statement holds for the more general series 

iC 

2^a„(x - lo)". 

T1«0 

It should be remarked in passing that this theorem holds for 
series involving but a finite number of terms as well as for infinite 
series. 

We shall now prove a number of theorems which are without 
doubt among the most important theorems in the theory of 
infinite series. 

‘^Theore!\i 13.3. Ld '^OrX^ — xo)” be a power series with 

n~0 

radius of convergence r, representing the function f{x) for all values 

o 1 o of X for which \x — Xo\ < r. Then 

xo-r ^ expanded in a power 

series with any other point Xi of the 
interval of convergence as center; in fadj 

m = '^hix - xos 

where 



and where the radius Ti of this new series is 
Ti g r — Ixi — 2-oj. 

Suppose zi is such that | 2 i — Xol < r. Then (see Ex. X’tT, 2) 


fix) = 2 ~ + ix - ^i)]" 


= 2°” 


n *=»0 


n 

- 2o)"-*(a: - xi)^ 


(3) 
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SO that 

w 

fix) = 

k^O 

BO n , 

= 2 t 

fee*! n » 0 
oo 

s '^bkix - xi)^, 
k =0 

provided the indicated rearrangement (see Theorem 10.8) of the 
series is valid. Theorem 10.8 is applicable, since the series 

60 

|a„|(|xi - Xo| + [a: - Xi|)" 

n = 0 

converges if |xi — Xol + [a: ~ a:i| < r. Hence, if x is closer to Xi 
than either (xo + r) or (xo — r), the rearranged series (4) 
converges to /(x). 

Theorem 13.4. A function f(x) represented by a power series 

60 

^an{x — a:o)” is continuous for every value x\ of x interior to the 

n = 0 

interval of convergence. 

From Theorem 13.3, within a certain neighborhood of x\, we 
may write 


where 


Kx) = 5)a„(x - xt,)" = 2)6n(x - Xi)", 

n =0 n *=0 


bo = ^a„(xi - Xfl)" =/(xi). 

n^O 

By Theorem 13.1, as from which the theorem 

follows. 

‘^Theorem 13.5. A function f{x) represented by a power series 

60 

^a„(x — Xo)" has a derivative at every point .Xi interior to the 

n =0 
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g{xo) - Sixo) = 0, so that C = 0. Thus gix) s Six), and 

oc 

r f{i) dt = Theorem 13.8 now follows. 

Jxo 4 - 1 

n “O 

It should be emphasized that Theorem 13.4, on the continuity 
of the function represented by a power series, is valid only for the 
open interv^al of convergence. In fact, we are unable to conclude 
directly that the function is continuous even if the series con- 
verges at one or botli of the end points of the inter\’al. However, 
the following theorem is of interest in this connection: 

Theorem 13.9 (AbeVs Limit Theorem!)'^ If the power series 


n »»0 


has a radius of convergence r and converges for x = +r, 


and if f{x) denotes the function defined by the scries, then lim f(x) 

X— r-O 


exists and is equal to 2/^nr”; z.c., f{x) ts continuous on (he left at 

n “0 

X = r. 

If SOftX” has the radius r, then with bn = Onr^ has the 
radius 1. We shall accordingly simplify our proof by assuming 
r = 1, and 2a„ = S, and then show that lim fix) = S. By 

Theorem 11.1, since 




n «0 


n-0 n«0 


n —O 


where S„ = ^a„, it follows that /(a:) = (1 — Since 


(1 — x)Sx" = 1, 


< 86 

S - fix) = (1 - a:) V (S - Sf)!" ^ (1 - x) Vr„x”, |x| < 1, 

n=0 n^O 

where rn = iS — iS„ 0. (Wiy?) 

* Abel: Jour, reine angew. Math., Vol. 1, p. 311, 1826. This paper is one 
of the most famous in the histor>’ of infinite series. The serious student u-ill 
find it well worth studjung. 
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Select a positive number e. Then for n sufficiently large, say, 
n> N, lr„i < e/2. Then for 0 g a; < 1, 

e(-l - x) 


\S -/(x)| ^ 


(1 — a:)^,r-nX"j 


n «0 


+ 


^ P(1 -x) + 


e(l - x) x^+i 


2 


1 -X 


N 

where -P = ^ Hence for 1 — 5 < x < 1, 


|>S-/(a:)| <1 + 1 = 6, 
so that f(x) S as X — ^ 1 — 0. 

A similar theorem can be stated for the left end of the interval 
of convergence. 


EXERCISES XVI 


1. Complete the inductive proof begun in the proof of Theorem 13.2. 

2. Apply the result of Theorem 13.2 to prove that 



Hint: Since (1 + x)p(1 + x)p = (1 + x)®p, then 





is a symbol for the binomial coefficient; 

V(V - I)(P ~ 2) « » » (p ~ a + 1) 

1 -2 *3 • • • a 



Thus, 




(a 4- b)p = ap -b 




ap*"2b2 + 
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3. Let f{x) be defined n power series 2/ convergent for \z\ < r. 

n-O 

(a) If fix) is an even function (i.c., fix) = fi—x)]^ show that only even 
power? of X can have nonvanishing coefficients. 

(li) Show that if fix) is an odd function (i.c., /(x) = —/(— x)l only odd 
powers of x can have nonvanishing coefficients. 

4. Show tliat in Theorem 13.5, /'(xi) — 2/ 

r> «»0 

5. The distinction between Tayloris Forie? and Taylor's theorem of 
Chap. I should be carefully noted. State these distinctions. 

0. Prove: If converges for x = — r, then limit fix) exists and is 


equal to 

n “0 

7. From Theorems 13.4 and 13.0, show that lim (^^n^x**) = pro- 

vided the scries on the right converges and x — ♦ ^ from the origin side. 


8. If 2)®'' ^ divergent series of positive terms and ha? a radius 


of convergence 1, show thnt/(x) = -f = as x — >• 1 — 0. 

n “0 

14. The Algebra of Power Series. It follows immediately' 
from Theorems 9.3 and 9.4 that convergent power series may' be 
added and subtracted. From Theorem 11.1 we .see that two 
power series may' be multiplied provided, of course, that we 
remain w'ithin the interior of the inter\'als of convergence. Thus 


± ^ (On ± 

Ti “*0 n *“ 0 n ==0 

\n=0 / \r.=0 / n=0 

prorided that a: lies in the interior of the inten’als of convergence 
of both series. 

Since power series may' be added, subtracted, and multiplied 
(w'ithin the interior of their common region of convergence), it is 
natural to suspect that, under certain conditions, one can divide 
by power series. That this is the case follows from 
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Theorem 14.1. Let ie convergent with sum Aiz) and 

n = 0 

eo 

suppose ^ bnV^ is convergent with radius R and sum B{y). If in 

n «0 

to w 

^ V be replaced by ^ a^x^, obtaining 

Ti«0 n«0 


6o + hi 




CnZ", 

?z«0 


then ^ CnX^ converges to the sum B[A (a:)], if x is such that ^ la„a:^l 

n=0 71 = 0 

converges. 

This is a special case of Theorem 10.8. Write 


y'= = ^' = 0, 1, 


y=o 


Then the series 6o 




of 


array a = [o'.’’] corresponds to the =eries of Theorem 10.8. 
Next, consider the series 


|6o| = 16o|( = N 


^fc = 0 


L*=o 


of array a s («'•'), with la:| = ^ lona:"|. Each element 

71 = 0 

of a is ^ 0. Since SjbtlTj*^ is convergent by assumption, Theorem 
10.8 applies to a. Since every element of a is in absolute value ^ 
the corresponding element in a, Theorem 10.8 applies' to a, and 
Theorem 14.1 is now an immediate consequence. 


EXERCISES XVn 
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= (1 

Ti “O n ■'0 

n « 

where s„ = l^*! < 1, M ^ where Ti is the radi\is of 

k-Q r>-0 

« 

(b) Consider 1/(1 — !/) “ which rouvorRes for |f/) < 1. 

n “ 0 

X|anx"l be convergent. Show that the resulting power series 

1 + (SonX”) 4- (-o„x")- 4- . . . tz 2:cr,x" 

converges to the sum : ; : < 1. 

^ 1 - (2a„x") 

2. Let == cp 4- cix 4- cjx- 4“ ■ * • . We mav 

Oo 4- + oix* -f . . . 

express the c^s in terms of the a’s (for, of course, the common region of 
convergence of Sonand EWdently. (ZJa„x”) • (IIcnT'*) ^ 1, from which 

we find 

OcCo — 1, 

nc^t 4- oiCc ~ 0, 

OcC; 4* OlCi 4* 0;Co — 0, 


From these equations, if oo 5*^ 0, the cocflicicnts ma\’ be uniquely determined. 

(a) Find the c’s if sec x — ■ • = ^ ;; — — — cz 

cos X _• _j -c 


, X- X* 

1 — — 4* — — — 4" 

2! 41 G’ 


(b) Determine the cocfiicicnts 7?o. 


( 


1+^+^+ • 




1 . 


Ans. Bo = 1, B, = B. = I, B, = 0, B* = Bj - 0, Bb = 

B, - 0 , Bs = - 3 ^,, B, - 0 , B,o = . . 


These numbers arc called Bernoulli's numhrrs, 

(c) Show from your work in (a) that 



•n = 2, 3, • . . . 

(d) Show that (B 4* 1)" — B" = 0, where B^ s B*, from which the B's 
may be determined successively. 
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16. Reversion of Power Series. Let 

2 / = ^ a„(x - Xo)" + 2/0 = fix) 

n^l 

be convergent for \x — rcoj < r. It is easy to see that if 

ai 7^ 0 , 


bx 


0.0 


(see Sec. 20 of Chap. I) the given series determines uniquely a 
function which may be expressed in the form of a power series 

00 

X = g(y) = ^&n( 2 / - 2/0)“ + a:o, 

n = l 

which converges in a certain neighborhood of yo* 

Furthermore, f[g{y)] = y and 61 = l/ui. 

EXERCISES XVm 

1. Let Xo - yo — 0. By substituting x — Xb„y^ in y — Xa^x^j giving 

y ^ ai(Sb„t/") + aziXhnV^y + a3(2b„7/")» + . . . , 

find a set of equations from which 61, 62, * • • can be found in terms of 
Ui, fl2, • * * . 

2. Determine the first few terms of the scries, obtained by division, for 

1 


X X - 


3 . From 


( \( Ea \ 

determine J 5 o, Ei, Es, • • - . Show 

E... + + 


+ = 0 . 


These numbers Ek are called Exder^s numbers. 

Ans. Eo - El - 0 , Ez = — 1 , .... 


4 . Show that: 


- *)= = 2 + 


l)aJ^ 


n=»0 


n = 0 
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1 

(1 - i)‘+‘ ” "\ >: / 


I", ;t > 0, |zl < 1. 


n —O 


(d) (1 + x)>’ 


2 (:>- 

n^Q 

wo 

S BnX' 
n! ■ 


(e) 


2’Bj . , 

(f) I ctn j = 1 - -I- + 


+ (- 1)^ + 


(2fc)! 


(g) 


2 2'-‘(2“ - l)Bit , 

(-1)- 


t-1 


Hint: tan x == ctn x — 2 ctn 2x; use (/). 


'S', 


(h) -r^ = 
Sin X 


(2*** -- 2)J5u 
(2fc)! 


Hint: 1/ (sin x) ^ ctn x -H tan (x, 2). Use (f) and (g). 
o. From the series for y “ sin x^ determine by reversion a scries for (a) 
X = Sm“* y\ (b) Tan“* y. (A simpler method for the finding series for Sin“* t/ 
would be to integrate the scries for (d Sin**' x)/dx = (1 — x*)”'-.) Discuss 
the validity of this method. 

6. Expand into power series: (a) c*/(t' -f 1), (b) x*/(l — cos x). 

7. By integration, find series for: 

(a) Sm“' X. (b) log (1 4- x). 

(c) Tan"' I. (d) log cos x. 

8. By differentiation, find series for: 

(a) sec^ X. (b) esc* x. 

9. By integration, find approximate values of: 

(a) SI c** ^’ dx. (b) log (1 -f V^) dx. 

(c) JJ \/2 — cos X dx. (d) JJ dx, 

(e) /Jcos\/xdx. (f) /Jsinx^dx. 


PART D. OTHER TOPICS 

16. Euler’s Transformation, In computational work it Is 
frequently desirable to replace a given convergent series by one 
which converges more rapidly. Many devices for doing this are 
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known. One of the most useful and one which often leads to 
more rapidly convergent series is due to Euler (1755). 

Consider any sequence {x„] of numbers Xo, Xi, • • • . Con- 
stnict the first differences of {x„) : 

Axo = Xo — X\, Axi = Xi — X2, • • • , Axfc = Xjt — xa-+i, • • • . 

Construct the second differences of {x„j : 

A®Xo = Axo — Axi, A^Xi = Axi — Axa, ' ' ' , 

A'xi = Axjfc — Axi+i, • • • . 

Continue this process, constructing the nth differences of {x„l : 

A"Xo = A"~%o — A"~^xi, A"Xi = A”~*xi — A"~’X2, ' ' ‘ , 

A”Xfc = A"-ixt — A"-*xt+i, • • • , 

and so on. 

In carrying out this computation, it is quite convenient to 
arrange the work in a triangular array; 


Xo, 


Axo, 


Xl, 






Axi, 


AX2, 


A^Xo, 


A^xi, 




A®Xo, 


A®Xi, 

. . . 



A^Xo, 




Xi, 


Axs, 


Euler’s transformation of series is given by 


'Theorem 16 . 1 . If ^ (— l)'-'ait is an arbitrary convergent series, 

fc=0 


k=Q Ti*=0 

Example 1. Consider log 2==1— — J + '• * la slowly con- 
verging series. Arrange the array of differences in the form 


1 , 


1 

> 

1-2 


1 1 

2 3’ 

1 

2*3 


1 *2 
1 • 2 • 3’ 


1 *2 


1-2-3 
1 . 2 * 3 - 4 ' 


1 

4* 

1 1 
3-4 4 * 5 ’* 

1-2 

3 • 4 • 5* ' ’ * 
1-2-3 
2 • 3 - 4 - s’ 


1 

5 


2-3-4 
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In general, 

A^oo = — * * * f A'^ak 

« -f- 1 

By Enler’is transformation: 


n! 

(/: -h l){h 4-2) • — (/:4*n -f 1)' * ' * ’ 


2 1 1 1 
(- 1)1 »- ^ ^ 4 - ^ ' 3 • 2 > ' 4 ’ 2 * 

Ar-l 


^ 4- r^. + • • 


this scries converging more rapidly than the given one. 

EXERCISES XIX 

1. Show that 


T- III 

Tan-* 1 ^7 = 1 - 7 + 7 - ;: + ' 
4 3 o / 


_ l' 


1 1*2 1*2*3 


2. Show that for /; fixed. 

A^Xk = xt — 2xi:+i 4* xa+j. A^Xk = Xjt 3xi^i 4 

A^Xk 


= X, - + Qx ..= - . . . -f 


3. Given ^ (I)" 


Find the corresponding series generated by Eulcris 


transformation. Ans. 

Which series converges the most rapidly? drw. 

This shows that Eiiler^s transformation does not always lead 
rapidly convergent scries. 

4. Apply Euler's transformation to 


n **0 

The first, 
to a more 


eo ae K 



TitaO n =0 n =0 


17. Infinite Products. Consider the sequence of products 
Pi = Wi, P 2 = U 1 U 2 , * • * , Pn — U 1 U 2 • • • Un, * * ' . Such a 
sequence of products, called an infinite product ^ might be said to 
be convergent to the value XJ if the sequence of partial products 
!pn} tends to 17 as a limit. If this definition were used, then 
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every product would be convergent for winch a single factor was 
zero. Similar^, if for everj’- n > m, m being a fixed integer, 
!«„! ^ 0 < 1, then — > 0. However, such trh-ial cases are 
quite inconvenient, due to the part played by zero in multiplica- 
tion. To e.xclude these special cases, we shall adopt the following 
definition; 

Definition 17.1. The infinite product 

cc 

= Uillz'Uz • ' ■ , 

Tl^l 

is said io be convergent {in the new and stricter sense) if for every 
n > N, N being some fixed integer, no factor vanishes, and if as 
^ CO j the 'partial prodncts 

Pn = ‘ ' Un {n > N) 

approach a finite limit Ux differe7it from 0. The number 
U = 21iU2 ‘ * • UxUx 

{which is independent of N) is called the value of the product. 

The following elementary theorems follow immediately from 
the definition. (Note the analogy with similar theorems for 
finite products.) 

'Theorem 17.1. A convergent infinite product has the value 0 
when and only when at least one of its factors is 0. 

'Theorem 17.2. In a convergent infinite product, the sequence 
of factors always approaches 1, 

If Pn-x t/.v, then so does pn Ux. Since Ux ^ 0, 


Theorem 17.2 suggests the more convenient device of denoting 
the factors of an infinite product by = 1 + a„. The infinite 
products under consideration then have the form 

00 

JJ (1 + On). 

n = 1 

The numbers a„ are usually called the terms of the product. 
Obviously, a necessary condition for the convergence of an infinite 
product is that a„ — > 0. 
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^Theorem 17.3. The producl JJ(1 + °")i ^ 0, con- 

n « 1 

«3 

t’crfircs t/ and only if the positive series ^ a„ converges, 

n ■» 1 

The product sequence {pn) is monotone increasing since each 
On ^ 0. Since 1 + Ut g c"*, Pn ^ c*- for each n, where 

Sn = fli + • * * + Un. 

Moreover 

Pn = (1 + Oj) ‘ • (1 + a„) 

= 1 + Oi + • • * + On + aiQz + * ' • > 5n 

(why?), so for each n, Sn < Pn. From the first inequality, we 
see that Sn is bounded, so that pn is bounded. Conversel^^ by 
the second inequality, when p„ is bounded, Sn remains bounded. 
This completes the proof. 

Reiriark, Theorem 17.3 answers completely the question of 
convergence. 

"Theorem 17.4. The product n(l — On), ichcrc On ^ 0 for 
every n, coiivergcs if and only if Zo„ converges. 

In case the On have arbitrarj^ signs, it can be shown that 
Theorem 17.5. The infinite product 11 (1 + On) converges if 
and only iff for every preassigned positive mimhcr e, there exists a 
mnnher N such that for every n > Ny and every ^ 1, 

[(1 + Un.rl)(l “h Uri+s) * * * (1 + On+l) 1] < C. 

^Definition 17.2. 11(1 4- On) is said to he absolutely convergent 
7/11(1 + (Onl) converges. 

Theorem 17.6. The convergence of IT(1 -f* |o„j) implies the 
convergence t>/II(l + On). 

E\’idently, 

1(1 + an+l)(l + Un+s) ••*(!+ On+i) — 1| 

^ (1 + lan-{-l|)(l + Ifln+sl) ' • • (1 + (a>.}.i|) — 1. 

So if n(l + lonl) converges, n(l + a„) must also. 

As an immediate consequence of theorems 17.3 and 17.6 we 
can state 

Theorem 17.7. n(l + a„) is absolutely convergent if and only 
if 2an converges absolutely. 
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The question of the convergence of products may be reduced to 
the corresponding problem for the convergence of series by means 
of 

00 

‘Theorem 17.8. JJ (1 + On) converges if arid only if the series 

n = I 

oc 

^ log (1 + a„), loith 07} appropriate integer N, converges, 

00 M 

2J (1 + o„) converges absolidely if and only if ^ log (1 + a„) 

n = l n«=V+l 

DC 

converges absolniely. If c i^ the sum of V log (1 + aj, then 


JI (1 + a„) = (1 + tti) • • • (1 + a.v)e^ 

n ~ 1 

^'Definition 17.3. If n(l + a„) remains convergent with value 
unaltered^ no matter how Us factors are rearrayiged^ the product is 
said to be unconditionally convergent. 

‘Theorem 17.9. n(l + On) is unconditionally convergent if 
and only if it converges absohdely. 


EXERCISES XX 

1. By means of Theorem 17.3 construct several examples of convergent 
products n(l -f On). 


2. Show that nl 


O+s) 


converges if > 1, diverges H k ^ 1. 


3. Show that 11(1 + a:”) converges for 0 ^ x < 1. 

4. Prove Theorem 17.4. 


o. Prove 


converges ii k > 1, diverges if A: ^ 1. 


■ Prove: p„ = _ 0^1 _ 0 . . . _ 0. (Hint: show 


6 

Pn = 1/n.) 

7. Show that 




diverges to zero. Discuss carefully the rea- 


son for divergence in the light of Definition 17.1. 
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Remark, An infinite product is said to be divergent (in the sense of our 
Definition 17.1.) if its partial products form a null sequence. 

8. Prove Theorem 17.5. 

9. Give several examples of absolutely convergent products; also non- 
absolutely convergent products. 

10. If 11(1 + lonl) is convergent, does it follow that n(l + On) converges 
in the strict sense? 

11. Prove Theorem 17.8. 


12. Show that 


13. Prove 


n('-S) 


converges to the value. 


is absolutely convergent for cvcr>" x. 


14. What is value of product in Ex. 13 when x = 1? 

15. Examine for region of convergence 

16. Show that the symbols 




2? 


and 


n ** ! 

have the same meaning. 


in ('+57^2) 


Hint: is a symbol for the sequence |s„| of its partial sums; 

Tl*=l 

JJ (1 -f On) is a symbol for the sequence of partial products 


n 

pn = U (1 + ax). 


17. (a) Show that the sequence | pn 1 may also be represented by the scries 

pi -h (pi - pi) -f (p3 - P 2 ) -f . . . 

<a 

^ pi + ^ (1 + ai) • - • (1 4- . On. 

n=2 


(b) Show that the sequence {snl with = 2) ax may be represented by 

X «al 


the product 
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Si • 


52 53 

5j 5* 


Si 




p^o^^ded that each 5 b 0, 

This shows that every series muy be written as a product and that every 
product may be written as a scries. 

IS. Prove Theorem 17.9, 

19. Construct unconditionally convergent infinite products; also, condi- 
tionally convergent products. 

20. Prove: If 11(1 4" Cf») is not absolutely convergent and has no zero 
factor, then the factors ma}^ be so rearranged that the sequence of partial 
products has arbitrarily prescribed upper and lower bounds, subject, how- 
ever, to the restriction that these bounds have the same sign as the value 
of the given product. 

21. Illustrate Ex. 20 b 3 ’‘ constructing appropriate examples. 

22. Prove: n[l + (J)="] = 2. 


23. Prove: 


eo 

n 


1 - 
1 -fn’ 


2 

3 ’ 


18. Divergent Sequences and Series. If a series 


Oi + On + * * * + On + ’ ' ‘ 


does not converge to a sum S, it is still often possible to associate 
with the sequence a ‘'sum'' indirectly. Many such methods 
have been studied, the simplest of which is “summation by 
arithmetic means.” 

n 

Let Sn = 2 /^^* Construct the arithmetic means 

k^l 


_ Si + >§2 + * ' * + iS„ 

— 

n 

of the partial sums of the series Sa„. If Sn—>S as k — > + oo , 
then by Theorem 3.1 so does <7„ S. It sometimes happens 
that ffn ■will tend to a limit even though S„ does not tend to a 
limit as 72 — ^ + CO . If tends to a limit <S as 72 — > -f oo , the 
sequence {)S„j is said to be limitahle Ci, the series 2 g„ is said to 
be summable Ci to S by arithmetic means, or by Cesaro’s means 
of the first order, or summable (C, 1) ; S is called its Ci-snm. 

Example 1. The sequence 1, 1, 1, ■ • • approaches the limit 5 = 1, 
and is also limitahle Ci to S = 1. 
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Example 2. The series divergent but 

is summable Ci to \ since <t„ I as n -f 

If cTn does not tend to a limit, but the arithmetic means 

V _ O'! + ■ * ‘ + 

““ 

n 

tends to a limit 5 as tj then is said to be summable 

C;, or (C, 2). This process is readily generalized. 


EXERCISES XXI 

1. Construct a senes which is divergent but summable (C, 1); a series not 

summable (C, I), but summable (C, 2); * * - ; (C, n). 

2. Show that — 14-I‘fO-]-f----5s summable (C, I) to 

the **sum^’ I, 

3. Show that 1— 2+3—4+ • is summable (C, 2) to the 

I, but not summable (C, 1). 

4. Show that 1 + r + + • is suinnuiblc Ci on the circumference 


Irj = 1 to the “sura” 



xcept for z 


+ 1 . Here z is a complex number. 


PART E. SEQUENCES OF FUNCTIONS 
19. Sequences of Functions. In the follo\ring sections we 

<e 

.«jhall consider series and sequences whose tenns are 

n •“0 

arbitrarj^ functions /„(x) of an independent variable x. We shall 
assume that all the functions fnix) have at least one common 
intcr\'al of definition. 

^'DEFixmox 19.1, An interval I is said to be an interval of 
convergence of the scries ^fnix) if^ al every point of I {except possibly 
one or both the end poinis)^ all of the functions frfx) arc defined 
and the series converges. 

A very simple example of a series whose terms are functions of 
X is the geometric series This series has an inten’al of 

convergence —1 < x < 1, and no other interval of convergence 
exists. Another example is formed from the harmonic series, 

which converges in 1 < 3 : < -}- oo ; no other interval 

n “ 1 

of convergence outside of this one exists. 

Since a series Za„ is simpl}’’ a s\Tnbol for a certain sequence 
of numbers, so the series Xfn(x) is no more than a symbol for a 



Sec. 19] 


INFINITE SEQUENCES AND SERIES 


509 


sequence of functions, namely, the sequence of its partial sums 
'SnCx) = fo{x) +fi(x) + ■ ■ ■ 

Thus, it is immaterial whether the terms of the series or its 
partial sums are considered, since each set determines the other 
uniquely. 

In view of this fact, we shall usually state our definitions and 
theorems in the language of series, and leave as exercises for the 
student their formulation for the case of sequences. If a given 
series S/n(x) is convergent in the interval I, then to every point in 
I there corresponds a definite value of the sum of the series. 
This sum is itself a function S(x) and is defined or represented 
by the series. 

\\Tien a series of variable, terms is given, it is usually quite 
important to know whether properties possessed by all the func- 
tions fn(x) are also properties of its sum. 

If each /n(x) is continuous it does not follow that the sum of 
the series S/n(x) is continuous (see Ex. XXII, 2). If each/„(x) is 
differentiable (or integrablc) it does not follow that the sum is 
differentiable (or integrable), or that, if the sum is differentiable, 
its derivative is equal to the sum of the derivatives /^(x). 

In \’iew of this situation, we shall be forced to investigate 
under what additional conditions a property of the terms /n(x) is 
transferred to the sum S(x). The mere fact of convergence does 
not insure the transfer of a property of fn(x) to the sum S(a:). A 
study of a few examples vdll soon show that the mode of con- 
vergence is at the heart of the problem. This leads us to the 
concept of uniform convergence in an interval. 

Before giving a general formulation of this concept we shall 
consider the following example : 

Example 1. Consider the series wdiose partial sums are 

Tlx 

Sn{x) = V n = 1, 2, 3, • • • . 

1 -h n-x- 

Since jSn(a;) = 0 for ever>' n when x = 0, since 


1 


I nx 1 

I 1 

o 

A 

Sn(x) 



1 

1 



\nx 


( 1 ) 
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when X 7 ^ 0, and since lim 

n--* -f- « 



= 0 for each x 7 ^ 0, it follows that 


,S(i) = lim 5„(x) = 0 


for every value of x. 

By (1), Snix) < I/ 71 Z ^ 1/71 when 1 ^ x < «, and in particular, when 
1 ^ X ^ 2. lienee the nth curv'c 6\(x) of approximation to S{x) lies above 
Six) = 0 for 1 ^ X ^ 2, but at a distance less than 1/n from the limiting 
eurs’c Six) = 0. The larger n, the smaller this distance all along the cur\’c. 

However, the situation over the intcr\'al 0 ^ x ^ 1 is quite different, 
even though *S(x) = 0 over this inlcr\'al. In this case the nth approximation 
curve Sn{x) docs not lie close to the limiting cur\’c Six) = 0 throughout the 



intcr\"al, for any n whatever. For x = 1 /n, *S„(x) = I for cverj' n. Hence 
the approximation curve *S„(x) in tiie interv^al 0 ^ x ^ 1 has a hump of 
height I for every n. The larger the n^s, the closer the hump to the ordinate 
axis. However, it is still tnie that, for every fixed x, the ordinates of the 
approximation curves ultimately shrink down to a point on the x-axis. so 

that lim Snix) = 0 for every fixed x. 

« 

We say that the series under study converges uniformly in 1 ^ x ^ 2, but 
not uniformly in 0 ^ x ^ 1, 

Uniform Convergence. Suppose 2/n(a-) is convergent for 
every value of x in an interval L Write the sum of this series as 
Six) = Snix) + rnix)y where Snix) is the nth partial sum. 

^'Defikition 19.2. A scries 2/n(x), convergent in 7, is said 
to he uniformly convergent in a suhhiterval F of 7, if for every 
'positive numher e, there exists a single number N ^ Nie), inde- 
pendent of X in 7^ such that |rn(x)| < € for every n > N and for 
every x in 7'. 


EXERCISES XXH 

1. Show that tlie scries 1 -h x -h x* + • • • converges and has for its 

sum — — t when —1 < x < 1. 

1 — X 
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2. Show that the function S(x) defined as the sum of the senes 

2(sm a: — ^ sin 2x + i sin 3x — • < • ) 
over — TT < X < +7r is discontinuous at x ~ (2r + l)7r, r being an integer. 

(X“)” 

3. If *Sn(x) = ^ show that Sn(x) 0 as n « if |xl < 1, 

1 + (x-)’" 

Sn 1 if la^l > 1; Sn h l^rl = 1. 

4. Let Sn{x) = lim (cos” nlTrx)*". Show ^S(x) ^ lim Sn{x) is 1 for 

rational values of x and 0 for irrational values of x. 

This function ^(x) was discovered by Diriclilet and is an example of a 
function which is everywhere discontinuous, and is consequently not 
integrable. 

5. Show that iSn(x) ^ (2 sin x)” defines a series with an infinity of 
isolated inter\’‘als of convergence, namely, 

— tt/G < X ^ tt/G, 5x/6 ^ X < Ttt/G, • • * . 

Prove that the sum of the scries is 0 ever3''wlicrc in the interior of these 
intervals, but equal to 1 at one end point of each interval. 

X X 

G. Examine the series — — -b ; — — TTT "b ’ ' • , x ^ 0, for 
X + 1 (x + l)(2x -b 1) 

convergence. Show that the sum S(x) of the series is 1 if x > 0 and 0 if 

X = 0. Hikt: S„(x) — 1 — Examine the approximation 

1 + nx J 

curves <Sn(x) = 1 — ;; — p — " Plot S{x)j Si{x)j jSsCx), iSio(x). 

1 + nx 

71 * 2 / 

7. Examine the series whose partial sums arc Sn(x) Plot 

1 -b nV 

the sum S{x) and the approximation curves Si{x) and iSio(x). Show that 
the sum of the series is continuous but that the approximation curves differ 
greatly from the curve S(x) =0 in the neighborhood of the origin. 

8. Show that a power series 2an(x — Xo)" of positive radius of conver- 
gence r converges uniformlj" in every subinterval of the form 

(x — xol ^ P < r 

of its interval of convergence. 


9. Show that 


is uniformly convergent in all finite inter\’’als. 


Hint: r„(a:) g - — + - — - 
(n + 1)2 (n -b 


1 

- 4 - • • • , 

-b2)2^ J 


10. Prove that the geometric series Sx^ is not uniformly convergent in 
the whole interval —1 < x < +1. 
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1 1 i 

11. Pro%-c thst tho scries ^ oTin? 3 “ T~ - * • * conrcrges 

uniformly in The inten.'ni r ^ 0. 

12 Pro%*e thst — ^ r * * converpt^ Tmiformly in smy 

1-2 ^ 2-3 o -? 

fixed inten's.l 0 ^ r ^ h but not in the infinite interval r ^ 0. 

13. Consider the series 


Sborr that this series ccnverces in the rnter'/sl —1 < r ^ -rl. and that 
in the intcr’.'il 0 ^ r ^ 1. the sum is S\r^ ” | ^ fo^ ^ ^ ^ 

that she converycnee is riot uniferm in 0 ^ z < 2, Pioi for 


Prove 


n - 1. 2, 4. 12, 20. 

Plot S{z> aho. 

14. Consider the senes (1 -r 2 -r- r -r z- -r ■ . :fhov that this 

series is uniformly convergent in 0 < z ^ t- even theuzh the term 1 ^"z is 

unbounded in this interval. ^Hint: %fz ' 

15. Prorr; A series Tfjz* is uniformly converzent over the interval / if 

for any set of positive inte^rs bi. b-. . and any 54 t of points Z;. Zi, - • - 

of /, the quantities /»..:(z^t — -r - * -r/»^t,iz/‘ nlvTax-s form 
a null sequence. 



20. Properties of Unifonnlj Convergent Series. We fort 
prove 

'THEOEEii 20.1. .4 n€c€ssaru and suflcicrJ condtfwn for the 

uniform conrergeno: of the series -/»(r) in an irJerval I is that for 
ant/ positive number s, there shall eris! a positive integer X such that, 
for 71 ^ X.for irery positive integer 7:. and for cU values of z in /. 

f^^fz) -f-;Vr(r) 4- • • - ^ fn^fr) < e. 

Xccessiiy. Let « be any positive number. If Z/r.{r) is uni- 
formly convergent there exists an W such that for all r< ^ X. 

< c/2 quite independent of z on /. Then for everv 
Ti ^ .V, for every 7: = 1, 2. • * - , and for all values of r on 7, 

- Sr.(x)\ g \Sr^iz) - Siz)\ -f jS(-) - S.{r)i 
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Sufficiency. By Theorem 8.1, T^fnix) converges to a function 
S{x) . Select a positive number e. By hypothesis, there exists an 
integer N such that for every N and for every positive integer 
k, \Sn+k{x) - Sn(a:)l < e/2, with both N and k independent of 
X on I. Hence 

S^’(x) — ^ < SN+kix) < S/.’ix) + ~ 

Since lim S^+uix) = S(x), we know 

Syix) - i g Six) ^ S^rix) + |- 

Since |5„(a;) - 5(a;)| ^ |5„(a:) - &(a:)| + |S,v(x) - -S(x)|, it fol- 
lows that for n ^ (/SnW — ^S(x)l < {e/2) + (e/2) = e, and 
furthermore, this is true for all values of x on J. 

‘'Theorem 20.2. If the k series ^fni{x), 2/n2(a:), * • * , 
S/nit(a;) are all uniformly convergent in the same interval 7, the 
series in which 

fn{x) = Cifnlix) + C:fu 2 {x) + — • + Ckfnkix)^ 

until Cl, Co, • • • , Cfc constants f is also uniformly convergent in 7. 

This shows that uniformly convergent series may be multiplied 
by constant factors and then added term by term. We leave 
the proof of this and the following theorem as exercises. 

‘'Theorem 20,3. If ^fn{x) is uniformly convergent in 7, so is 
the series Xh{x)fn{x)j where h{x) is any function defined and 
hounded in the interval 7, i.e., a uniformly convergent series S/n(a:) 
may be multiplied term by term by a hounded function. 

The determination as to whether or not a series converges 
uniformly is frequently a difficult problem. However, the 
following important test is quite easy to apply. 

‘'Theorem 20.4 (TTeiersiross Test), If each of the functions 
fn{x) is defined and bounded in I, Le,, if 

l/n(a:)l ^ ikf„ 

throughout 7, and if the positive series SMn converges^ the series 
^fn{x) converges 'uniformly in 7, 

If {xn} be an arbitrary sequence*on 7, then 

l/n+lC^^n) +/n+2(^n) + • • • + | 

g Mn+l + il7n+2 + • * • + 
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By Theorem 8.1 the right-hand side — > 0 as n — > + co hence, so 
does the left-liand member. By Ex, XXII, 15, 3/n(x) is uni- 
formly convergent in 7. 

While, in general, properties possessed by/„(x) are not neces- 
sarily possessed by the sum *S(x) of 2/„(x), it 'vvill now be sho^^*n 
that if 2/„(x) converges uniformly, many properties of /„(x) are 
retained b}' *S(x), 

^Theokem 20.5. 7/ 3/n(x) co7ircr(7C6‘ xmiformhj in an interval 

7, arid if its terms fn{x) arc each continuous at a point Xo of 7, the 
function S{x) represented hy the scries is also continuous at this 
point. 

Select an € > 0. Then there exists a 5 ^ 5(6) > 0 such that 
for evciy^ x for which |x — xo] < 5, jS(x) — Sfxo)] < € in 7. 
Write 

S(x) - ^S(Xo) = Sn{x) - 5n{Xo) + Tnfx) - rn(Xo). 

Since -/„(x) converges uniformly, there exists an N so that for 
ever}'- x in 7, |r.v(x)| < e/3. Hence 

lS(x) - S(xo)| ^ |5.v(x) - ^.v(Xo)| + 

Now for jV, iS.v(x) is the sum of a fixed number of functions each 
of which is continuous at Xol hence iS.v(x) i.s continuous at Xo (see 
Theorem 4.3 of Chap. I). As a consequence, we can select a 8 
sufiicientl}’' small that \S\{x) — S.y(xo)1 < c/3 for ever}^ x in 7 for 
which ]x — Xo| < 8 . Hence, for these x’s, we conclude that 
\S{x) - S{Xo)\ < 6 . 

Remark. While uniform convergence is a sufficient condition 
for the continuity of the sum of a scries of continuous functions, 
it is not a necessarj’' condition, since nonuniforml}" convergent 
scries are known whose sum is continuous in the interval of 
nonuniform convergence. (See Example 1, Sec. 19.) 

‘Theorem 20.6. If each /n(x) is coniinxwus in the closed 
interval a g x ^ 6, arid if the scries S/n(x) converges uniformly 
in a < X < hj then it converges for x = a and x = 5, and the series 
is uniformly convergent in the closed interval a x ^ b. 

Since the series is uniformly convergent in (a, h) open, then 

|.s„(i) - S.y(x)| < I for n> N ^ Ni, (1) 

where is sufficientlj' large that the inequality holds for all x 
in (a, b) open. 
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Suppose n and N are fixed.- Since each term in the series is 
continuous in (a, b) closed, then there exist positive numbers 
and ^2 such that 

|S:„(a:) - S„(a)| < | for 0 ^ (x - a| g Si, 

I-Sa^o:) - S.v(a)l <1 for 0 g jx - aj S S,. 

Let 5 be a positive number not greater than Si or S 2 and let x be 
such that 0 ^ |x — a| ^ 5. Then 

\S„{a) - 5;.(o)j ^ |£I„(a) - S„(x)| + |S„(x)-&(x)l 

+ ISa'Cx) - S,ia)\ < 6 (2) 

ioT n > N Ni. Similarly, 

\Sn{b) - Ss’(b)\ <6 for n> N ^ Ni. (3) 

We conclude from (2) and (3) that the series converges for x — a 
and for x — b. From (1), (2), and (3), we conclude that 2/„(x) 
converges uniformly in (a, b) closed. 


“^Theorem 20.7. Let S{x) — "^fnix) be uniformly convergent in 

n ~0 


Xe < x < Xi, and suppose that lim /n(a:) = a^ exists when x 

X-^XO 

approaches Xo from the interior of the intervaL Then the series 


^cin converges and limit S{x) exists as x xq as specified, 

n^O 

Furthermore, 


that is, 


lim S(x) = 

X-^XO 


lim 


n ~0 






Thus, in the case of uniform convergence, we may proceed to 
the limit term by term. 

Let e > 0. Select an Ni (see Theorem 20.1) such that for 
every n > Ni, for every k ^ 1 and for every x in Xo < x < xi, 
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|/«+i(x) + • • ‘ +/n+t(x)l < €. Fix n and and then let 
X xo- By Theorem 3.2 of Chap. I, ifln-f i + * * • + On-Mrl ^ c 
for every n > iVi and for every ^ 1, ?o that ISor. converges. 

Let the partial sums of be An and let the sum of 2a„ be 
A. IVe shall show that S(x) — > A as x — ^ xq. Write 

Six) = Snix) + r„(x). 

Let be so large that for every n > both jrr,(3:)( < c/3 and 
|.4 — An\ < c/3. Then if m be fixed and m > A^, 

j.S(2^) — A\ - i[sm(:r) - A - {A - A„) + t^{x)\ 

^ lsr»(x) — .4„! + 3 3* 

Since Sm(x) /t « as z Xo, we can find a 6 so that for every x in 
xo < X < Xi such that 0 < jr — jtoI < 5, isn(a*) — /In! < ^/3- 
Hence, for these same ar’s, jS(x) — /I] < c. 

Theorem 20.8. If 3/„(x) = *S(x) fs 'uniformly convergent in 
the interval I, and all the fxtnctions fnix) arc continuous throughout 
the closed suhinterval I':a ^ x ^ bj then the sum Six) is continuous 
in r and the integral of Six) over /' 7?iay be fotnid by term by ferjn 
integration; that is, 

£ Six) dx = £ [2;/„w] * = XiX'/nW rfx]- 

f.c., the scries on the right converges and has for ?/$ sum the indicated 
integral of Six), 

Let 6 > 0. Select an N sufficient!}' large that for eveiy x in 
(a, h), and for every n > N, \rnix)\ < 6/(5 — a). Since 

Six) = Snix) + r„(x), 

l/« Six) dx — /J Snix) dxj = 1/J r„(x) dx| < c. From Theorem 

n 

27.4 of Chap. II, Six) dx — ^ A(x) dx < e. But this 

Jb-O 

implies the convergence of S/^/^(x) dx to Six) dx. 

Uniform convergence is not a neccssar}’^ condition for term by 
term integration. This fact is illustrated in Ex. XXIII, 5, 6. 
In neither case is the convergence uniform. In the first case 
term by term integration leads to an incorrect result. In the 
second case term by term integration leads to a correct result. 



Sec. 20] 


INFINITE SEQUENCES AND SERIES 


517 


Theokem 20.9. Let S(x) = be a senes each of whose 

n ==^0 

terms has derivatives in the interval I: a < x < b. If the series 
«0 

^{x) = obtained from it by differentiating term by term 

w *=0 

co7iverges ^miformly in /, then so does the original series, provided 
the given series converges at least at one point c in L If S(x) has 
a derivative, then 


S’ix) = 

n=0 

(a) We shall show that Xfn(x) is uniformly convergent in the 
whole interval I and consequently represents a definite function 
S(a;) in that interval. 

By the Theorem of the mean, 

fi+fc n4*^ 

X [m-Mc)] = {x~c) 

where x < ^ < c. Select an e > 0. By hypothesis, there exists 
an N so that for every n > every k 1, and every x in I, 

n+k 

Hence for these conditions, 

n+i- 

j =n + l 



This shows that and hence 2)/,(a:), is uniformly 

i=o 

convergent throughout 7. 

to 

(b) We shall next show that S'{xo) = = <p{xo). 

n «0 

Suppose xo is a particular point of I. Let 

gj.Ql) = 1 o . \ 


(y = 0,l,2, • • • ) 
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where {xo + h) is restricted to belong to I. By the Theorem of 
the mean, 

X oAh) = X (0 < ® < 1)- 

i-n-rl 

Following an argument similar to that given in (a) we find that 

te 

converges uniformly" for all the values of h permitted 

n »»0 

le 

above. The series ^g^ih) represents the function 

n-O 

S(xo + A) - S{xo) 
h 

From Theorem 20.7, letting /i — * 0 term by term, we conclude 

«e 

1 = 

J r.-O 

EXERCISES XXni 

1. Since 1 -f 2v -f 3r- -f * • • is convergent for 0 ^ 7 < 1, show that 

1 4- 2j -f 3x- ■ - * 

is nniiornily convergent in — v < z < Is it in — o ^ z ^ 7 ? 

2. Prove that x cos a -f x- cos 2a 4- cos 3a 4- * is uniformly 
convergent in any interval interior to — 1 < z < 1. where a is any real 
number. 

3. If fn{x) arc all continuous throughout I and if X/„(x) = S{z) con* 
verges uniformly in 7, then iS(x) is continuous throughout 7. 

4. From the logarithmic series 

X - 4- ~ . (i) 

form the scries 

X -r ix* - ix- 4- 4- lx* - ix* 4- • • • fu) 

hy taking two consecutive positive terms and then one negative term. 

(a) Prove that this series is convergent for —1 < x ^ 1, and that its 
sum is 1 log 2 when x = 1. 

(b) Show that the logarithmic series is absolutelv convergent for [xl < 1. 
WiU the sum of the logarithmic scries be altered by taking the terms in 
another order? (Xo.) 

(c) Show that the sum of the series (ii) is log (1 -{* x) when jxj < 1. 

(d) Is the sum of (i) continuous at x = 1? (Xo.) Does the inter^’al o' 

uniform convergence of (i) extend to and include x = 1? (Xo.) 


that S'{xc) exists and S'{xq) - 

r:roL^-*" 
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5. Show that the series for which Sn{x) - nxc"”®*''* converges, but not 
uniformly, for every x. Prove that the sum is S(x) - 0. Is term by term 
integration possible? [No, for /J Six) dx = 0, while 

n 

^pMx) dx = S„(x) dx = 1 - -> 1.] 

k =^0 

6. It was shown in Example 1 of Sec, 19 that the series for which 
Sn(x) = nx/il + nV) converges nonuniformly over (0, 1), and that its 
sum is Six) = 0. Show that term by term integration gives 

is: fkix) ^ ^nix) dx 0 “ 'S(x) dx. 

7. Prove that Theorem 20.8 holds when the continuity assumptions 
placed upon/„(x) are replaced by the assumption that/n(x) all be integrable. 

8. Let 2an(x — xo)” have the radius of convergence r > 0. If 0 < p < r, 
prove that the series SnUnCx — Xo)”““^ converges uniformly whenever 
|x — xo| ^ p. Is term by term differentiation permissible in the open 
interval |x — Xo| < r; in the closed intenml |x — xo| ^ r? Is term by term 
integration permissible? Discuss. 

9. Show that if 2a n converges absolutely, 2a n cos nx and 2a « sin nx 

converge uniformly for ever>’' x. (Hint: [a„ cos nx| ^ a„.) Are these series 
continuous anywhere? Am. Everywhere. Wliy? 

eo 

10. Show that iS(x) ^ ^(sin nx)/n^ has a derivative and that 

n s=»l 


s'(x) = 2 

n = 1 


COS 71X 
Ti- 


11. Prove: If the power series Six) = 2anX’» converges for either of the 
ends of its interval of convergence^ the interval of uniform convergence extends 
up to and includes that pomt, and the continuity of the sum Six) of the series 
extends up to and includes that point. 

12. Show that 


x2 4- 


+ 


(1 + X 2 ) (1 + x 2)2 


+ 


is convergent everywhere, but is not uniformly convergent in any interval 
containing the origin. 


13. Examine for continuity: 




n(l + nxD 


Ans. Finite and continuous. 
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For what values of x is this series uniformly convergent? 


14. From Tan"^ x 


P dx 

■'Jo 1 + 


show that 


Tan“‘ X = X — -f ii* - 


What is the interval of convergence? 


15. Develop a scries for Sin**^ x. [Hint: Sin~* x = /J rfx/V 1 ~ 


16. Evaluate 
your method. 

17. Evaluate 


r Sin"^ 
Jo X 

/: 


■ dx. (Hint: Use series for Sin * x.) Justify 


Tan“* X 


dx. 


18. Prove 


r 


Tan-‘ X , 'SC' , , > 1 

n-0 


19. Evaluate H Tan“‘ x dx for |x| < 1. 

20. Evaluate /J log (1 + x) dx for |xl < 1. 


21. Evaluate 




log (1 + x) 


dxforO<x<l. Ans. 


x" 

n- 


n •• 1 


22. Find the derivative of S(x) = “T'T — Tl* Justify your result, 

+ Ti*x^ 

n 1 

23. It is known that 


TT cosh ax = 2 sinh ar 


2a 


a cos X a cos 2x 
V +a= 2« + n’ 




Find TT sinh ax. (Hint: DifTercntiatc.) Justify j’our method rigorously, 

24. Determine the interval of convergence of sin x -f* sin 2x + • * • i 
also the interval of uniform ronvcrgence. Can you differentiate term by 
term for all values of x? 


25. Evaluate 


j 1 


dx, n > 0. 


26. 0>nsider the aeries Si = 


2 


1 

(n + x)* ^ 


^ 0, and Si ~ 


2 


1 

(fl + x)’’ 


n «=« 1 n *= 1 

X ^ 0. Prove that term b}" term integration over a finite interval is per- 
missible in each case. Prove that the second series can bo integrated term 
by term over the interval (0, » ), but not the first. 
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27. Prove Theorem 20.2. 

28. Prove Theorem 20.3. 

29. Construct examples of a series nonuniformh' convergent in an interval 
I but whose sum is continuous in /. 

PART F. FOURIER SERIES. ORTHOGONAL FUNCTIONS 

21. Introduction. One of the most interesting and important 
applications of the theory of series of variable functions is 
provided by the theory of trigonometric series and, more par- 
ticularly, hy the theory of Fourier series. 

By a irigonometric series we shall mean any series of the form 

40 

~ (On COS TlX + bn sin 1ix)y 

n 

where On and b„ are constants. 

We sa 3 ' that 27r is IhQ fundamental period of cos x and sin x] the 
fundamental period of cos 2x and sin 2x is w, not 27r; • - • ; and 
the fundamental period of cos nx and sin 72x is 27r//z. 

Since cos n{x + 27r) = cos nx and sin 7?(x + 2x) = sin nx for 
all integer values of u, we see that cos nx and .sin nx have the 
period 2:7. E\ddently, any sum of a convergent series of cosines 
and sines of integral multiples of x vill have a period 2:7. By 
altering the coefficients in such a sum, or series, we may build up 
many functions of x with period 2:7. 

If a trigonometric series T converges in some inten^al of the 
form f ^ X < $ + 277, then, in ^'iew of the periodicity^ of the 
trigonometric functions involved, the series T converges for 
every real x, and the series T represents a function of period 
defined for all vahies of x. 

Trigonometric series are capable of representing many of the 
so-called “arbitrary functions “ and as a consequence constitute 
a far more powerful tool in higher analysis than power series. 

The power of the method of Fourier series is very great indeed, 
but its importance is not confined to pure mathematics; in fact, 
perhaps the most important applications of the subject occur in 
ph^'sics. It is significant that Fourier series were first obtained 
and studied in theoretical phj’^sics. 

More explicitly, Fourier series were first encountered inciden- 
tally to a serious theoretical stud}^ of periodic motions in acoustics, 
optics, the theory of heat, and later in electrod 5 mamics. 
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The first thorough study of trigonometric series was made by 
Fourier in his “Thd‘orie de la chaleur” (1811). Although Fourier 
did not discover any of the principal results of the theor}% his 
paper has been of greatest importance and has led to a vast field 
of investigation which even today seems to be only in its youth. 

22. Euler’s Formula. Wc shall begin by asking certain 
questions, the complete answers to which have been the concern 
of investigators for many years, (I) What functions are repre- 
sentable by trigonometric series? (II) How can we obtain 
the representation of a given representable function? 

To begin with, we shall .suppose that fix) is a certain function 
of the independent variable x, represented b}' a trigonometric 
series which is convergent cverj^vhere, namely, by a series of the 
form 


fix) = lao + ^ (a„ cos nx -f sin rix). 

n » 1 

Since the sine and cosine are periodic, fix) is e\idently of 
period 2^. Hence, it is sufficient to consider an}" intcr\"al of 
length 2r*. For convenience we shall choose (for the balance of 
the section on Fourier series) as this inter\"al the particular 
intcrv-al 0 ^ x g 2r (where we may omit one of the end points 
if desirable). 

Evidently, fix) is represented by a series of continuous func- 
tions. From our studies in Sec. 20, we know that /(x) may or 
may not be continuous; although, if the series converges uni- 
formly in [0, 2:r],/(x) will be continuous. 

We shall now prove the following theorem due to Euler. 

Theorem 22.1. If the scries 

-Oo + ^ (On cos 72X -b bn sin nx) (1) 

n *» 1 

converges uniformly to the sum fix) in the interval 0 g x ^ 2-, 
(hen for n = 0, 1, 2, • • • , 

Cn = ^ f(.x) COS 7ix dx, b„ = i f(x) sin tix dx. (E) 

Relations (E) are knowm as Euler^s formulas. 
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Proof. Since 

cos px • cos qx = i[cos (p 4- q)x + cos (p — q)x] 


for any two positive integers p and q, it follows that 



cos px cos qx dx — 



for P 9^ q, 

for p = q > 0, 

for p — q = 0. 


Similarly, 



cos px sin qx dx 


0 ; 


sin px sin qx dx 


/O for p 9^ q, and 
(tt for p = q > Q. 


p = q = % 


( 2 ) 

(3) 

(4) 


We shall now multiply the series (1) for fix) by cos 7ix. Since 
(1) is assumed to be uniformly convergent in [0, 27r], so is the 
series for f{x) cos nx uniformly convergent (see Sec. 20). In 
view of Theorem 20.8, we may integrate term by term from 
a: = 0 to a: = 27r. We then obtain 


^2 I 2^0 L cos nx dx, for n = 0, 

r "fix) cos nxdx = < iS) 

i an L cos nx cos nx dx, for n > 0, 

the remaining terms each being equal to zero. (The student 
should write out each step indicated here in detail). Hence, by 
(2), we find 

1 

a„ = - I fix) cos nx dx, n = 0, 1, 2, • ■ ■ . (6) 

ttJo 

In a similar manner, we obtain, upon multipl 5 dng equation 
(1) by sin nx and integrating term by term, the relations 

1 

6n = - I fix) sin nx dx, n = 1, 2, 3, • • • . (7) 

ttJo 

This completes the proof of Theorem 22. 1 . It should be noted 
that, subject to the restrictions of Theorem 22.1, we have shown 
the uniqueness of the Fourier series generated from/(a;). 

It is now clear that the representation of the constant term by 
ao/2, rather than ao, is a means of making the general formula for 
a„ applicable without change when n — 0. 
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The very restrictive assumptions in Theorem 22.1 diminish 
its value. Moreover, we still have no intimation as to whether 
or not a given function can be represented by a trigonometric 
series; or if the function is so representable, what the values of 
the coefficients of the series are in the general case. 

We should note however, that Euler’s formulas (E) certainly 
have definite values if the arbitrary function f{x) is integrable 
Riemann over tlic inten’^al 0 ^ a: ^ 2r. We shall call the 
numbers ao/ 2 , aj, 02, • * * ; hi, 5:, * • • defined by Euler’s 
formula [when f{x) is integrable Riemann] the Fourier coefficients 
of the function f{x), and we shall call the corresponding series 


^ -f (on cos nx + bn sin nx) 

fj *» 1 

the Fourier scries generated by /(x), or the Fourier series of /(x); 
symbolically we shall express this by 


/(x) ^ (a„ cos nx + 5„ sin nx). (G) 

n * 1 

We should emphasize that (G) docs not imply that the scries 
converges or not; nor does it implj" that if the series converges, it 
converges to a sum equal to/(x); — relation (G) implies only that 
certain constants ao/2, oi, a 2 , • • • ; hi, h 2 , • • • have been 
deduced by means of (E) from a function /(x) assumed to be 
integrable Riemann, and that the series so generated has been 
written down. 

In general, the series (G) may not converge anj’T^diere; and 
even if it does converge everywhere on 0 ^ x g 2;r, the sum of 
the series is not necessaril}’’ equal to/(x). 

It is usually impossible to say at sight which of the various 
cases mentioned occur in a particular example. This very diffi- 
cult restriction makes it impossible for the theory to be entirely 
simple. For these reasons, mathematicians have found the sub- 
ject to be very attractive for investigation. 

Mathematically, the most outstanding problems that have 
arisen in connection vdth the theory of Fourier series may be 
listed under the following types: 
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(I) If /(a;) is integrable Riemann, is the Fourier series generated 
by fix) convergent for some or all values of x in 0 ^ a: ^ 27r? 

(II) If the Fourier series generated from fix) converges, does 
it converge to a sum equal to fix) ? 

(III) If the Fourier series generated from/(x) converges every- 
where on f g X g 77, is the convergence uniform on this interval? 

(IV) ' If a function is capable of expansion in a trigonometric 
series, is it possible for the function to possess several such 
expansions? 

No complete answers to these questions have ever been given. 
The subject is a very vast one. Hence we shall confine ourselves 
to a beginning of the study of certain partial answers to questions 
I, II, and III. 

23. Dirichlet’s Integral. We shall now consider the first of 
the problems listed in Sec. 22, namely, the question of the 
convergence of a Fourier series. 

to 

If the Fourier series |ao + (on cos nx -b 6„ sin nx) generated 

Tl =» 1 

by a given integrable function fix) according to Euler’s formulas 
(E) is to converge at the point.x = xo, its partial sums 


Snixo) = iao + (Cp cos pxo + bp sin pxo) (1) 

p=i 

must tend to a limit as n — > 0° . It is frequently possible to 
determine whether or not this is the case by expressing s„(xo) in 
the form of a definite integral. By (E), we see that 


Up cos pxo + bp sin pxo 


-[if' 


fit) COS pt dt 


cos pxo -f 


lU"- 


fit) sin pt dt 


sin pxo 


1 

= ^ Jo - Xo)dt. ip = 1 , 2 , ■■■ ) 


Hence 


1 

s»(a:o) = - j 
ttJo 


/(<)|^2 2 (<||- Xo ) 

\\ 

+ • • • -f cos Xo) 
X. 


dt. (2) 


X 


\. 
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Thu5, it appears that a cecessan' and snSdeat condition that 
^rX^o) converge at a i>oint as n — ^ -r is that the integral in 

(2) should tend to a (finite) limit as n — ^ -r - - 
TVe shall now prove the following important res’ilt: 

THXOErM 23.1. A and siifidcni condition that the 

Fourier eaic^ gcncraUd afunclion /(x), inUgrahle Q>ounded\ and 
'periodic of period 2r^ conrerge cf a point zi, ts that the OincMel 
integral 



a. 2i} 4- /(Jr -- 21) sin (2n 4- 
2 ^ sin / 


1)1 


dt 


(3) 


should tend to a finite limit o-s n — ► 4" - . This: limit {if it ezii^-s) 
is the sum of the Fourier series at the point x:. 

Proof. We shall need certain identities from tiigonomerivv 


cos (a -T z) -r cos (a 4- 2r) 4- ' * ' -r cos (a 4- rnz) 




( -A 

sin 

<r-i-(2m~ 1)^ 



2 sin; 


1 )|] 


(4) 


(o) 


>1X1 ^ 


i -f COS (/ — XT;) -r 


CO.' r(/ — - 


_ 1 sin [(2n 4- (^) 

2 rin(^^) 


- ■ / - Ct^) 

Bj' (2) and (6}, we see that 




-d '‘"d. "> 
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If f(x) is defined and integrable only on [0, 2a-], we extend the 
definition of/(a;) as follows: 

fix) = fix - 2fca-), 2kT 2(fc + l)7r. 

ik = ± 1 , ± 2 , • • • ) 

Now fix) is defined for all real values x and it is of period 2t!-. 

We shall use the well known property of any periodic function 
<p(x) of period 27r; namely, the fact that for every c and d, 

<pii) dt = ipii) dt — Jq ‘Pid + t) dt, (8) 

x%(<) =■ x+r *■ w 

Applying (9) and (8) to (7), we find that 


^niXo) — 




sm 


+ i) 


(2n + 1)| 


. t 

sm- 


dt. 


( 10 ) 


Now (7) may be written in the form 


In the second integral, set — i = r. The latter integral becomes 


ij: 


2‘7r 


Sin 


fi^o - r) 


(2n + 1)^ 


sin I 


dr. 


By (9), this becomes 



sin 


— t ) 


(2n + 1)1 


- dr. 


sm 


Hence, since the letter i indicating the variable of integration 
may be replaced by r and not change the value of the integral, 
we see from (11) that . 


s„(xo) = - + t) + /(xq - t) _ 

^Jo 2 


sm 


(2n + 1)1 


dr. (12) 


sm 
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Now replace r by 21. We have 
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Snixo ) = - r 

wjo 


+ 21) +f{xo - 21) ^ sin (2w + 1)1 


sin t 


dL (13) 


We have thus proved Theorem 23.1. 

The integral (13) is known as Dirichlet’s integral,* and is an 
expression for the partial sums Sn(xo) of the Fourier scries gen- 
erated hy/(T). 

Let lim s„(xo) ^ s(xo). We consider question II of Sec. 22, 

n-^ fc 

and express s(xo) in the form of a Dirichlet integral. 

By Eq. (6) ^rith xo = 0 and f/2 replaced by t, we have 

= (14) 

r Jo sin ^ 

Multiplying (14) by 5 ( 2 * 0 ) and subtracting from (13), we find 


SnM — s(xo) - 



f(xo + 20 +f(xo - 20 
2 


“ 5 ( 2 : 0 ) 


Isin (271 + l)i 


sin i 


dL 


(15) 


Whence, 

Theorem 23.2. A necessary and sufficicyit condition that the 
Fourier series generated hy a function /(x), integrahle of period 
27r, should co7?t*crf;r to the sum s(xo) at the point Xo, is that 


lim 

rj— + « 


- F" v{t; Xo) ■ dt 

•xjo 


where 


<p{t 


•,x)^ ■ 


sin (2n + 1)/ j ^ 

} 


sin / 

fix + 20 +f{x - 21) 


- s(x) 


(16) 

(17) 


A partial answer to question III is given by the following 
obvious modification of Theorem 23.2. 


* More generally, any integral of tlic form 
d 


r , , Bin hi ^ 

I v(t) • -7— d/ 
Jo Bin i 

is kno\vn as a Dirichlet integral. 


Jo I 


dt 
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Theorem 23.3. If the partial sums Sn(x) converge to s(z) at 
every point of the interval a ^ x ^ they will converge uniformly 
to this limit in the interval, if and only if, given e > 0, we can 
assign an N ^ N{e) so that 



sin (2n + l)t 
sin t 


< 


(18) 


for every n > N and for every x in a ^ x ^ 

The reader should note that while questions I, II, III of Sec. 
22 are only partially answered by Theorems 23.1, 23.2, and 23.3, 
these theorems have given us a new mode of attack for their 
solution. 

24. Fvurther Theorems. We shall now prove a number of 
theorems in preparation for our main purpose of modifying the 
above theorems so as to construct immediate tests of conver- 
gence for Fourier series. 

Theorem 24.1. If f{x) is integrable (bounded) over the interval 
00 

[0, 27r], the series ^ (a^ + b^), formed b^j the sum of the squares 

n = l 

of its Fourier constants, converges. 

The integral 


n 

^ = fo’^ K’O ~ X 


p = 0 


dt, (1) 


where bo = 0 and oo is written instead of ao/2, is nonnegative, 
since its integrand is never negative. Also, by squaring, we find 


n 

I = lf(t)]^ dt - 2^ cos pt dij 

71 

p — 0 

r ^ 

+ ns (ttp cos pt + 6p sin pt) 


Lp«o 


dt 


f lf(t)? dt - 27ral - ,r^ (a* -b b^). 


p = l 
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Hence, for all values of n.* 

K 

f -f 2 ^ I/W]-- di, (2) 

where oo now has it? iisual meaning. Thus the partial sums are 
bounded and the series (of positive terms) is convergent, for the 
last integral is independent of n. 

Moreover, we have proved 

Theorem 24.2. The Founcr coefidenis and hn of an inlc- 
grahle function form a null sequence, f.c., 

lim Or. = 0. lim 5* = 0. 

Theorem 24.3 {Riemann-Lehesgue Theorem), If ^{() is frzie- 
grablr in a ^ t ^ h, then os n -r ^ . 

Ar. = ^(0 er/> 7il di 0, 

and 

^ii) sin ni dt 0. 

Suppose that a and h both belong to the same interval I, 
2/:r g t g 2(/: -f- l)v, where k i? some fixed integer. Let /(f) 
be a function defined as follows; 

/(f) = for a ^ f < 6, 

/(f) =0 for all other values of f in /. (3) 

fU -f 2pr) “ /(f) for all other values of / and for all 

integers p. 

Then 

,4r. = fj 4>(f) CO? 72/ di - fl^fii) cos nt dt = vo.., Br, = (4) 

where Or. and hr, denote the Fourier coefiiclents of /{/). Bv 
Theorem 24.2, .4y. — ^ 0 and Bn — ^ 0 as n cc . 

If a and b do not satisfy the conditions imposed above, split 
the intert'al a g f g h into a finite number of subdivisions, each 
of which satisfies the conditions. Then An and are expressible 

• R/^lation (2) is known as inequaliig if < bold?, Per^rrefs 

eguciion if — holds. 
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as the sum of a fixed finite number of terms each of which tends to 
0 as »—>+'» , and hence A„ — > 0 and Bn 0. 

Theorem 24.3 is quite important, for it enables us to simplify 
the problem of the convergence of Dirichlet’s integral. 

Let 5 be any arbitrarily chosen number vdth 0 < 5 < 7r/2. 
Then the function 

,/j\ ^o) M/(*o + 2f) + /(xo — 2t)] — 5(a:o) /r'. 

is integrable in the interval S ^ t ^ 7r/2. Hence, for a fixed 6, 
it follows from Theorem 24.3 that as n — > + “ , 


sin (2n + l)t dt — ^ 0. (6) 

The Dirichlet integral (15) of Sec. 23 will therefore tend to 0 as 
n + CO , if and only if (for a fixed arbitrary 6 > 0), 


lim 

n— oo 



^ ' Sint 


= 0 . 


( 7 ) 


The integral (7) involves only the values of /(xo ± 2t) in 
0 g t ^ 6; [i.e., of /(x) in Xo — 25 ^ x ^ Xo + 25]. 

Since 5 > 0 may be assumed arbitrarily small, we have the 
very peculiar result 

Theokem 24.4 [Riemann’s (1854) Theorem]. The behavior 
about the point Xo of the Fourier series generated by /(x) depends 
only on the values of f(x) in the neighborhood of xo. This neighbor- 
hood may be assumed arbitrarily small. 

As an illustration of this theorem, we note the following conse- 
quence of it: Consider the set T of all possible functions /(x), 
integrable in [0, 27r], all of which coincide at a point Xo of the 
interval [0, 27r] and in some neighborhood of this point, however 
small, the length of the neighborhood possibly being dependent 
upon the particular function. Then the Fourier series of all 
these functions in P, irrespective of how much they may differ 
outside the neighborhood in question, must, at xo itself, either 
all converge or all diverge; and in case they converge, all the 
members of P have the same sum s(xo), which may or may not 
be equal to /(xo). 

We shall now restate the criterion obtained above and formu- 
late a theorem which we shall substitute for Theorem 23.1 in the 
discussion to follow. 
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Theorem 24.5. -4 necessary and sufficient condition for the 
convergence of the Fourier scries generated by f(x) to the sum s{xo) 
at xoj is that for any arbitrarily chosen 'positive number 0 < 6 < t/2, 
DirichlcVs integral (7) tends to 0 as n + i.c,, 





gill (2n + l)t 
Sint 



= 0. 


( 8 ) 


We can assert nothing as to the uniformity of convergence in 
this theorem, because we do not know whether the integral in 
(S) tends to 0 uniformly for eveiy^ x of the specified interv^al. 
This is true^ actually, but we shall not enter into this question 
here. 

We shall leave it as an exercise for the student to show that 


- r] 

0 < 6 < |. (9) 

and then prove 

Theorem 24.6. A necessary and sufficient condition for the 
Fourier scries generated by a function f(z), periodic of period 2r, 
and intcgrablc {botindcd) over [0, 2-], to converge to ot the 

point Xoj is that for any arbitranly chosen positive number 5. 
0 < 0 < x/2, the sequence of the valuer of the integral 

forms a null sequence as n ^ . 

26. Conditions for the Convergence of a Fourier Series. We 
are now in a position to tackle problems I and II directly, and 
for convenience we shall restate these problems in the follovmg 
form: 

Let (p{() be a given function intcgrablc in 0 ^ ^ 5. What 

additional conditions must be imposed upon <p(t) in order that the 
sequence of integrals 

p-1,2, ■■■ 

•'Jo t 

should tend to a (finite) limit L as p — » + oo ; and if L exists, what 
is its value? 
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In view of Riemann’s theorem and the fact that S has a fixed 
arbitrarily small positive value, it follows that this question 
depends only on the behavior of <p(i) immediately to the right 
of 0. We are thus led to ask the question: What properties 
must ^£>(0 possess immediately to the right of 0 in order that L 
may exist? 

In the attempt to answer this question many papers have been 
published giving suflicient conditions for the existence of L- 
We shall present two very general sets of sufficient conditions; 

Theorem 25.1 (Dirichlet’s Rule*). If <p{t) is monotone in 
some interval Q < t < 5\, where Si ^ S and S is a fixed 'positive 
numher arbitrarily small, then lim Jp exists and is equal to <pb, 

CO 

ivhere <pq denotes the right hand limiting value lim <p{t). 

Proof. From Chap. V, Sec. 23, Example 2, lim f ^ dt = 

By Sec. 23, Equation (14), 


In 



sin (2?^ + 1)^ 
sin t 



Hence In v/2 as n — > + «> . 


for n = 0, 1, 2, • • • . 
Theorem 24.3, as n > CO ^ 


~ Jo' (di-l) 


dt — ^ 0. 


This proves that 


^ In- 




sin (2n + l)t tt 
— — dt - 5 . 


(2n-fl)ir 


But 

I r*.si 

E^ddently, a constant > 0 exists such that I — 

iJo 


sin t 

V 


dt\ 




for every a: ^ 0; hence for every a and h such that 0 g a ^ b, 
I ^-~dt < 2Ko = K. 


* Due to Dirichlet, Sur la convergence des series trigonomdtriques, 
Jour, reine angew. Math,, Vol. 4, p. 157, 1829. The first exact condition for 
the convergence of a Fourier series was given in this very fundamental paper 
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Let e > 0 be given. Select a positive number 02 < oi so that 

iv-(5=) - v'ol < Let dl. By Theorem 

24.3, (Jp — Jp^^) -^0 as p — ^ + CC. Hence we can select a pi 
sufficiently large that \ Jp — < c/3 for everj^ p > pi- Write 

; Jo" Jo" 

Let denote the second of these quantities on the right-hand 
side and Jif’ the third. Then 4* Jp\ Evidently, 


2 2 r"*sir 

J. —■"''Ho ~ 


dl = ^0* 


Hence there exists a > pi such that for everj" p > po, 
|JJ?’ — ^ol < €/3. By Theorem 30.1, Chap. II, for an appropri- 
ate nonnegative number 03 g 02 . 

. l£' MO - „|S^' <// - |(p (Jo) - Sli' rf/. 

The latter integral is equal to I dl, and as shown above, 

JpBi t 

is <K. Hence ^ ^ consideration of the 

sum Jp = {Jp — + Jp' + Jp'" shows that for a given 

€ > 0, there exists a po such that for ever}’ p > po, 

\Jp ~ g U. - 4- + IJ1?> - coi ^ 3| - 6. 

This completes the proof of Theorem 25.1. 

Theorem 25.2 {DinV^ Rnlc), If Hm ^(0 = co exists, and if 

«-*+o 

the integral 

n^pio - <po\ 


is numerically less than some fixed positive number for each positive 
value of <T < 6, then lim Jp exists and is equal to ^ 0 . 

2 >— tc 

Proof The integral 


r m - 
J. i 
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is monotoiiically increasing but bounded as a +0, and con- 
sequently tends to a definite limit L which we shall denote by 

^ Let € > 0. We can select a positive number 

5i < 5 so that 


j: 


X 


t Cl 


Let denote the same integrals as used in the 

proof of Theorem 25.1. As before, we can select a pi so that for 
every p > pi, \Jp — < e/3, and a po > Pi so that 

\Jf - < e/3 

for every p > po. Now 





,sm pt 

-po]-p- 


dt 


< 


Jo 




<Pa\ 


dt, 


so for a properly selected 62, l</p ’| < e/3. We thus conclude that 
for every p > po, \Jp — ^sol < e. 

Theorem 25.3 {Lipschitz's Ride). If tivo positive numbers 
A and N exist such that for every t in the interval 0 < i g 5, 


1^(0 — ¥’oi < At^’, 


then Jp-^ (po as p—^A-^‘ 

Since J* J — t^'~^ dt < = a fixed number 

for all cr < 5, it follows from Dini’s rule that Jp <po as 

p — 00 . 

Theorem 25.4. If (p'{Q) exists, then lim ^(<) = — ^(q) 

J -*+0 

exists and Jp — ^ ^0 as p — ^ . 

If lim ~ ~ - aX - Q) . exists, then the ratio is bounded 

<-♦+0 t t 

in some interval 0 < t < 5i. But this is an example of a 

Lipschitz condition with N = 1. 

As a consequence of Theorems 25.1 to 25.4, we have 

Theorem 25.5. If pit) is expressible as the sum of a finite 

number of functions, each of which satisfies the conditions of one 

of the four Theorems 25.1, • • • , 25.4, then lim <p(t) = (po exists 

(-♦+0 
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Theorem 25.11. If <p{x) is any function continuous in [0. 27r] 
except for a finite yiumbcr of finite jumps^ 

lim <p{x) sin (n + V)x dx = 0. 

n— wJO 

Theorem 25.12 (Jordan\s Test), If fix) is of hounded variation 
in a ncicfliborhood of x^j then the Fourier scries generated from f(x) 
converges to the sum l[f{x^ + 0) + /(xo — 0)J. 

Proof, Since f{x) is of bounded variation over an interv’-al 
about xtij the condition assures convergence over that interval. 

The function 

<pih) - fix + h) + fix - li) - fix + 0) -- fix - 0) 

is of bounded variation (see Sec. 8, Chap. IX) in any interval 
to the right of h = 0, and as h 0, ipQi) — > 0, for fix) being of 
bounded variation, fix + 0) and fix — 0) c.rist. We can thus 
WTite 

m 


whore (pi and tpz arc both positive increasing functions of h. 
But ipi and <p2 both tend to tlic same limit Z, ^xs h 0. B3" 

subtracting L from each of the quantities and (p2, we can 
construct the limit of the two new functions to be zero in both 
cases. 

Let 5 > 0 be selected small enough so that tpik) is of bounded 
variation in [0, 5]. Then 


X 


* sin in + l)h 


<p(h) dh = J, - 


w’here 
J 


— X'^ 


sin {n + -i)/i 


(piQi) (III 


-X‘- 


sui (n + l)h 




Let € > 0. Select a positive number fi small enouRh that 
< 6. By Theorem 30.1 of Chap. II, 


X 


sin (n + ^)/i 


\p,{h) dh = W (0 J < 

(n+K)M sin i 


= <piiu) 


X 


dl. 


(n+M)t 
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Since for all n, the last integral is bounded, 

ffij < 4., 

where /I is some positive constant. With fi fixed we find from 
Theorem 24.3 for n large enough, 

f^sin (n + h)h n\ ji ^ 

I ^ ^ ^ 

This shows /i — > 0. Likewise, we can show Jo — ^ 0. 

An immediate consequence of Theorem 25.11 is 

Theorem 25.13 {Dirichlet’s Conditions). If J{x) is continuous 
except for a finite number of finite discontinuities m 0 ^ a; ^ 27r 
and if f{x) has only a finite number of maxima and minima in the 
interval, then the Fourier series generated fro^n fix) converges to 
+ 0) + fix — 0)] for all values of x. 

It is not very difficult to extend Theorem 25.11 to prove 

Theorem 25.14. The Fourier series generated from fix) con- 
verges uniformly to fix) in an interval interior to an interval through- 
out which fix) is contimmis and is of bounded variation. 

26. Application of the Convergence Criteria. From the general 
character of the theorems given in Sec. 25, it is clear that very 
general classes of functions may be represented by Fourier 
series. 

As stated before, the function fix) to be expanded should be 
given in the interval 0 ^ x < 27r and must have the period 27 r; 
that is, fix ± 21c7r) = fix). The Fourier series then generated 
from fix) is of the form 

00 

-f- 2) cos 71X + bn sin nx). 

n = l 

Suppose fix) is an even function, that is, a function having 
the property that fix) = fi-x). Then since fix) is of period 27r, 
i.e., fix) =/(-x) =fi27r-x), the Fourier coefficients all 
vanish, for 

vrfen = ’"fix) sin nx dx 

/*2ir 

Q fix) sin nx dx + fix) sin ?ix dx = 0. (1) 
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Thus, if /(x) is an even function’^ the Fourier series generated from 
f[x) reduces to a pure cosine series. 

Suppose /(x) is an odd Junciiony that is, a function with the 
property that/(x) - -fi-x). Then since /(x) is of period 2x, 
= f(2T — x) = -^/(x), and hence the Fourier coefficients 
On all vanish, for 

X Oj. 

/(x) cos nx dx = 0. (2) 

Thus, if /(x) is an odd function, the Fourier series generated 
from fix) reduces to a pure sine scries. 

We now conclude that there are three ways in which a given 
F(x), defined and integrable over the interv'al a ^ x ^ h, may 
be prepared for the generation of a Fourier series: 

I. Case (6 — a) ^ 27r. In this method a portion, say 

a ^ X < a + 2r, 

is cut out of the interval (a, b), and the origin is then transferred 
to the point a. In this way we obtain a function f(x) defined 
in 0 g X < 2-, fix) being defined elsewhere b 3 ^ the condition 
fix ± 21:7r) = fix), ^^^len (b “ a) > 2:r, a portion of F(x) is 
omitted altogether. Tliis omission can be avoided b 3 " changing 
the unit of measure on the x-axis so that the inten'al of definition 
of F(x) has the length 2;r. This change can readilj^ be made b^^ 
replacing x b^' 2:rx/(b a). 

Case (6 — a) < 2r. In this case define /(x) to be some con- 
stant F(b), in b g X < a + 27r and then proceed as before. An 
alternate method is to make the interval of definition of F(x) 
exactly the length 2 t hy changing the unit of measurement on 
the x-axis. 

II. This method is similar to that in I, except that we define 
the function fix) to be F(x) in 0 g x g r, fix) = /(2n- — x) in 
TT g X g 2ir, and define /(x) elsewhere b 3 ^/(x ± 2/::r) = /(x), 

III. In this method we define fix) as in II for 0 g x < set 
/(tt) = 0, fix) = — /(2x — x) for X < X g 2-, and define fix) 
elsewhere by/(x ± 2k-) — fix). 

We shall denote by/i(x),/2(x),/3(x), respectivelj', the functions 
obtained by methods I, II, III, respective!}’', from a given func- 

* The graph of an even function is symmetric with respect to the t/«axis; 
that of an odd function is sjTnmetric to the origin. 
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tion F{x). A function of type fsix) will always generate a pure 
cosine series and a function of type fzix) will always generate a 
pure sine series. 

We shall further modify our functions /i, fz, /s, by defining 

/(O) = fi2kzr) = lim + /(Sjt - x)l (3) 

whenever this limit exists. This additional definition is neces- 
sitated by the fact that our rules for con^'^ergence enable us to 
detect the convergence of a Fourier series at points a;o for which 
lim |[/(a;o -f 2t) + f{xo — 2t)] exists. In case the limit in (3) 

does not exist we can not discover (with our present loiowledge 
of the subject) whether the Fourier series converges or not; con- 
sequently, in this case, we need not concern ourselves with the 
value of f(2kTr), 

Example 1* Given F{x) ^ 3. Expand F(x) in a sine series. 

We shall use method III. Define 


! 0 for X = 0 and x — ttj 

3 for 0 < a; < TT, f^ix ± 2/c:r) = fi{x), 

— 3 for TT < a; < 27r, 

Evidently, fz fulfills Dirichlet's conditions at every point including the 
“jump points.” Consequently, the Fourier scries obtained from /s must 
converge every^vhere and actually represents/?. 

By Euler^s formula we find 


hn 


-[ 


2jr 

fs(x) sin 7ix dx 

TC 

sin Tix dxy 


I sm nxdx I s 

Jo ttJtt 


sin nx dx 


or 


6n = 0 for n an even integer, hn = 12 /mr for n an odd integer. 
Hence, the Fourier series iorfsix) is 


/3(®) = 


12 


sin Sx sin 5x 
} )- 


sin (2 n + l)x 
2n + l 


Figure 144 indicates the function /a (a;) and the partial sums of the Fourier 
series, ^ 2 , Sz^ 

Example 2. Expand F{x) = rc by method III. We define 

! x for 0 ^ X < TT, 

0 at 0 and at tt, 

~(27r - x) for ;r < a; g 27 r. 
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\^’hich converges to fx{x) over the interval Q 

Example 3.* Expand F(x) = x by method 1. Here \\ c define 



Q <x <2 t, 

for X — 0 and x — 2r, 


/i(r ± 2M == S^{x). 


* For a large collection of such examples, see H. Burkhnrdt, Trigo- 
noraetrische Eeihen und Integrale bis etn'a 1850, Enzuh. math, iriss,, VoL 
llAy pp. 002-'920. 
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Prom Euler’s formula we readily obtain 


sin 2x 

sm a; H ;; 1 


sin nx ^ 


2 71 

which converges to fi (x) over the interval 0 ^ ^ 27r, 

EXERCISES XXIV 



1. Verify (2), (3), and (4) in Sec. 22. 

2. Carrj" out in detail the steps leading to the pixjof of relations (5), (6), 
and (7) in Sec. 22. 

3. Subject to the assumptions stated in Theorem 22.1, prove that the 
convergence of series (1) is uniform for everj^ x, 

4. Prove relation (2) in Sec. 23. 

5. Verify formula (4) of Sec. 23. (Hint: Multiply each term of the 
left member hy sin {z/2) and then represent each product as the diflerencp 
between two sines.) Also verifj’ (5) and (6) of Sec^ 23. 

6. Prove the statements given in (S) and (9) of Sec. 23. 

7. Prove Theorem 24.3 without the use of Theorem 24.2. 

8. Prove relation (9) in Sec. 24. 

9. Prove Theorem 24.6. 

10. Prove that another condition for the validity of Theorem 24.6 is: 
If for every e > 0, we can assign a 6 < 7r/2, and an N > 0, so that for every 
n > Nj 



sin (2n + 1)1 
^ 


< e. 


11 Find a Fourier series expression for the function F{x) given in 
Example 1, using methods I and II. 

12. Repeat Ex. 11 for F(x) = h, a constant, usin^ methods I, II, and III. 

13. From the results of Ex. 12, find a series for ':r/4, 7r/3. 

14. Prove Theorems 25.7 to 25.13. 

15. Expand F{x) = x bj' method II (see Fig. 140). 



16. In each of the following exercises find a Fourier series and plot 
F(X), 5o, ^1, ^2, • ^ : 
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(a) F(x) == X* for 0 < X < 2r. 


5. X- ~ rr- -f cos nx — ^ J 

3 --Wn* n 


rK^ _^4xfor0<x<x 

- i4x-S-forr<r <2r. 

-rlfiy. F(x) = S[sin x — 4 sin 2x -r i 3r — 
(dor 0 < X < y/2, 

(c) F(i} - <0 for ir/2 < X < 3r/2, 

( ~c for 3r/2 < X < 2r. 


2c\ 2 . 1 1 . , . 1 

An^, Fix) — I sin X -h r Hin 2r -r - sin 3x -r r sin ox -p * • * r 
" r[_ 2 3 o J 

What is the value of this series at the discontinuity of Ftx)? 

(d) F(z) = Jj2Xo.. 


-4ru^. fix) 


4 sin X sin 3x ^ sin ox sin 7x ^ | 

== ;[“Y^ 5r“ “i;; * ‘ J‘ 


(e) Same as (d) but v>nh corinc scries. 

(f) Fix) = xdor 0 g X ^ 


Ans. fix) 




sin ^ 


— — sin 4x -f 


/-* 4\ 

^ { 1 sin ; 

\o DV 


fg) Fix) = sin X 


2r 2 e 

/In-s. /(x; - 1 


2 cos 2x 2 co« 4x 2 co** Gx 
1 3 3 5 5 7 


(h) F(x) = X sin X 
Ans. f{x) = i - 


cos X 2 co*^ 2x 2 cc^ 3x 2 cos 4x 


(i) Fix) = ; 


' for — r < X < T. 


At«. /(I) = i -f [ cos = -f sin X j 


[rrS^ <^‘>s 2 x - 2 rj -f . . . . 

Prove that /(-^r -r 0) -r/fr — 0) = =• ctnh r, and hence that the sum 
of the series is (;r/2) ctnh r for x = ±x. 

0) F(2) = X 4“ X* for — X < X < X. 


4tw. a* = — cos nx, 6* = 
n* 

Also obtain an expansion of F(x) x -r x’ for 0 < x < 2r. 
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Using this result, find 


0, — s- < X g 0, 

TTx/i, 0 < X < -. 

Evaluate this Fourier series for x = ±n-. 


t) FM . j I 


(k) 


Show that 


1 1 

■^ = i+5; + Hi 


(/) = sin- X for — tt < x < 

*• 7. Show that the Euler coefficients valid for the range t = 0 to i = 2^ arc 




"if 

Jo 


n7rt _ ^ 

cos — dtf hi 


-rX 


2^ i 

. n7rt , 
<^>(0 Sin — at 

0 I 


where 4>(t) = 

18. Using Ex. 17, expand F(x) — | 


(f/4) - X, 0 < X < 1/2, 
(3?/4). 1/2 <x < L 


Alls, f{x) =t ~ 


2rcr 1 Gttx 1 IOttx 

cos h ~ cos f- COS — ; H 

I l Zo I 


27. Theorem (of Fejer) 27.1.* If is inicgrahle m 


Q ^277 

and periodic of period 2ir, and if at xo in the mterval, the limits 
/(.To + 0) and/(To 0) exist, then the Fourier series generated from 
f{x) is simnnablc (C, 1) at Xq to M/(^o + 0) + f(xo — 0)]. 

Proof, From (13) of Sec. 23 the partial sum Sn(xo) of the 

GC 

Fourier series -iao + ^(ctn cos 7iXo + bn siti 7 ?To) at xq may be 

71 =1 

WTitten 

S„ s s„(xo) - - r^\[S{x, + 20 +/(a:o - 20] - t 

(71 = 0, 1, • • • .) (1) 

The arithmetical mean o-n-i formed from the first 7i partial sums is 

* This remarkable theorem was discovered by L. Fejer, Untersuchungen 
fiber die Fourierschen Reihen, Math. Ann., Vol. 58, p. 51, 1903. 
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5o + + * * • + Sft-l 

CTn-l = 

n 

n 

X ~ 

= I- f"'' + 21) + Kxo - 20] dt (2) 

fi^Jo ^ sin £ 

JL ( sin- nt.., j ) ... 

But sin (2r — 1)/ = i sin / since ~ ^ — > 0 as 

(0 ift = /:;rj ’ 

I — > ItTz. Hence (2) is equal to 

s r ' + 2 '> + < 3 ) 

This integral is called Fejer's Comparison of (3) ^rith 

Dirichlet’s integral (13) of Sec. 23 shows that (3) is much the 

easier to haudlC;, since positive in (3) while in Di rich- 

let’s integral the corresponding factor oscillates over posi- 

tive and negative values. Now 


p' ‘ /sin niV 

Jo \smt) 


dt 



(4) 


(Why?) From (4) and (3) we have 


o-r.-i 


-n- 


/(To + 20 +f(xo - 20 



(o) 


Hence, a necessarj' and sufficient condition that the Fourier series 
be sumraable (C, 1) to the sum ^ is that the integral (5) should 
approach zero as n -h . 

We show now that if c?(0 is integrable in (0, :r/2) and if 

Jim <j(i) = 0, then as n ->■ -f — f <p(0 ' f dt ->■ 0. 

f — ^0 u-J \sin/ / 

Since ^(0 0, for cver 3 " € > 0 there exists a 5 < Tr/2, such 

that jc(0i < «/2 when 0 < / ^ 5. Hence 
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Since 1^9(01 is bounded for 0 < i < it/2, there exists an ilf > 0 
such that l<p(0i < Then it is easy to show that 



TT 1 

2 sin” 5^ 


( 7 ) 


^vhen M and d are fixed. Select an N sufl5ciently large so that the 
right member of (7) is less than e/2 for all n > Combining 

this with (6) and replacing <p(t) by ^ — 5 


we have \<rn^i — s] < e for all 71 > N. Hence cr„_i — ^ S. This 
proves Fejer’s theorem. 

An immediate corollary to this theorem is 
Theorem 27.2. If f{x) is coniimioits in 0 g x ^ 27r, if 
/(O) = /(Stt), then for every x the Foiaicr seiics generated from fix) 
is s^imrnable (C, 1) to fix). 

The truth of this theorem follows immediately from the 
observation that the hypotheses of -Theorem 27.1 are met CA'ery- 
where, that it is understood that fix) = fix — 2fc7r), and that 
fix) = |[/(x + 0) + fix — 0)] for all values of x. 

An important consequence of Theorem 27.1 is 
Theorem 27.3. Under the assumptions of Theorem 27.1, the 
Fourier series of fix) is uniformly summahle (C, 1) in any interval 
included in an interval where fix) is continuous. 

Proof, Since fix) is periodic and ever^nvhere continuous, it is 
uniformly continuous for all x’s (Theorem 8.7, Chap. IX), so 
that for any fixed e > 0 there exists a 6 > 0 s\ich that for every 
Xj |/(x ± 2t) — /(x)j < e/2 when \t\ < 8, Hence 


a;)l = 

hMx + 20 - /(x)] + [/(x - 20 - /(x)]l < I (8) 


for all values of x. Furthermore /(x) is bounded since /(x) is 
periodic and continuous everywhere, so that there exists a 
K > 0 such that \f{x)\ < K for all values of x. 

Hence \ip{t, x)| < 2iv for all values of x and t. A repetition 
of the argument given in the proof of Theorem 27.1 shows that 


l«irJo 


<p{t) 



1 2K 


n sin2 g 


( 9 ) 
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We thus conclude that there exists a definite number N such 
that the right member of (9) is less than e/2 for ever^’ n ^ lY. 
Hence jtrn-i — sj < e for n ^ K, Thus for cver^* given e there 
exists a definite number A" independent of x such that for n > iY, 
lo-n^iCx) - /(x)i < e. 

Theorem 27.4 (TTcicrsfrass’s Thcoraix for Polynomial Approxt- 
maiion). If f{x) is c^niinvous for a ^ x h, and if € is any 
positive number, it is possible to construct a polynomial Pr^{x) so that 
for all a ^ X ^ 6, i/(x) — Prr(x)j < c. 

We shall merely outline the proof of tliis theorem. Transform 
the variable x so that (a, b) lies within (0. 2x). By Theorem 27.3 
we know that there exists a ‘‘trigonometric pol^momiaT^ emix) 
such that j/(x) — o'.,(x)| < e/2 for all x’s on the interv'al. Eeplace 
each sin tx and cos I:x in <r„(x) b}" their corresponding power series. 
By using a sufficiently large number of terms in these power 
series we can obtain a pohmomial Pn{j“) f^^ich that 

]c^ix) - P.(x)i < e/2 

for ever}" x on the intcrv^al. Theorem 27.4 then follows. 
EXERCISES XXV 

1. Show that I "f cos x -f cos 2r — cos nx -f ♦ • * is siimmable 

(C, 1) to the “sum** 0. if t 2/^r. 

2. Show that sin r -rrin 2x -f • • - is convergent to the “sum** 0, for 
X = A-7'; if X hz, the series is divergent but summablc {C. 1 ) to the “siim ** 
I ctn (x/2). 

3. Show that cos x 4- cos 3x -f cos ox * is summable (C, 1) to 

the “sum” 0, if x Jrr. 

A Show that sin x -r sin 3x -f sm or — - • - is summable iC, I ) to the 

“sum” -4— a ;.-r. 

2 sin T 

28, Fourier Integral Formula. A Fourier seriK: of the form 

fix) = ^0 -f T v} 

r = l ^ ' 

represents at points of convergence a function of period 2rX. 
Subject to the proper restrictions, the coefficients are obtainable 
from the relations 
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, r+T\ 




’ sj-,. ““ b 

i‘)«, 

A 

(2) 





The entire theory of Fourier series may be applied to series of 
type (1). 

Substituting (2) in (1), we have 


= txj 

7l=»l 

( 3 ). 

Let 



II 

>-23 


( 4 ) 

and <p{w) = - 1 f{t) cos w{x - t) dt. 


Then the right-hand member of (3) may (under suitable condi- 

oo 

tions) be approximated by means of (w„+i — w„)<p(w„). Let 

71 « 1 

X -j- CO . Thus (3) becomes 

f(x) = - f f f(i) cos w(x — t) dt dw, (5) 

provided, of course, such a limit exists. This is known as 
Fourier’s integral formula. The right member of (5) represents 
a function on ( — <» , -f <» ) in much the same manner that a 
Fourier series represents a function over a finite period. 

In this development we have overlooked many difficulties. 
Thus, we have ignored the fact that <f!(w) is a function of X and 
that the approximating series is infinite. A rigorous proof of 
(5) is quite difficult and will not be undertaken here. (See 
Bochner, “Fourier Series and Integrals.”) 

It can be shown that under suitable conditions 

f{x) == - I j /(O cos w(x — t) dt dw 

= ^[/(a: + 0)-i-/(x-Q)], 


— OO 


< X < -f 00 . (6) 
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If f{x) is an even function, (6) becomes the Fourier Cosine 
Integral: 

=r ~ I I jf(f) cos wt cos wx dt div 
r'Jo Jo 

l[f(x + 0) + fix - 0)], (7) 

and if f(x) is an odd function, (6) becomes the Fourier sine 
integral: 


^ 2^* p 
rrjo Jo 


/(O sin id sin xcx dtdw 


= ^U{x + 0)+f{x-0)i ( 8 ) 

provided, of course, that these limits exist. 

EXERCISES XXVI 

1. Let /(O - 1 for 0 < / < 1, /(/) = 0 for / > I, f(0 - Show- 

from (7) that 


sin IP cos u't 


/ 1 for 0 < i < L 

dtp “ ^ for f = 1, 

to for t > I, 


2. Let f{t) = for i > 0, J(t) - (a) from (7) show that 

r — - dw = (b)from (8), show that T dw - — 

'o tp- + 2 Jo IP- + 2/3 


29. Harmonic Analysis. Let the interval 0 ^ ^ 277 be 

divided into 7i equal subintervals by the points xo = 0, Xi, 
X 2 , * • * , Xn-i, x„ = 2r. Let/(x) be periodic of period 2:7. We 
vish to construct a trigonometric poIjTiomial 


5m(x) 

such that 


vflo + cos I:x + bk sin /:x) 

ji*=i 


5«(x.) -/(x,-). (f = 0, 1, 2, • • • , n — 1.) 


( 1 ) 

( 2 ) 


Since Sm contains (2m + 1) undetermined coefficients, and since 
we are imposing n conditions b}’’ (2), we shall require n to be odd 
and we shall determine m from the relation 2n? + 1 = n. By 
(2) for the case z = 0 (xo = 0), 
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— /(O)- 

A: = l 


Likewise, 

Vi 

l-ao + ^ (tti- cos kxi + h- sin kxi) = f{xi), 

fc = i 


( 3 ) 

( 4 ) 


§ao + ^ (flfc cos /ca:„_i + h- sin kx„-i) = /(a;„_i)- (5) 

fc = i 

If w'e add Eqs. (3) to (5) and collect together terms having like 
values of k, we find that 

H-l 

ao = ( 6 ) 

1=^0 

n-1 

since, for fixed fc > 0, cos kx{ ~ sin kXi = 0. In 

i=0 i=0 

close analogy with the Euler formulas of Sec. 22, it is easily 
shown that 

n-l 

ak = kx,)f(xi), 

i^O 

n-l 

bk = kx^m, k = l,2, ■ ■ ■ , (7) 

If the period I of f{x) is not 27r, then it can be made equal to 
27r by a suitable change of scale along the a:-axis. Formulas 
(6) and (7) then hold in the new scale; if desired, we can return 
to the original scale by writing x — (2Tr/l)x^ in (6) and (7). 

Another set of formulas, based on an even number ?i of inter- 
vals, is obtained by omitting the term bm sin mk from Sm in (1), 
where now 2m = n. It turns out that formulas (6) and (7) 
hold for A: = 0, 1, 2, • • • , (n/2) — 1, and in addition, 

n-l 

an/2 = ^-2(- 
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For a description of other and more S 3 ^steinatic methods 
of analysis, see Whittaker and Robinson, '' Calculus of 
Obsen'ations/^ 


EXERCISES xxvn 


Represent the follouin;: functions over the interval 0 ^ x ^ 2r by 
trigonometric sums: 


1. /(x) = 3r. Take n = 5. 

. . _ J ~1 when 0 ^ X < -, 

3- /W - \2r -X when r g x ^ 2r. 


2. Six) - x=. 
Take n — 7. 


Take n = G. 


30. Further Restilts. We shall not have space to pursue this 
subject further than to make a few general remarks. We do 
not know at the present time what are the necessarj- and sufficient 
conditions that a function be representable by its Fourier’s 
series. 

It is knot^m that not all continuous functions are representable 
by their Fourier series. Continuous functions exist whose 
Fourier series are divergent. Furthermore, it is known that 
Fourier series may sometimes represent functions which arc 
nowhere differentiable. The theory" of summabilitj' has aided 
materially in stud 3 ing the question as to whether a Fourier series 
of a function represents that function. 

It can be shown that any Fourier series S, whether convergent 
or not, maj" be integrated term hy term between an^" limits; 
f.e., the sum of the integrals of the separate terms is the integral 
of the function /(x) which generates the given Fourier series. 

In 1898, J. W. Gibbs discovered a very curious phenomenon 

"T * 

in connection with the series Gibbs noticed that in 

n ** 1 

the neighborhood of the discontinuity at x = 0, the cuia'cs 
y = s„(x) "overshoot the mark.” Let a„ be the abscissa of the 
greatest maximum of 5 „(x) on 0 < x < ir and let be the cor- 
responding ordinate. As a„-»0, /S„ does not approach -/2, 
but instead approaches a value h = (-/2) (1.0S9 * • • )• Thus 
the cimves y = s„(x) approximate as a limit the configuration 
consisting of the graph of the function f{x) = (t — x)/2 in 
0 < X < 2'r, and a strip of the y-axis from y = —h to y = -{-h, 
where h exceed.? the "jump” of the function by about 9 per cent. 
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This strange behavior is known as the G/bbs ^phenomenon and has 
been extensively studied in general Fourier series (see Fig. 147). 



31. Systems of Orthogonal Functions. The inner product over 
a ^ a: ^ 6 of two real-valued functions f{x) and gix) is defined 
to be 

(/, g) s £ Six) gix) dx. (1) 

If (/> ?) = lbs functions / and g are said to be orihogonal."^ 
The norm of / is defined as 

Nij) = if,f)=£rdx.^ ( 2 ) 

If NiS) = 1, f is said to be normalized. If, for auj' .function /, 

we let <P=f/VW), then Ni^) = if/VW), S/VW)) = 1- 
A S 3 ’'stem of normalized functions • • • for which 



when m tz, 
when m = n, 


( 3 ) 


are said to form a normalized orthogonal, or orthonormal system. 
For example, over 0 ^ x g 2;r, 


_1 cos X sin X cos 2x sin 2x 

VS’ 

form a normalized orthogonal s^’^stem. 

The first n functions (n = 2, 3, 4, • * • ) of an orthogonal 
S 3 ^tem (pi, ^ 2 , • • • , Cn, • * • , are alwaj^s linearly independent. 


See Couraxt-Hilbert, “Mathematische Physik,” I, pp. 40-47. 
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For suppose 91, • * • j pn '^’ere linearl}" dependent. Then there 
would exist constants Ci, • • • , Cn such that 

ClCi + C^ipz + * ‘ ’ “T = 0. (5) 

MultipKdng (5) by and integrating find that 

h^l 

Hence c, = 0, r = 1, - • - , n. 

We shall now show how, from gi’VTn real continuous Iinearl3" 
independent function^^ , orrC^'), • • • we can 

construct linear combinations ci{x), , ^nix), • - • 

of them wliich are orthonormaL Let ci — ai/\/W(ai), so that 
iV(ci) = (c?i, Cl) = 1. Select Cn such that ci = — cnci is 

orthogonal to i.e., so that (ci, <pi) — (ci, az) ~ Cn(cj, c;) = 0. 
Then Cn = (s^i, a^). To normalize ci, let ^ = <^2/\/AXci). 
It evident that (ci, c^) = 0. Next let cj = 0:2 -- c;ici — C;tc;. 
where the c's are such that 

(vn <Ps) = ofs) — Czi = 0, (c2, ci) = (cj, as) — Czz = 0. 

Thus C21 = (s?i, as), c- = (c2, az). Let C3 = ci/\/ATci). 
Then C2 is orthonprmal to ipi and v*;. In general, let 

n 

_ j __ _ _ 

\/A^ (c^ )^ ^’■*—1 ar^i * * * . 

The set ^1, C2. • « * so constructed forms an onhoiionnal 
system. 

Let 91, • • • be an orthonormal system, and let /(x) be 

SLny real function of the real variable x on a ^ x Let 

Ck = if, Ci). It can be shown from the fact that 

that 

n 


( 6 ) 
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pro'^’ided ci, • • • , Cn are independent. This inequality is 
called Bessel’s inequality. 

Let f{x) be a given real function of the real variable x. What 
values must the coefficients yh have in order that / be approxi- 
mated in the sense of “least squares” by means of the linear 

n 

relation ^'rm-i^vhere.pi, • • • , form a normalized orthogonal 
system; i.e., in order that M = fY / — 

“\ t=i 

mum? Now 


^ dx be a mini- 


M = Cf d^+X - CkV - 

° fc = i 




Hence in order that ilf be a minimum, yi = Ck for all values of 
k = 1, ■ • ■ , n. 

If M = 0, then (7) with ct = (/, vk) gives 


X ‘^1 = ( 8 ) 

k==l 

An orthonormal system • is said to be complete if there 

exists no orthonormal system ai, 0 : 2 , * ' * of which • • • 

is a proper subset. 

In order that ^ 1 , ^ 2 , • ■ • form a complete orthogonal system, 
it is sufficient that completeness relation (8) liold for all con- 
tinuous functions /. 

Suppose that throughout a ^ x f{x) can be represented 
by a convergent series of the form 


K^) = (9) 

1 

where ipi, <P 2 , • • • form a complete orthogonal system. If, 
furthermore, (9) is uniformly convergent, then the series obtained 
from (9) by multiplying by <p„ can be integrated term by term. 
Since the <p’s are orthogonal, we have 

f(^) <Pn(x) dx = c„£’ [^„(x)]2 dx, 


( 10 ) 
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from which we liave 


= (n = 1, 2, • • • ) 111) 

K<Pn, <Pn) 

If the Ip’s are normalized, then 

Cn = (/, ¥>n). (n = 1. 2, • • • ) 

EXERCISES XXVin 

1. Show that (4) is an orthonormal system of functions over the intciwnl 
0 g x ^ 2r. 

2. Show that the system of Legendre polynomials form an orthogonal 
system. Find the normalizing factors for the I-Kigcndrc polynomials. 

3. Show that if the system <rt(x), • i s orthogonal, then the sys- 
tem \^l(x), \pz{x)j • ‘ • with ~ y*) is orthonormal. 

4. Two complex functions / and (7 of a real Tariablc x arc said to be 

orthogonal if (/, = (/*, g) = 0, where /* is the conjugate of . 

If Af(/) = /J I/I* dx — 1, then /(z) is said to be normalized. Show that o\ cr 
—X ^ X g d-TT, • • • is a normalized 

orthogonal system. 

5. Show that (/, <7) satisfies Schtrarz*s iiir quality 

(f.g)* ^ (JJKu.gl (1^) 

Hint: (/, gY = {/,/)(g, g) - {//K[/(i)ffU) ~ /($)p(x)p dx d^. 

0. Show that the equality in (12) holds if and only if/ and g are propor- 
tional. 

7. Construct from 1, x, x^ - ' * , x""'^ a set of orthogonal functions fer 
the intcrv\'il —1 ^x ^ -fl. Do not normalize. 

Atw. 1, X, X* “ L • 

8. Show that/o(x). /i(x), ■ ■ • ./^(x), where 


/n(x) = -^[(^ - n)”(x - h)^h 

dx" 

is a set of nonorthonormal orthogonal functions. Construct this set of 
functions from the set, 1. x, x% x^ ■ • . 

9. Prove Bessers inequality (G). 

10. Prove: If condition (8) is satisfied, any function orthogonal to everj’ 

member of the system * * * vanishes idcnticallj'. 

11. Show that if any member of a complete system S be removed, the 
remaining system will not bo a cojJipletc system, 

12. Show that (/, (?) has the following properties, where / and g are 
suitable complex functions of the real variable x and where a is a complex 
number: 

(fy ag) = «♦(/, g), 

Vr gt + 9i) « (Jy 9i) 4 - (/, 9:)^ 
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Nlaf) = \a\m(f). 

\(f, s)i ^ 

N{f, +/s) g Nf, + NU 

IN{J + g)r- g ]N(J)F + 2[A^(/)][A'(^)] + [J7(!7)]^ 

N(f 0. 

N(f — g) = 0 if and only iff = g. 

N{j -h) ^NU -g) + N{g - h). 

13. Prove: 

+ » 

If V 1 ¥>!, ■ • • ) ¥>!•) • • • is an orthonormal set of functions, then ^ oibk* 

fc<=i 

is absolutely convergent for every f and g. Here ai, = (/, ipjt), bk = (g, n). 

-f* TO 

When/ =3, 2) ^ 

14. Let ipij ^ 2 , • • • be a complete orthonorraal set and suppose / and g 
are suitable functions. Show: 

(a) If (f ^n) = 0 for every tfien / = 0. 

+ 

(b) For every/ and {J,g) ^ ^a 4 rbi:*,a„ = (fj*pn)jhn = fev?n). (Parse- 
vaVs identity) 

15. The functions ^ 2 ( 2 :), • * • are said to be orthogonal (over the 

interval a ^ x ^ b) relative to the iveight ftiTvction p(a;) if 

p(a:)<pmWv^«(x) dx - 0 when m ^ n. 

Verify that the foUovdng systems of functions are orthogonal with respect 
to the weight function indicated : 

(a) The Legendre pol 3 ''nomials over the interval —1 ^a;^l;p(x) ==1. 

(b) The Hermite polynomials over the interval — «> < x < + co; 
p(x) = 

(c) The Laguerre polynomials over the interval 0 ^ x < co;p(cr) ~ 
(Hint: consider the differential equations satisfied by these functions.) If 

2 

p(x)lf(x)]-dxj show that N((pn) = ~ — -—in (a); N(<pn) == 2"n! 
« 2n -f 1 

in (b); and N(tpn) - (n!)- in (c). 



CHAPTER y 

FUNCTIONS OF A COMPLEX VARIABLE 

1. Introduction. In this cliapter we shall study the elements 
of the theory of anahiic functions of a complex variable. This 
theoiy has been found to be of the utmost importance and value, 
not only to mathematicians, but also to engineers and phj^sicists. 
The theorj" of the two-dimensional flow of heat, electricity, and 
fluids is studied through the medium of anal 3 i:ic functions; the 
theoiy of maps is intimatelj' related to the subject; the solution 
of manj' of the ordinarj^ differential equations which arise in 
electric-circuit theoiy' is greatly aided b}' the use of complex 
numbers; in the rapidh' growing field of aerod^mamics the 
methods of the theoiy- have found wide application. 

The earh- mathematical theoiy- of analytic functions was 
largely- developed under the influence of Cauchy (17S9-1857), 
Rieraann (1826-1866). \Ycierstrass (1S15-1S97), and their 
students. 

PART A. COMPLEX NUMBERS 

2. Complex Numbers. Let (r, ij) be an ordered pair of real 
numbers. We shall represent the number pair (x. y) by the 
s^Tnbol* X + yif and we shall speak of x -p yi as a complex 
number. In the notation x + yi\ the sjnnbols z. yi, and + have 
(as yet) no meaning whatever, and x 4- yi should be regarded 
as a single sjnnbol. The number x is called the real part, and 
y the imaginary part, of the complex number x + yz‘; if c = x + yi, 
then the real and imaginar}' parts of z are sometimes denoted b}' 
(H(r) and ^ 1 ( 2 ), respectiveh'. A complex number 0 + 7ji in which 

* A number pair (t, y) may be represented in other ways, such as by a 
vector or a point. Because complex numbers and vectors are added in 
essentially the same way, complex numbers and vectors have many prop- 
erties and applications in common. In fact, the only thing that distinguishes 
a complex number from a vector is the law defining multiplication, so that, 
as long as multiplication is not involved, complex numbers and vectors may 
be used indiscriminantly. 
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the real part is zero is called a pure imaginary number; the 
number 0 + li is called the imaginary unit. (It should be 
remembered that an imaginary number is in no way considered 
as an “imagined” number. We would prefer not to use the 
word imaginary, but its nse is so universal that we retain the 
term here.) We shall write x + 0 / merely as x, and 0 + yz as yi. 
Thus, z = X + yi is representable by x alone if and only if y = 0 ; 
moreover, z = x yi is representable by 0 if and only if both 
X = 0 and y = 0. 

If zi = xi + yii and Zz = Xz + y^i, where of course Xi, Xz, yi, 
and yz are real niunbers, then we define the sum of Zi and Zz to 
be the complex number 

2i + Zz = (2:1 + 2/1O + (2:2 + yzi) = (2:1 + 2:2) + iVi + y2)i, (1) 

and the product of zi and zz to be the complex number 


Z1Z2 = (2:1 + yii){xz + yzi) 

= (2:12:0 - yij/o) + {xiyz + xzyi)i. ( 2 ) 

It follows directly from (1) and ( 2 ) that 

Si + Zo = 20 + 2i, ( 3 ) 

Zl + (Zo + 23) = (21 + Zz) + 23, ( 4 ) 

ZlZo = ZzZi, ( 5 ) 

21(2023) = (2 i 2 o)z 3, (6) 

2l(Zo + Z3) = 2 iZ 2 + 21Z3, ( 7 ) 


these relations being known, respectively, as the commutative and 
associative laws for addition, and the commutatiA^e, associative, 
and distributive laws for multiplication. 

If we set yi == 0 in ( 2 ), we see that 

.TiZo = {xi + Oi)(xz + yzi) — XxXz + X\yzi. (8) 

In particular, if xi = 1, it follows by (8) that Izo = 22. AVe 

shall denote the number Iz' merely by i. 

If we set 2i = y and 22 = i in ( 5 ), we see that yi = iy. Hence 

.r + yz = 2: + iy. (9) 

We define the symbol x — yi to mean x + {—y)i. If 

2 = 2: + yi, we define -z to be {-x) + (-y)z = -x - yi. 
If we set xi = —1 in (8), it follows that ( — 1)Z2 = —Zz] in 
particular, (— l)z' = —i. 
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We define the difference — 22 to be 2i + ( — 22). By (1), 

2 i — 22 = 2 i + (—22) = + yii) + — y 2 t) 

= (xi — X2) + (t/i ““ 2/2)?. (10) 

If 2i = 22, i.e., if xi = X2 and iji = 1/2, then by (10), 21 — 22 = 0. 
Conversely, if 21 — 22 = 0, then by (10), 

(xi — X 2 ) + (tji — 1 / 2)1 = 0. 

But, as remarked above, this situation occurs only when 

xj — X2 = 0 and yi — y^ = 0, 

i.e., when Xi = X2 and 1/1 = 1/2, so that 21 = 22. Thus, (wo com- 
plex nnmhers arc equal when and only when their difference is zero. 

If we set Xi = X2 = 0, 1/1 = 1/2 = 1 in (2), and if we denote 
a b}’^ i-y then* 

{2 ^ a = (0 + l7)(0 + It) = -1 + Of = -1. (11) 

We define the conjugate 2* of 2 = x + yi to be 2* = x — y/. 
Evidently, 

22* = (x + i/0(^ - yO = x= + = 2*2. (12) 

Likewise 

(Zv + 22 )* = 2x* + 22*, ( 21 C 2 )* = 2i*22*. (13) 

It is seen b}’^ (2) that the product zjz^ of tico complex numbers is 
zero if one {or both) of the factors Zi, 22 are zero. Conversely y if 
the product ZiZz = 0, then cither Zi or 22 (or both) ?nust be zero. 
The proof is quite simple: If ZiZz = 0, then 

2 i*( 2 i 22)22* = 0. 

But 

Zi*(ziZz)z2^ = {zi^Zi){zzZ2*) = (x= + ?/f)(xi + 7/;) - 0. 

* Equation (11) must not be interpreted as sliov/ing that i = -x/ —1, As 
indicated above, i denotes an ordered pair of real numbers, namelj', the 
number pair (0, 1), and Eq. (11) shows merely that the product of this 
number pair by itself is, according to (2), the number pair ( — 1, 0). The 
operation of taking a square root of a com plex number has not yet been 
defined, and it T\-ilI be seen later that \/~^ has meaning only when regarded 
as the result of an operation on the number pair (—1,0) leading to the num- 
ber pair (0, 1). 
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Hence either xf + y? = 0 or z% y\ — 0, or both. If 
xl + yi = 0, then zi = yi = 0, so that Zi - 0. Likewise, if 
xl + yl = 0, then Zo = 0. 

If we set Xi = l/w, w ^ 0) iii (S), it follows that 


5r" = £= + % 
It u u 


Thus we maj’^ divide a complex number by a real number (other 

than 0). If zi = Xi + yii and Zn X 2 + yni, and if there exists 

a complex number q such that 

ZiQ = Zj, (14) 


then we say that zo and Zi have the quotient q — zo/zi. To deter- 
mine q we observe that, if (14) holds, then 


If Zl 


2i*Zig = (a-i + y'M = Zi*Z2- (15) 

0, so that x\-\- y\ 9 ^ 0, then bj^ the latter part of (15), 


Zi*zo _ (.Ti — yii){x<i + ijiC) 

O I o «> I o 

+ yi + Vi 


ZlX^ + 2 / 12/2 , Xitji — Xitji . 

z-i + yi xl + y\ 


(16) 


It is seen that this value of q satisfies (14), for 


:ig = Zl 


Z 1 Z 2 


ZiZi* 


Xi + 7/1 Xi + ifi 


3. Geometric Representation of Complex Numbers. Let a 
right-hand cartesian coordinate S 3 ’'stem be set up in a plane (P. 
Associate vdth each complex number 
z == X + yi the corresponding point (x, y) 
in the plane (P. Then each complex number 
z — X + yi is represented by exactly one 
point (x, y), and converselj’’, to each 
point (x, 7j) there corresponds exactly one 
complex number z = x + yi. The x-axis is often called the 
real axis and the 2 /-axis the imaginary axis. (Why?) The 
complex number 0 = 0 -f Oi is represented by the origin of 
the coordinate system. 

Let (r, 6 ) denote the polar coordinates of the point (x, y) 
constructed in the usual manner, vdth 6 .chosen so that r is 
positive. Then 
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r = + 2 /" = 


cos 0 = -j 
r 


sin 6 = 




(1) 


The number r is called the absolute value (or 77wdtihiSj radhis 
vector) of the complex number z x + yL The symbol \z\ 
is also used to denote the absolute value of 2 , so that 

|e| = r = VSP. (2) 

The number 0 is called the a7?ipliludc (or ore, argu7?icnl, ai^gle) of 2 . 
While for a given complex number 2 0, there is but one 

amplitude 0 such that 0 g < 2^7, there is also an amplitude 
bct^Ycen 27r and 47r, an amplitude between 47r and 6;r, etc. The 
term amplitude may refer to the smallest positive number 0 in 
(1), or it may refer to any number of the set 0 + 2/i7r, where n 
is any integer. The amplitude of 2 is sometimes denoted by 
amp z. It is readily shown (see Exs. I, 4, 5) that 


^2! ^ \^\ 4 - <^2! = 4 - I22I, 


= ill if 2, 0. 


(3) 

(4) 


It follows from (1) that any complex number can be represented 
in the form 


2 = 0 - + yi = r(cos 0 + i sin 6). 


(5; 


For example, 

— 5 = ~5 + Of = 5(cos TT + f sin tt), 

5/ = 0 + hi = 5^cos “ 4- f sin ~ 

However, 0 in (5) may have infinitely many different values. 
Hence each complex number 2 = x 4“ 2/f may be represented 
in the form (5) in infinitcl}’’ many ways. In fact, because 
cos (0 4" 2kTr) = cos 0 and sin (0 4" 2hTr) = sin 6 for any integer 
ky we may write 


2 = r(cos 0 + f sin 0) 

== r[cos (0 4- 2^*r) 4* i sin (0 4- 2^*7r)]. (6) 

Another method for representing geometrically a complex 
number zi = xi + yd is by means of vectors. By a vector we 
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shall mean a directed line segment OA. If 0 is the origin (0, 0) 
and if A is the point (a;i, t/i), then the complex number 

Zl = xi -j- 


is represented by the vector OA (see Fig. 149). Thus, to each 

number Zi there corresponds one vector OA from 0, and con- 

■ ■ ^ 

versely, to each vector OA from 0 there corresponds exactly one 
complex number zi. 



Using formula (1) of Sec. 2, we may give a geometric construc- 
tion for the sum 2 i + Z 2 of two complex numbers Zi — Xi-\- yd 

and zo = X 2 -h Vii. Let Zi and zo be represented by the vectors 
— > — > 

OA and OB as indicated in Fig. 149. If C is determined as 
the fourth vertex of the parallelogram OACB, then OC is the sum 

— y — > 

of OA and OB, and OC represents zi 4- Zo. This construction is 
called the parallelogram law of addition. 

In Fig. 150, OE represents — Z 2 . It is seen that OD is the sum 

of OA and OE, and OD represents the difference Zi — Z 2 . 

To construct the vector representing the product Z 1 Z 2 , let us 
write 


Z 1 Z 2 = ri(cos 01 + i sin 0i) • r 2 (cos 02 -f i sin 02) ( 7 ) 

= rir 2 [cos (01 + O 2 ) -f i sin (0i + 02)]. 

It is seen by (7) that the modulus of ZiZ^ is equal to the product 
of the moduli of zi and Z 2 , and that the amplitude of Z 1 Z 2 is the sum 



564 


HIGHER MATHEMATICS 


[CUAP. V 


of ihe ampJit tides of zi and z*, L-et the vectors OA and OB 

represent Zi and and let OV represent the number 1. On OB 
construct a triangle OBF similar to triangle OUA. Angle BOF 

equals angle UOA, and angle UOF is 
the sum of angles UOA and UOB. 
Moreover 

OF _ OA _0A 
OB OU ^ I ' 

so that OF^^OA-OB. Thus OF 
represents r;r; (see Fig. 151). 

By (16; of Sec. 2, the quotient z^/zi may be tvritten in the form 

~ £r — ELA- — ri(cos 6i — i sin Bi)rt{cos Oz ri- i sin g;) . . 

^ Zi zUzi r|(co5 6i — i sin ^i)(cos d" i sin 6i) ^ ^ 

= [cos {fiz ~ di) -r 2 sin f^?: — 

T\ 

Thus the modulus of z^fzi is (he gnotient of the rnoduli cf i; and rj, 
and (he amplitude of Zz/zi is ihc difference heiircen the amplitudes 
of zz and z^. A quotient may be constructed geometrically in 

much the same way as a product. Thus, in Fig. 152, OA repre- 
sents the quotient of the compk'.’^ number OF divided by the com- 
plex number OB. 

If in (S) we set r- = L Zi = r. then (S) assumes the special 
form 



1 


-[cos fO — 6) -r i sin (0 — 6)] 

1 r* 

- (co= 6 — : sin 0) = 
r r- 


(9) 


Thus the modulus of 1/z is the reciprocal of the modulus of r. 
and the amplitude of 1 /z is the negative of the amplitude of z. 

If n is a positive integer and if tr = r(cos -r f sin ^), then by 
(7) we have De Moivres theorem: 


tr' = [r(co5 ^ -b 1 sin = r‘'(co5 -r i sin reff). (10) 

We define an nth root of a number z = i?(co5 ^ + f sin 0) to be a 
number tr = r(cos rl/ -r i sin •^) such that 
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W" = 3 , • ( 11 ) 

and we write w = s'-'”. (6) we may write 

2 = i?[cos (0 -f 2/c7r) + i sin {9 -{- 2kTr)], (12) 

where k is zero or any other- integer, and where we may suppose 
9 to be the smallest nonnegative amplitude of z. By (10) and 
( 11 ). 

r"(cos nxp + i sin •/z^) = B[cos {9 + Sfcvr) + i sin {9 + 2kir)]. 


Hence 




, 9 2k'!r 

\f' = 


n 


where denotes the positive real nth root of R. 
that 


(13) 


It follows 


IV 


_ _l/.l 


•'^2 = COS 


9 -}- 2k‘!r 


+ i sin 


9 + 2kv\ 
n / 


(14) 


By assigning to k the values 0, 1, 2, • • • , « — 1, \ve obtain n 
distinct complex nunibcrs, each of which is an nth root of z. 
If we assign to k any other positive or 
negative integral value, the resulting am- 
plitude vnU differ by an integral multiple 
of 27r from an amplitude of one of the above 
roots, and we obtain merely another repre- 
sentation of this root. Thus there are 
exactly n distinct nth roots of any nonzero 
complex number. In fact, the points 
representing the 7ith roots of z all lie on 
a circle of radius "v^ and form a regular 
polj'^gon of 71 sides, one vertex having the amplitude 9/n. 

Fig. 152.) 

If p/q is anj"- positive rational number, then by (10) and (14), 



Fig. 152 . 


(See 




cos ^(0 + Sfeir) 4- i sin ^{9 + 2kir) 

(fc = 0, 1, • , g - 1) (15) 


This result also holds when p/g is a negative rational number, as 
may be seen by letting p/q = — m and noting that 
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2 ” r'”[cos 7n{0 + 2A*r) + i sin 7n{0 + 2/:r)] 

= r~^{cos [ — 77?(0 + 21:-)] + ? sin [-'m(e + 2/i7r)]j. (16) 
Example 1. Find the 5th roots of 32. 

Since 32 ~ 32[co3 (0 + 2/:r} -r i sin (0 -f 2/:r)], it follows that 

• / 5 / — f 0 A" 2/:x ... 0 2tr\ 

32^^ = v32( CO'S ; h t sm ;; )• 

By assigning h the values 0, 1, 2, 3, and 4 we find that the fifth roots of 32 are 



In Sec. 8 wc shall define the S 3 Tnbol b}" the formula 

z = re'® = r(cos 0 + i sin 0), (17) 

and we shall show that is .subject to the v/elbknown laws of 
exponents. In particular, 

(rir*^)(r2C*^0 = 

This result brings out the fact that we are merel}' restating a law 
of exponents when we sa}" that multipljdng complex numbers 
we add amplitudes” [cf. comment following (7)]. Likewise, 
the significance of division and the taking of powers or roots is 
made clear from the relations 

(rc'O” = 

rs 


EXERCISES I 


1. Prove relations (3) to (7) and (13) of Sec. 2. State these relations in 
w'ords. 

2. Show that (H( 2 ) = (r -f c*)/2 and that ^(r) ~ (? — z*)/2i. 

3. Show that [ci — 22 ] is equal to the distance between the points 
representing zi and rj. 

4. Prove relations (4) of Sec. 3. (Hint: Use (2).] Show that 

|zi2; • ■ • Znl = (zi! • |z:l |:,| 

and that 

\z^\ ~ |rh. (n a positive integer) 

5. Prove relation (3) of Sec, 3. 

6. Show that (r[ — ~ — ) -f- (h{ — ^ — ) = 1. 

\zi 4 - 22/ Vi -h 22/ 
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7. (a) If Si == 2 + Si and Zz - ^ — 7t, find si + zzy zi — zzt SiSs, and 
zi/zz. Verify your results by graphical constructions. 

(b) Repeat part (a) with zi = — 1 + 2i and zz ~ —2 — i, 

S. Find the modulus and amplitude of: 

1 + i^/s, —7, — 9f, 24 — 23t\ Represent these results graphically. 

9. Find by numerical and graphical methods: (3 •“ 4f)“, ('-1 + 

(1 - (1 + 

10, Find by numerical and graphical m'fetlmds the n nth roots in each of the 
following cases: '\/l? ^>^128, *^—8, ^2+ Si, 



11. Plot the numbers zi = zz - Sc-^'^\ zizs, sj, sj/s?, 

Si “h S2, Si — S2. 

12. If Wi, Wz, and 1 are the three cube roots of 1, show that u^t — 
u’i = icz, 1 d" + tr2 = 0. 

13. Let z be represented by the vector OP. Show that the operation of 

— * 

multipljdng z by t may be interpreted as rotating OF counterclockwise 


through the angle 7r/2 without changing the length of OP. Interpret the 
operation of multiplying z by; —1; a positive real number a; a negative 
real number a; —i; hi (5 real, positive or negative); 2 + t; a -f* bi; rc*^. 

14. An airplane is fljing in a liorizontal plane and is headed due north. 
Its airspeed is 175 miles an hour and it is being carried to the cast of north 
hy a wind blowing in the direction of northeast at 50 miles an hour. Find 
an expression of the form z — x + iy for the resultant velocity of the air- 
plane. Express the resultant speed and direction in 
terms of z, and find these quantities numericall}^ 

15. Let P denote a point on the circumference of a 
wLeel 3 ft. in radius. The wheel rotates about its 
center at the rate of 120 r.p.m. Find an expression 
of the form z = a -V hi for the position of the point 
P at any time if at t =0 seconds, P lies on the a:-axis. Also, find a similar 
expression for the velocity of P at any time. 

16. If in problem 15, Q and R are points on the line OP 30 and 40 in,, 
respectively, from 0, find expressions for the position and velocity of Q 
and R at any time. 

17. Suppose that the w^heel in problem 15 is a car w’heel and that it rolls 



, Fig, 153. 


] along a tangent straight track at a uniform rate of 75 m.p.h. 

Find expressions for the position and velocit 3 ^ of Q, P, and P. 
IS. On the inner side of the wdieel in Exs. 15 and 17 is 
f mounted a circular gear wdth its center at the center of the 

y O j wheel and an effective radius of 30 in. A smaller gear of 
effective radius 8 in, is mounted wdth center on a vertical 
Ft 154 through 0 and is enmeshed with the larger gear. Find 

* an expression for the position and velocity of a point iS on 
the circumference of the smaller gear under the assumption of problem 15; 
also under the assumption of problem 17, 
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PART B. FUNCTIONS OF A COMPLEX VARIABLE 

4. Functions. The definitions of a complex variable and of a 
function of a complex variable are quite similar to the definitions 
given in Chap. 1, Sec. 2 for a real variable and for a function of a 
real variable. 

A complex variahle is a symbol having complex mimbers for 
values. 

If a complex variable xv has one or more complex values for 
each value of the complex variable z in some subset D of the set 
of all complex numbers, then this variable xo is called a complex 
function of z defined over D, If to each value of z in Dj there 
corresponds exactly one value of the variable te, then xv is called 
a single-valued complex function of z defined over D, 

A polynomial {rational integral* function) in the complex varia- 
ble 2 is a function of z of the form 

UnC” + + * * * + (1) 

where a„, On-i, • ■ * , ao arc complex constants and n is a positive 
integer or zero; if On 0, the polynomial is said to be of degree n. 

By a rational {fractional) funciion of z is meant the quotient of 
two polynomials in z ha\ring no common factor, i.e., a function xo 
of the form 

hr.z^ + ^ + bo 

where m and n mny be any two nonnegative integers. 

Wliile a poljmomial is defined for all values of z, the region of 
definition of the rational function (2) cannot include points where 
the denominator vanishes. 

All algebraic complex functions which arc not rational are called 

irrational fxinctions. 

Let {70(2), gi(2), • ‘ • , g„(2) be pol3momiaIs in 2. The equation 

go{z)xv- + g:{z)xo--^ + g,{z)xv^-- + ' * • + g.{z) = 0 (3) 

is said to be reducible if it is possible to express the left member 
of (3) as the product of two polynomials P and Q with complex 
coefficients, where neither P nor Q is merely a constant. Equa- 

* An integral function is sometimes called entircy since such a function is 
defined ever3^vhere over the entire z-pinne. 
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tion (3) is said to be irreducible if it is not reducible. We say that 
to is a complex algebraic function of z when w and z are related 
by an irreducible equation of the form (3). 

Evidently, all rational functions w are algebraic functions. 
All nonalgebraic functions are called transcendental. For exam- 
ple, it is known that the logarithmic and trigonometric functions 
are transcendental. 

If w is a complex function oi z — x iy, say w — ^{z), then 
w can be expressed in the form w = u{x, y) iv{x, y), where u 
and V are real functions of x and y. That this is true is evident, 
for if w = u + iv, where w is a function oi z = x iy, then w, 
and hence u and v, must be determined for each pair of values 
of X and y in the domain of definition of w. For example, if 
IV = l/(z — 1) and z = .r 4- iy, then 

1 1 
7/1 = — 

(x + iy) - 1 {x — 1) + iy 

= - 1) 1 J -y 

{x - 1)2 4- y- ^ 1(.T - 1)2 4- y\ 

Conversely, every expression of the form to = u(x, y) 4- iv{x, y) 
represents a function of z = a; 4- iy, for the determination 
of z implies the determination of x and y, the determination 
of the functions w and v, and hence the determination of w. Thus 
{x- — y-) 4- i(2xy) = (.r 4- iy)' and x — iy are functions of 
z = a: 4- iy- (We shall show in a later section that x — iy is 
not a rational function of z = x 4" iy.) 

Suppose w = f{z) = u + iv, where z = x 4- iy. If one at- 
tempts to graph w as a function of z, a figure in four dimensions 
is suggested by the presence Of the four variables x, y, u, v. 
However, it is customary to represent the values of z = x 4- fy 
by points in a z-plane with coordinates x and y, and to represent 
corresponding values oiw =f(z) = u + iv by points in a ta-plane 
vuth coordinates u and v. Thus, in Fig. 155, the point (1, 2) 
in the z-plane and the point (—3, 4) in the w-plane represent a 
pair of corresponding values of z = x 4- ty and w = z^. Again, 
if z varies so as to trace out some path in the z-plane, then w 
varies in a corresponding manner to trace out a path in the 
ro-plane. Since (z — zo| represents the distance from z to zo 
(see Ex. I, 3), the condition |z - zo| < 5 implies that z lies in a 
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circle with center z and radius o; the condition e 

admits of a similar interpretation in the le-plane. 




5. Limits and Continuity. The concepts of limit and con- 
tinuity carrj’' over directly from real variables to complex 
variables. 

Dcfixition 5.1. If fiz) is a covx'plcx sivglc-vahtcd function of 
the complex variable if U’o and zo arc complex nmnhcrs, and if for 
each preassigned positive mimhcr e there exists a positive number 6 
snch that \f(z) — wo\ < efor all vahics of zfor rchich 0 < [2 — Zo| < 5, 
then Wo is denoted by lim f{z), and xvo is referred to os the limit of 

f(z) as z zq. 

We leave it to the student in Ex. II, 2, to interpret this defini- 
tion geometrically ^^dth the aid of Fig. 155. As in the case 
of real variables, this definition implies that f(z) is defined over 
some circle about Zo as center (except for Zo itself). This defini- 
tion may be extended in the manner indicated in Ex. IV, 27, of 
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Chap. I, and we shall make free use of this extension wherever 
occasion arises. 

As an immediate consequence of Definition 5.1 we have 

Theorem 5.1. A necessary and s^iijfident condition that 
y) = f{z) = y) + iv{Xy y) have the Iwiit xoq = Wo + 

2 = X + iy approaches the limit Zo xo + iyo i^ that 

lim n = Vo and lim v = Vo* 

T—^xo,!/— >1/0 X— ♦xo.y— *1/0 

Definition 5.2. If /(s) is a complex single-valued function of 
z, and if (l)/(zo) exists, (2) lim f(z) exists, and (3) Umf (z) = fizo), 

- — ►jo 

then f is said to be coniimwvs at z = Zq. If is coniixuwtis at 
each point z of some subset D of the set of all complex numbers^ then 
f{z) is said to be contimious over D, If f{z) is not continuous at 
z = Zoy then f{z) is said to be discontmuozis at z = Zoj and zq is 
called a point of discontinuity of f(z). 

As an immediate consequence of this definition we have 

Theorem 5.2. A f imction f{z) is continuous at z — Zo zvhen and 
only ivhen (1) f{zo) exists, and (2) for each positive number e there 
exists a positive number 5 such that 

1/(2) — fi^o)\ < t when \z — Zo\ < S. 

This theorem is sometimes taken as the definition of continuity 
of /(s) at z = Zo. 

As an analogue of Theorem 5.1 we have 

Theokeji 5.3. 1/ z = x + iy, a necessary and sufficient condi- 

tion that f{z) = u{x, y) + iv{x, y) be continuous atz = Zo = Xo -f- iyo 
is that u{x, y) and v{x, y) be contimtous at the point (xo, yo). 

A neighborhood of a point Zo maj’- be defined as in Sec. 15 of 
Chap. I. We leave to the reader the proof of 

Theorem 5.4. If f(z) is contimious at some point zo and if 
f(zo) 0, then there exists a neighborhood N of Zo over which 
/( 2 ) ^ 0 . 

Suppose /(z) is continuous at each point of some region D. 
Let Zo be a point of D. Then, € being any arbitrarily selected 
positive number, there exists a positive number 8, depending in 
general upon e and Zo, such that 


l/(z) - /(2o)i < e 


when |z — zo| < 6. 


( 1 ) 
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For a fixed 6 , the value of d may decrease if some other point Zi 
of D is used instead of zo, and o raa}’^ further decrease at another 
point 22 . In fact, it may be necessarj" to so restrict the value of 5 
that, as Zo ranges over D, 8 becomes arbitrarilj' small. However, 
if it is the case that, for any value of €, there alwaj's exists a fixed 
8 independent of Zo in D, and for which (1) holds, then we say that 
f(z) is 7i72ifor77}hj co?7timwus over D. 

Let R be a set of points in the z-plane. If there exists a posi- 
tive number d such that jr] < d for every point of i?, then R is 
said to be hounded, A svnpJe dosed curve C in the s-plane is a 
continuous curve which divides the 2 -pIane into exactly two parts, 
one of which is bounded; the bounded part, together vith the 
bounding cun'e (7, is called a dosed region, (This concept may 
be described in many other wa 3 ’'s, but we shall not go into the 
matter here.) 

The following theorem is an extension of Theorem 8.7 of Chap. 
IX, and mny be proved in the same manner as this latter theorem. 

THEOREii 5.5. If a fzindion f{z) of a complex variable z is 
continuous over a bounded dosed region Z), then it is unifornihj 
continuous over D, 

The following two theorems follow direct I 3 ’ from Theorem 8.3 
of Chap. IX. 

Theorem 5.6. If f{z) is contimious throughout a hounded 
dosed region Z), then (here exists a positive mnnber M such that for 
all values of z in Z>, j/(2)l < M. 

Theorem 5.7. ///(s) is continuous throughout a bounded dosed 
region D, then l/(r)| has a finite least upper hound U in Z), and 
1 /( 2 )! actually attains the value U at so77ie point zq of D, 

EXERCISES n 

1. Prove Theorems 5.1, 5.2, and 5.3. 

2. Translate Definition 5.1 into geometric language. 

3. Find the limit of f{z) ^ (r^ — 3x2/^) -p t(3x*i/ — y^) as z approaches 
5 — 3i. 

4. Prove that f{z) s log (x= -f !/*) + i arc tan ^ is continuous for 

X* — 

all finite values of r = x -h ly except r — 0. 

5. Let S» ^ 4- 2 /* ~ = 0, Ti = 1, 2, 3, • • • , be a sequence 

of circles. Prove lim Sn e.rists and is the origin, 

ee 
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6. Prove that every polynomial in z is uniformly continuous in any given 
boxinded region. 

7. Let f{z) = ( 2 - + l)/(r- — 1). Prove that in the region bounded by 

1 /( 2 )! has a finite least upper bound. Does \f{z)\ have a finite 
upper bound ^yithin the region bounded by x- + — 1? Discuss. 

8. Give a geometric interpretation to the notion of uniform continuity. 

6. Analytic Functions. We shall define the derivative of a 
function f{z) of a complex variable z in much the same manner 
as we did for a function of a real variable. 

Definitiox 6.1. Let f(z) denote a complex^ single-valued func- 
tion of c. The derivative of f(z) with respect to z is defined to be 
that functio7i f (z) of z such that 

J'izo) = -f - (1) 

at all pomts Zq tvherc the limit exists^ and such that f{z) is defined 
for no other values of z. 

The laws for differentiating functions of real variables can 
easil}'' be extended without modification to functions of a complex 
variable. That this may be expected follows from the fact that 
these laws depend, when the functions are suitably defined, 
upon the general theory of limits which, as we have seen above, 
hold equally well in the real and the complex number fields. 
For example, 

D:{w\ + wf) = DzWi + DzW 2 j DzW^ = etc. 

(See Sec. 5 of Chap. I, relations 1 to 22.) 

The definition of the differentials dc = dx + i dy and dm, where 
m = /(c), are made in much the same manner as in the theory of 
real variables. The higher derivatives and differentials follow 
as in the theory of real variables. 

Definition 6.2. A single-valued complex function f{z) of the 
complex variable z is said to he anahjtic throughout a region D if 
f(z) has a derivative at every point of D. 

Different writers have used, with various modifications, the 
terms monogenic, holomorphio, and regidar in the sense that we 
have used the term analytic. 

While there is a close analogy between the rules for differentia- 
tion in the real and complex fields, there is an important distinc- 
tion between the two cases in respect to the type of limit involved. 
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Since 2 = x + iy^ the increment Az in r is As = Ax + i Ly. 
In order that As — > 0 both Ax and Ai/ must approach zero. We are 
thus faced with a double limit in the case of a complex variable. 
In order that the derivative of a function /(s) exist at a point z^, 
the difference quotient [/(so + As) — /(so)]/As must have the same 
limit no matter how Ax and Ay approach zero. There are many 
simple functions which do not have a derivative at any point. 
For instance, /(s) ^ x — iy is such a function, since the limit 
of the quotient 

J(z + As) - /(s) ^ [(x + Ax) - i{y + Ay)] - [x - iy] 

As Ax + i Ay 

Ax + f Ay 

is dependent on the manner in which Ax and Ay approach zero. 
(For if we make Ay — > 0 and then Ax 0, then the limit of the 
difference quotient is +1, but if Ax 0 first and then Ay 0, 
the limit is —1.) We are thus led to the conclusion that the 
condition that a complex function /(s) be analytic is far more 
restrictive than is apparent. However, it is due principall}’' to 
this particular restriction that so many fruitful results appear. 
Analytic functions have many properties not possessed by com- 
plex functions in general. In the sections to follow many of these 
properties will be developed. 

We shall now develop necessary conditions in order that 
f(z) = ?^(x, y) + iv(Xj y) bo anal^i-ic, where z — x + iy. Sup- 
pose we first let Ay = 0 and then let Ax 0. We find that 


lim =f = + 

Ar«Ax~^0\As/j, dX dx dX 


( 2 ) 


Next, suppose we first let Ax = 0 and then Ay -^0. We obtain 


f = 1 ™ (f) 

uz Az =aiAi/-**o\A2y X ^ dy X 


d 2 t .dv 
dy 'dyi 


= ££ _ (3) 

dy dij- ^ 


This leads us to the conclusion that if /(s) is analytic, then 


5/ 15/ 5u , .dy dv .dll ... 
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From this, we have 

dll ^ dv ^ {'c;\ 

dx dy dy dx 

This proves 

Theorem 6 . 1 . A necessary condition that f{z) == w + iv be 
analytic at zo = Xo + iyoy is that Eqs. (5) be satisfied at zq. 

Equations (5) are knovui as the Canchy-Riemann differential 
equations or conditions. 

We shall now inquire as to sufficient conditions that J{z) be 
analytic. Since Eqs. (5) arose merely from the fact that the 
limit of A//Az is the same for two particular ways in which As 
was made to approach zero, it does not necessarily follow that 
Eqs. (5) give sufficient conditions that/( 2 ;) be analytic. We now 
prove 

Theorem 6 . 2 . 7 / the four first partial derivatives of n and v 

exist thronghoxd a region Dy and are continuous at all points of Dy 
then the validity of the Caucliy^Riemann conditions is both a neces- 
sary and sufficient condition for fiz) = + iv to be analytic 

throughout D. 

From the assumptions on the existence of the first partial 
derivatives and their continuity, we find with the aid of the 
theorem of the mean, 

All = w(a-o + Ax, 2/0 + Ay) — itixo, ijo) 

= Ui{xb + 01 • Ax, 2/0 + Ay) Ax + it„{xo, yo + 62 • Ay) Ay, 

(0 < 01 < 1, 0 < 0o < 1) 

= [Wx(a:o, 2/0) + ei] Ax + [r<„(a;o, yo) + tji] Ay, 

and 

Av = [t;x(xo, 2/0) + 62] Ax + 2/0) + V2] Ay. 

Then making use of Eq. (5), we find 

Aw + f At) = (t<i + iVx) (Aa; + i Ay) + p, 

where 

P = [(ei + isb) Ax + (571 + irjs) A?/]. 

Hence 

/(gp + As) — /(gp) __ An + i Av _ , , . , P 

As Ax i Ay Ax + i Ay 
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Now ^ |eil + Uzl + |77i| + |?72| 0 as As 0, 

Hence f(z) is analytic at so. 

The necessity of the condition follows at once from the defini- 


tion of analyticity. 

Tiieohem 6.3. If f(z) is analylic ihroughoxii Z), mi only the 
first partial derivatives of v and v, hvt also those of higher orders all 
exist thronglioid D, 

We must postpone the proof of this theorem to Sec. 15. 

Theotiem 6.4. A necessary condition that n + iv he analylit 
in a region D is that in Dj w and v satisfy Laplace's equation^ z.e., 


dhi , ^ 
dx- dy" 


0 , 


and 


dx- dif 


^ 0. 


If XI + iv is analytic^ du/dx =? dv/dy and dv/dy = —-dvldx. 
By Theorem 6.3, we are assured of the existence of the higher 
partial derivatives of and v. Differentiating, wc see 


d:\dx) dAfiy/ di\dy) d}\ dx/ 


SO that 


dx- dy- dx d^ dy dx 


t A similar proof holds with regard to a. 

This theorem shows that, if we wish to construct an anal>d:ic 
function xi -J- iv, we must select for v and v solutions of Laplace’s 
equation. 

If n is chosen so as to satisfy Laplace’s equation, then we may 
obtain v so that n + iv is analytic from the real line integral 


Vi 



du , . du j 

-r- dx + dy 
dy dx ^ 


} 


Since the value of this integral is independent of the path con- 
necting (xo, 2/o) and (x, y), it follows from Theorem 18.13 of 
Chap. II that dvi/dx — —dn/dy and dvi/dy = duldx. Thus 
n + iv\ satisfies the conditions for analyticity and vi is a possible 
value for a. We shall leave it as an exercise to show that for a 
given w, if + ?V is to be analytic, every possible v must have 
the form Vi + c, where c is a constant. 

If t/ is a solution of Laplace’s equation, having second partial 
derivatives, then tt is called a harmonic function, and v\ is called 
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its harmonic conjugate. This terminology appears in physical 
as well as mathematical literature. The Laplace differential 
equation is of great importance in theoretical physics and 
engineering. 


EXERCISES m 


1. Verify the rules for differentiation, given in Sec. 5 of Chap. I, directly 
from Definition 6.1. 

2. Define the differential of Wj where w = /(s). 

If 2 = a: + yi, where x = V = 4^(0 j and where ^ is a real variable, 
show that dz = [<^'(0 + di. 

•^4. Prove that w = + 't(2xy) is analytic everywhere in any finite 

region of the 2 -plane; also for w = z^; for 


w — {x^ Qx^y^ + y^) + z(4a:^ — 4zy^), 


^ 5. Prove that if fi(z) and fziz) are analytic in D, then so isfi(z) +/ 2 ( 2 ^); 
fi{^) ^ fi{z)lf 2 {z)j except at those points for which /a ( 2 ) = 0. 

/6. Prove that if /(tr) is analytic in some neighborhood Ni of lao, and if 
w — ^( 2 ) is analytic in some neighborhood Va of 20 , then f[4>{z)] is an 
analytic function of 2 in some neighborhood of 20 . 

7. Prove that any rational function of 2 is analytic except at those points 
where the denominator vanishes. 

/8. If f{z) ~ 01 ( 2 ) = Xy show that/ is not analytic. 

*^9. If f{z) = \z\^ = x^ “b show that the Cauchy- Riemann equations 
are satisfied only at 2 = 0. Is/ analytic? 

»^10. Is Sx — 3iy an analytic function of 2 = a; + iy? 

^Al. Given tt = x^ -- y\ Find a function v so that tt + tv is analytic. 


Ans, 

A 2 . 

(a) 

(b) 
13. 


xo,yQ 


du da 

— dx i dy 

dy dx 


J^o.yo 


2y dx 2x dy = 2xy — 2xoyo. 


Find V so that n + tv is analytic if : 


u — log* '\/x^ + Ans. V — arc tan y/x + c. 

u = xf{x'^ + y^). Ans. IV = 1 / 2 . 

Find where the following functions of z arc continuous: 


(a) 2 * (b) 


2+2’' 


(c) 


2-'= + 2” 


1 + l2r |2| 

14. Examine each of the functions given in Ex. 13 for differentiability. 

>/i5. Given f(z) == '\/\xy\. Show that the Cauchy- Riemann equations 
arc satisfied at 2 = 0, but that f{z) has no derivative at 2 =0. 

*^16. Given /fe) = - — ■ when z ^ 0, /(O) = 0. Show that as 

/(z) -/(0)1 

0; that as 2 ^ 0 along 


+y 

2 — 0 along any straight line, 

T/w -m 


* = that 


1. Is/( 2 ) analytic at 2 = 0? 
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v^7. Given J{z) = when 2 0, /(O) 0. Show that / is analytic 

for all finite values of z except z « 0. [Hint; examine the bcha\nor of /(z) 
ns r “hO with z *= 

18. Prove the assertion left ns an excreisc near the end of See. G. 

19. Sliow that the curv'cs u = const, and v «= const, are orthogonal when 
« and V arc conjugate. Illuslrale with the aid of Ex. 11. 

20. Prove; (a) The transformation 

W — 'I 

pz 4- 

where or and (i are any two complex numbers satisfying the relation 
aa* — = 1, transforms the circumference of the unit circle into itself 

and llic interior of the circle into itself. 

0-)) If — ora* 1, the transformation maps the interior of the circle 
into the exterior. 

21. Prove: Tlie transfonnation tv =* -^z 4- maps the circles with 

centers at the origin and the straight lines through the origin of the z-plane 
into confocal ellipses and hyperbolas, respectively, in the u'-planc. 

22. If zi, zj, Za, zi be any four distinct points, then •* 

z* ““ Za Zz *“ 

is knou'ii as their cross ratio. Prove llmt tlie cross ratio is nb.'^olutcly 
invariant (unaltered) 1)3' evcr3' transformation of the form 

li’ = (ab - ^7) 0. 

{yz " 6 ) 

23. The general linear transfonnation is 

oz 

w — -* 

cz 4- o 


when a, 6, c, d are constants and ad — be 7 ^ 0. 

(a) Prove that ail circles and straight linos in the z-plnnc arc transformed 
1)3' this relation into straight lines and circles in the t/'-plane. 

(b) The points for which z = w arc called fuced or invariant points. Prove 
that there are two invariant points associated with the transformation given 
above. Arc tliC3' alwa3’8 distinct? 

(c) Prove that the famil3' of circles through the two fixed points and the 
farail3^ of circles orthogonal to them transform into themselves. 

24. Solve the equation 


2 ^ + 4z 4- 7 « 0. 

25. The impedance ^ of a certain clectric-circuit element containing 
resistance li and reactance A" is frequent I}' cxprcs.sed in the form 

^ « 4- A?, 
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when the impressed e.m.f. is sinusoidal and of a definite frequency. R is 
always positive. If two such elements of impedance zi and 22 , respectively, 
are connected in series the impedance Z equivalent to the two impedances in 
series js Z — zi zz] but if the elements are con- 
nected in parallel, the impedance Z equivalent to the 
two impedances in parallel is given by the relation 

1 1 1 
/j I <Cr 2 

Let three circuit elements subject to a GO-cycle e.m.f. 
have impedances z\ = 11 + S20j, 22 “ 25 + 3(>e, Series Connection 
2 * = 7 ~ 3500f, respectively: 

(a) Find impedance equivalent to z\ and 22 in series. 

(b) Find impedance equivalent to 21 and zz in 
parallel. 

(c) Find impedance equivalent to 21 , 22 , and 23 in 
series. 

(d) Find impedance equivalent to 22 , 22 , and Zz in parallel. 

(e) Find impedance equivalent to 21 in scries with 22 and 23 in parallel. 

Note: In electrical engineering many writers use j in place of f, in order 

to resen^’e the use of i for current. 

26. In the computation in connection with transmission line problems 
it is frequently necessary to find the values of "x/ZF and "x/ Z/T, where Z 
is the series impedance of the line and Y the admittance of the line to ground. 
Suppose that for a 25 cycle line, Z = 0.275 + 0.56f and 

Y = (1.78)10-8 -f (4.57)10‘-^£. 

Find VZF and Vz/Y. 

»/27. In both electrical and mechanical work the complex number 

is of great utility.* If A, w and 6 are constants and t is time, this complex 

number is often called a rotating vector. Prove; 

(a) That this vector is of constant length and rotates uniformly with 
frequency / == w/ 27 r. 

(b) The product of any two rotating vectors is a rotating vector with 
frequency equal to the sum of the frequencies of the two vectors. 

(c) State and prove a theorem similar to (b) for the quotient of two 
rotating vectors. 

(d) The sum or difference of two rotating vectors of the same frequency 
is a rotating vector of that frequency. 

(e) Is (d) true with the word same removed? 

28. (a) Find the frequency of each of the rotating vectors: 

(b) Express each of the foilo's^dng in the form of a rotating vector; ( 1 ) 
2i + 22, (2) 2i — 22, (3) 2122, (4) Zi/ZZf (5) Z^ZZ) (6) 22 / 23 , 

* Some writers use A\o}t + $ in place of 
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Fig. 156. 
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29. rind tbe rot-allcg vectors Iia%dDg the ioWjvrwz properties: 

fa) Heal <"0in pour^nt is 5 cos (Z77i 30V 

^>} J rn a ;nJ3 fir;*' cojrjpo.oeul i« 12 fin <“03/ -r 
Heal compon^ .Tt i** 7 fiii 037/ — 37';. 

Iinar:inar>' <‘Ojr)ponf'rjt 5*^ 3 co- 057/ -r 21'}. 

7. Certain Elementaij Functions. In dn? Fection v**c .^hall 
extend the defixntions of certain eJein<'nfan' real fuiiCtioiiF 
er^, rfn r, ' - ' to the field of anahiic function'; of a complex 
variable. 

The Exponcnfial Fund ion er. In extending the dcHnition of <r 
for complex values of c, r/here c = 2.718 - ^ - h the riatural 
ba=e of logarithms^ v;e vri^h: fi; to be the real function c" vrhem 
a a real number x; furthmnore, ive vri'^b to pre=^en'e ns far as 
posT-iblf^ the familiar properties enjoyed by cv namely, that fiij 
for every r = :r -i- iy. t’ ^ u A~ iv be ringle-valued and anah'tic; 
(iii) that drf/dz ^ 

The last reguiremf^nt impli^'S by' (2j of *Sec. 0 that 


or 


7j{u -r iv) 
5r 


= ?/ -r 


bx 


= t/. 




A solution of the first of these differential equations is evd- 
denlly of the form u = e^eft/). B3' Hi), bujhy = —dt/bx, and 
5r//>;r = r, that 

dy '' dy 

Substituting these values of u and v in the equation 


7ju _ dr 
dx ”” dy 


and dividing by c". we have 


Ay'- 


efy) = 0. 


From tbe ihmry of differential equations v.-e knorr that cfj/) 
must be of the form 


v(y) = Cl cos -f Cl rin y. 
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so that 


u = e^(p{y) = (f{ci cos y + sin y), 
J<piy) 


— (f 


dy 


= e*(ci sin y — C 2 cos y). 


By property (i), if 2 = a;, e* = v + iv must be equal to e*, so 
that when y = 0, 

- "»■> "j.-o = 

” + = ” + ’W],.. = 

so that Cl = 1 and = 0. We have now shown that 


and 


w = cos y, V = sin y, 


= e"'"*'’’' = e'^[cos y + i sin y]. 


( 1 ) 


We shall take formida (1) as the definition of e'. 

From (1), we see that = c'l • e^--, where 2i = xi + iy\ 
and 22 = 2:2 + iyi, for 


c^i • erz = [e''i(cos 7/1 + i sin ?/i)][e='!(cos 2/2 + f sin yf)] 
= c^i+®-.[cos (7/1 + 7/2) + i sin (7/1 + yf)] = 


By setting x = 0 in (1), we have 


e’l' = cos 7 / + f sin y. (2) 

It is easy to show that the function e' is periodic, with period 
27rf; i.e., that e'"*"-” = e*. In fact, e' is also of the period 2nTi 
where n is any integer, but e' has no other periods. To show 
this, suppose p = pi + fpo is a period of e\ Then c*'+r = e*. 
Dividing by e', we have e” = 1. Hence 


gp,4-j>j» _ eP,(cos P 2 + i sin P 2 ) == 1, 

so that P 2 = 27i7r, Pi = 0, and p = pi + ~ 2mri. 

Replacing 7/ by (—7/) in (2), we find 

e~'’' = cos y — i sin y. 

From (2) and (3), we see that 


(3) 


gtv -j- g— 

cos y = 1 sin y = 


e"' — e~^'> 
2f 


2 


(4) 
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The Trigonometric Functions. We shall use formulas (4), which 
hold for y real, to define the trigonometric functions cos z and 
sin z : 


cos z 




(5) 


It is easy to show that 

cos z = cosh y cos x — i sinh y sin x, ] 

sin z = cosh y sin x i sinh y cos x, ( ^ ^ 

Since c- is single- valued and continuous for all z, it follows from 
Definition 5.2 and definitions (5) that cos c and sin r are single- 
valued and continuous everA^^vhere. 

Let cos r = u -h it\ From (6), 

n = cosh y cos x, r = —sinh y sin x, 

EAidenth", u and r have continuous first partial derivatives 
which satisfy* the Cauchy-Riemann equations 


du . . dv du , . dr 

— = sinh y cos x = — = “Cosh v sin x = — ' 
dy ^ dx^ dx " dy 

so we see that cos z is anahtic evciywrlierc. 

From (5) a large number of trigonometric identities may be 
derived. For examplcj 

cos- z -f sin- r = I. 

sin (zi -r z^) = sin Xi cos r; -7- cos ^3 sin z^. 


It is easy to show that cos x and sin x haA*e the period 2nv. 
where n is any integer, but have no other periods. 

We define the other trigonometric functions of z as follows: 


tanz = 


sm 


ctnz = 


cos 


1 


I 


sec z = •> CSC z = -T (S) 

cos z sin z cos z sin z 

The Logarithmic Function. We define the logarithm of 
z = X iy to be that function ir = log z which satisfies the 
exponential equation e- = z. Let ir = u -r :r. and let z = pe’*, 
wher( *'ud B may be found from z = x -f ty. Then 


\ 








Hence e- = p 


= pc' 

(p > 0) and V = 6. Thus 
ir = log z = log p -r iO. 


(9) 


( 10 ) 
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Let 01 , 0 ^ 01 < 25 r, be the principal amplitude of z. Then z 
has the amplitudes 0 = 0i + 2mr, where n is any integer. Since 
3“ = = po‘®i = z, we have 

w — log 2 = log p + i{0i + 2mr). ( 11 ) 

Thus, the logarithmic function is infinitel}'- many-valued and is 
defined for all values of z except 2 = 0 . We call log p -b i0i the 
principal value of log z. 

If in ( 11 ) we restrict nto a particular value, iv is then a jjarticu- 
lar branch of the logarithmic function which is single-valued 
and continuous in the interior of every region not containing 
2 = 0 nor the positive .x-axis (since 0i ranges from 0 to 27 r). 
We shall now show that such a branch is analsdiic. Now 


so that 


dz _ d^ _ _ 

dw dw 

dtp __ 1 _ 1 

dz dzldip z 


Thus, IP — log 2 has a derivative at every point for which a branch 
of this function has been defined. 

The logarithms of the positive real numbers are special cases of 
those of the complex numbers, namely, those cases in which the 
amplitude 0i = 0 . The logarithms of the negative real numbers 
may now be given an interpretation. If 2 is a negative real 
number —R, then the corresponding amplitude 0i = tt, so that 

log (—R) = log p -}- imr. 

Thus, log (— 1 ) = log 1 -b iuT = inir; log (— 4 ) = log 4 -b x'wttj 
• • • which are all representable as definite sets of points in the 
complex plane. 

The function log 2 obeys the usual laws for real variables: 

log (2i2o) = log 2i -b log 22, ( 12 ) 

log 2“ = o log 2, ( 13 ) 

where a is any complex number. The proof of ( 12 ) is quite 
short: 


log 2i -b log 22 = (log Pi -b ini 0 j) -b (log p2 -b in20z) 

= (log Pi -b log P 2 ) -b i(ni0i -b W 202 ) 

= log P1P2 -b i(ni 0 i -b 712^2) = log (2122), 
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since for each choice of and there is a value of log (ciZa). 
We shall define r®, where a is any complex number, as 

(14) 

Since log r is infinitely man 3 ’’-Yalued, so is s", unless a is a rational 
real number. 

We sliall define a\ where a and z are complex numbers, as 
n* = c‘ log n, 

which in general is infinitely man^^-valued. We shall agree in 
any particular case as to the particular value we mean. 

We define w = sin”' r to be a solution of 

rttV ^ 

z = sin w — ^ (15) 

Solving (15) for we have 

= tz ± \/l — Z-. (16) 

From this we find, upon taking logarithms, that 

w = — t log (iz ± \/I — Z-) = sin”' r, (17) 

tr = i log ( — tc ± ^/l — z*) = sin”' r. 

Similar definitions may be given for cos”' z, tan~' r, etc. 
EXERCISES IV 

1. Prove that 

2. Prove that c'**"*'^ = c', \Yhcre n is any integer. 

3. Show from definitions (1) and (5) that 

(a) cos z = cosh y cos x — i sinh y sin x. 

(b) sin r = cosh ?/ sin x + J sinh y cos x. 

[Recall that cosh y £= (f» -f c"v)/2, sinh y ~ (r*' — c“»)/2]. 

^4. Prove that sin r is analytic overj’whcre. 

5. Prove that the functions defined by (5) coincide unth the real trig* 
onometric functions cos x and sin x, when r — x. 

6. Prove relations (7). 

7. Prove cos [z -f {tJ2)] = — sin c. 

8. Prove cos (r -f 2nr) ~ cos c; sin (z -f 2nr) = sin z. 

9. Prove that cos z and sin r have no other periods than 2:r7j, where ti 

is any integer. 

10. From the definitions of the hyperbolic functions cosh z = (r' -h €^‘) /2, 
sinh z — — c”')/2, tanh z = (sinh r)/(cosh z), etc.. 

Prove: cosh z — cos iz, sinh z == i sin iz, 

cosh* r — sinh* z = 1. sech* z *f tanh* z = 1, ctnh* z — csch* z = 1 
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’^11. Prove that the hyperbolic functions cosh z and sinh z defined in 
Ex. (10) are analytic. Are tanh 0 , ctnh 0 , csch z, sech z everywhere anabatic? 

12. The hyperbolic functions arc periodic. Find all their periods. 

13. Show that cosh (01 + 02 ) == cosh zi cosh 02 + sinh zi s inh 02 . 

✓14. Given w = log 0 = log p + where p = \/x^ + and 

V 

01 = tan"^ ' 

X 

is a particular amplitude of 0 . Show that w is analytic almost everj^wherc. 

16. Show that (13) is true provided that for each value of 0 ®, log is 
suitably chosen. 

16. Define cos’*^ 0 , tan”^ 0 . 

17. (a) Prove that 0 — x + ib is the equation of a line parallel to the 
.T-axis. 

(b) What is the corresponding equation of a lino parallel to the y-axis? 

(c) Prove that 0 = a; + i{vix + 6) is the equation of a line of slope m. 

(d) Prove that 0 — 00 = is the equation of a circle with center at 00 
and radius a. 

(e) Of what locus is 0 = x + iax'^ the equation? 

18. A point 0 = moves in the 0 -planc with r and 0 functions of the 
time t, 

(a) Prove that the velocity of the point at any instant is given by 

0 = + ire*^ • 

where 0 indicates the derivative of z with respect to time t. 

(b) Prove that the acceleration is given by 

2 = • d + • 0 — re*^(6)^. 

(c) Find the x and y components of velocity, 

(d) Find the direction of velocity. 

(e) Find the x and y components of acceleration. 

(f) Find the direction of acceleration. 

(g) Find the radial component of velocity. 

(h) Find the radial component of acceleration. 

(i) Find the component of velocity orthogonal to the radius vector. 

(j) Find the component of acceleration orthogonal to the radius vector. 

19. The position of a particle in a plane is given by 

0 = 

Find by the method of Ex, 18 the velocity and acceleration of the particle 
at time t — it /Z sec. 

20. Prove that if 0 = F{w) is analytic everywhere in a neighborhood of t/;o, 

• • dz 1 

its derivative at that point is given by — — 

dw dxu/dz 
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•^21. Show that ir *= 2 - defines two families of cun'cs tp ^ 
and ^ s= 2xy - which are orthogonal. (Here fpi and -^i are constants.) 
Plot these cun*cs. 

^22. Given z ^ c cos w = c cos (<p + tV). where c is a constant. Show that 
the curv'cs V = constant and t? = constant are orthogonal conics with 
common foci at (±c, 0). 

Hint: cos (v? -h tV) = cos p cosh ^ — i sin p sinh 
The conics are 


+ ■ 


c* co'^h* ^ c* sinh" 




T 


c* CO';- V* c- sin- <p 


23, Pind at least one value of each of the fono\\ing and express it in the 
form X -r ly: 

(a) 3‘-, (b) 3^5 (c) (2 - 2,)-^'^, (d) (Vs 4- (o) 


PART C. COMPLEX INTEGRAL CALCULUS 

8. Indefinite Integral. B 3 ^ an irUcffra! of a single* valued 
continuous function f(z) of a complex variable, ^ve shall moan a 
function F(c) such that D^.F(z) = /(c). We shall denote an 
arbitrarj" integral of f{z) //(s) and we call f f{z) dz the 
indefinite integral of /(z). 

The various formulas for calculating the indefinite integral 
of a function of a real variable x given in Sec. 4, Chap. II can 
be shown to hold vith x replaced b^" the complex variable z. 
Thus, /z**{fz = z'‘“*V(« + 1) ri- C, 71 —1; etc. 

The reader should note that the above definition is csscntiallj" 
that given for the indefinite integral of a real function of a real 
variable. However, wliile every real single-valued continuous 
function of a real variable has an indefinite integral, it is not true 
that ever>' single-valued continuous function of a complex 
variable has an indefinite integral. In fact, the nonanal^Tic 
function x — iy of the complex variable z = j -f fi/ is such a 
function; for while x — iy is single-valued and continuous, there 
exists no (analjTic) function tr = » + iv whose derivative is 
equal to x — iy. To show this, suppose dvc/dz = x — iy. Then 
dw/dz = dii/Bx + i{dv/dx) = x — fi/ and 

dll dv 

di=^^ rx=-y- 

If w is anal 3 ^tic, then by the Cauch 3 "-Riemann conditions. 
dv/dx = —dii/dy^ SO that du/dx = x, and du/dy — y. Forming 
the Laplacian, we have d-u/dx- + d-u/dy- = 2. Since n does 
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not satisfy Laplace’s equation, u cannot be the real part of an 
analytic function w, that is, a function having a derivative. 
We then conclude that there exists no function w having x — iy 
for a derivative. 

9. Definite Integral. Consider a continuous arc C connecting 


points A and jB of a curve defined ^ 


by the equations rr = a(t)j7j = 13(1), i 

^ 

where on C, a and P are real differ- 


entiable functions of the real ' 


variable t. ^ / 

/ 

Suppose that as t varies from the j 

® / 

value Ia to tsf the point (a;, y) moves \ 0 

/ ^ 

along C “smoothly” from A to B. \ 

R / 

Suppose /( 2 ) = u{x, y) + iv{x, ij) 


is any complex function of 0 , con- 


tinuous everywhere on C. Select 

Fro. 157. 


any n distinct consecutive points Zo, 2i, • • • , z„ on C, Zo corre- 
sponding to A and z„ to B. Next, consider the sum 

n 

Sn ^ ■ (Zk - 2i-l), (1) 

where ft is any point on C between zt_i and z*. We call 

n 

lira — 2/t-i) the complex line integral of f{z) along 

the curve C (provided, of course, this limit exists), where 6 is 
the largest of the numbers [zt — Zfc_i| for any particular set of 
points Zo, Zi, • • • , z„, and we shall denote this limit by the 
symbol Scf(z) dz. 

To evaluate Sc/(z) dz, let us write 

Tfc = ffc + igk, Uk = ijfc), Vk = v{^k, Vk), 

n 

'Sn = ^ {uk + ivk){xk + ipk — Xk-i — ipk-i). (2) 

i = l 

By the theorem of the mean. 


Xk - Xk-i = a{ti) - a{tk-i) = a'(9k){tk - tk-i), 
Vk - Vk-i = S{tk) - Ktk-i) = ^'ii'kXtk - tk-i), 
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3. Show that /c {dz/z) = where C is a circle of radius p with center 
at the origin. (Hikt: Let x — p cos 0, y - p sin 0, z ~ x + iy») 

4. Repeat Ex. 3 for /c dz, when n is any integer. 

5. Let C be a simple closed curve bounding a region D, If z is interior 
to D show that 


r ■ = 2Tri, and f 

Jc {w - z) Jc 

( 


dtr 


C (ir — zy 


= 0, w « ±1, ±2, 


Hint: Let (ic — z) = 


Wliat is the value of 


X 


Then r-i!£-= f 

Jc ir - z Jc p Jc / 


dU' 


C (.1^ - 2) 


when C encircles z k times? 


Arts. 2/:xi. 


10. Contours. Let :r = «(/) and ij = P{i) define a contiyiuous 
arc of a curve over some inten'al I of /, where a'(0 and /S'(0 are 
real continuous functions of the real variable i, 

A continuous curve consisting of only a finite number of arcs 
of the iyv^ named will be called a contour. If the end point of the 
last arc is the same as the starting point of the first arc, then the 
contour will be said to be closed. 

Suppose C is a closed contour. Furthermore, suppose: 
(1) There exists an interval {a, 5] such that, if a < x < 6, then the 
line X = X meets C in exact Ij" two points, yi(x) and y^{x), vith 
2/1 < 2 / 2 ; if X < a or X > 5, the line x = x meets C nowhere, (2) 
There exists an interv'al [c, d] such that if c < f/ < d, then 
y = y meets C in exactly two points, Xif^) and xo(5), where 
xi < X 2 ; if 9 < c or y > d, y = y meets C nowhere. (Such a 
curve bounds an axial region of the tyyie described in Theorem 
17.2 of Chap. II.) A point (x, y) such that yi{x) < x < y^(x) 
and xi(7/) < y < XsCy) is said to be interior to C. A point 
not on C and not interior to C is said to be outside or exterior to C. 
A curve meeting all the conditions mentioned above is said to be 
a simple dosed contour or a simple closed curve. 

The student will no doubt feel that all of tliis phraseology is 
unnecessary. An accurate stud 3 '’ of the matters at hand is 
really quite difficult and is beyond the scope of this book. How- 
ever, while the correct statement of many theorems requires the 

* For a rigorous definition and tre.'itment, see R. L. Moore, Foundations 
of Point Set Theory ^ Colloquium Lectures of the American Matbematiciil 
Society’'; also see A. Hunsitz and R. Courant, “Funktionentheorie.*^ 
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greatest care at times, the reader will no doubt find Ins geo- 
metrical intuition an e.xcellent guide and help. 

Many of the theorems to follow and stated for simple closed 
contoirrs are readily extended to a more general class of curves. 
We shall give several examples: (a) If C and C are two simple 
closed curves with one or more common arcs, but C and C 
hung outside each other, we can then form a new closed contour 
C” b}^ deleting the common boundarj' K] (b) if all of C is interior 
to C, we can form a new closed curve C" the interior of which 



consists of points outside C but interior to C; (c) the region 
indicated in Fig. 158 (c). 

11. Cauchy’s Integral Theorem. A theorem upon which the 
entire theory of analj’^tic functions can be built is the following 
one, due to Cauch5\ 

Theoheii 11.1 {Cauchy’s Thcorcyn) . If j{z) is single-valued a?id 
analytic within and on a simple closed curve C, then Jcf{z) dz — 0. 

Consider the integral in (5) of Sec. 9 over the simple closed 
curA-e C: 

f{z) dz = (u dx - V dy) + if^ (v dx -f u dy). (1) 

Since f{z) is analjd,ic, du/dy = —dv/dx and dv/dy = du/dx. 
It follows directly from Theorem 18.1 of Chap. II that the two 
integrals in the right member of (1) are each zero, so that 

12. Certain Extensions of j^^hy’s Theorem^^It 's quite 

erndent that we can extend any closed 

contour of the types mentione'e|-. ^ 

There are many different foi-S\n which this theorem may be 
stated. Suppose that Eo and points connected by two 

different curves C and C , such'i^-^, q and C reversed together 
make up a simple closed curve or contour of one of the 
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types defined in Sec. 10. Suppose f{z) is a function analytic in 
tlie entire region enclosed by C and C", including the curves 

themselves. Then Cauchy's theorem 
states that 

£f(z) dz = dz. (1) 

^ Suppose C and C' are simple closed 

curves, the latter of which lies entirely 
inside C. If /(s) is analytic and single-valued everywhere in tlie 
enclosed region between C and C\ then 

f^Mdz = f^J{z)dz. (2) 

The reason for this becomes quite evident when one draws a 
simple curve I connecting C and C'; for then the curve C described 
counterclockwise, the curve C' clock\\'isc, and the curve 
described in both directions, as indicated in the figure, form a 
closed curve F; and 

+ fj(z) dz - fj(z) dz. (3) 

Since the left hand integral of (3) around F is zero, 

(2) results. Similar results may be obtained for the case where 
there arc a finite number of contours: C\ C", * * • , inside C, 
and if f{z) is analytic in the region within, then 

f^fiz) dz = f^Jiz) dz + j^Jiz) dz + ■ ■ ■ . (4) 

It could be shown that certain of the assumptions stated in 
Cauchy’s theorem are not necessary. For example :/(r) need not 
be analytic on Q. it being onl 3 '' necessary" that / be analj'^tic 
inside C fil'd continuous up to and on C. Without going into 
the detail of the rigorous proof of this fact, we remark that, if 
f{z) is continuous, 

£/(z)dz = UmJ^J(z)dz, (5) 

where C' is a simple closed curve Ijnng inside C, and tending to C. 


C 



Fu,. IGO. 
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The right-hand side of (5) is zero for all of the curves C inside C, 
so that the left-hand side of (5) is zero. 

13. Relation between Definite and Indefinite Integrals. The 
follovdng theorem due to Goursat is an immediate consequence 
of Cauchy’s theorem. 

Theorem 13.1. If f{z) is analytic throughout a region D 
bounded by a simple closed curve, then dz is independent 

of the path connecting Zi and z->, where the path of integration must 
lie entirely inside of D. 

Theorem 13.2. If f(z) is analytic in a region D bounded by a 
simple closed curve, then f;„f(w) dw = F(z) is also analytic in D 
(if the path joining Zo to z lies entirely in D), and the derivative 
of F with respect to z is f(z). 

Consider 


F{z + Az) — F(z) = J^'^^f(w) dw, 

where the integral is taken along the straight line connecting z 
and z -k Az. Then 


F(z -k Az) - F(z) 

rz 


[/(w) - f(z)] d^o. 


Let e > 0. Since /(z) is continuous in D, there exists aS > 0 such 
that for every |?c. — zj < 5, |/(w) — /(z)| < e. Hence if |Az| < S, 


F(z + Az) - F(z) 



< 


so that F(z) is analytic and dF/dz = f(z). It is proved in the 
following theorem that the function F(z) -k C represents the 
indefinite integral of /(z). 

Theorem 13.3. Let F{z) and G{z) be analytic functions such that 
throughout a region D, F'(z) ^ f{z) and G'(z) = f(z). Then 
F — Gis a constant, and JS/(z) d^-~-f(b) — F(a) = G{b) — G(a). 
Since F'(z) s G'(z), (d/dz) G(s)j-= 0^ j Write 

F(z) — GK) == it), X 

Then du/dx — dufdy = dv/^^= dv/dy = 0. (Why?) Hence 
u and V are both constants, ^ that F(z) — G(z) is a constant. 
Therefore, in D, 
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SERIES WHOSE TERJMS ARE COMPLEX NUMBERS 


14. Complex Numbers and Sequences. A large part of the 
definitions and theorems referring to sequences and scries of real 
numbers given in Chap. IV hold when the arbitrary real numbers 
are replaced by complex numbers. In fact, subject to a few 
minor alterations, this situation extends equally well to the proofs. 
Throughout Chap. IV we have prefixed the sjunbol c to the 
theorems and definitions which remain valid word for word when 
arbitrarA’ real numbers are replaced by complex numbers and the 
numerical values of real numbers are replaced by the absolute 
values of the corresponding complex numbers. Theorems and 
definitions referring to real numbers in which the s}"mboIs < 
and > play an essential part cither do not hold for complex 
numbers, or require considerable modification. 

For a resumd of the definitions and theorems valid for complex 
numbers the reader is advised to reread the preceding sections of 
Chap. IV in winch the prefix c appears, nith the terms “arbitrary 
real numbers’^ replaced by “arbitran* complex numbers.’’ 

One of the most important theorems which is easily extended 
to complex numbers is the Cauchy-Toeplitz theorem. 

The problem of reducing the convergence or divergence of 
complex sequences to the corresponding problem in real sequences 
is easily solved by splitting up the terms into real and imaginary' 
parts. The following theorems arc all easily proved: 

Theorem 14.1. A necessary and stificient condition that the 
$cquc7ice {Cnl = -r tV-i] converge to X + fV that the real parts 
Xn converge to X ajid the imaginary parts lu, converge to Y, 

An immediate and important consequence of Theorem 14.1 is 
Theorem 14.2. A necessary and sniheient condition for the 
cojivergcncc of a complex scquaicc {cnl is that for every arbitrary 


positive number e, there exists a positii'C number no such that for 
every n > no and every ^ 

The theorem ^ \6f complex terms correspondinjj 

-cries ^ 

Thfopt-xt lAo t \and sufficient condilwn that the 

series Zr, of series of 

the real parts of r,^n' il V* viwgtrjary parts 

of Izr. caeh eomZ If theZZZ'^ have the sums Sr. 7nd S- 
-especiircly. then the su,n " ■*" ^ -r fS,. 
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The distinction between absolute and nonahsolute convergence of 
series of real terms remains the same for series of complex terms. 

Smce for every complex number 2 = a: + iy, 

la;| g \z\ ^ |a:| + \y\ and jr/] g \z\ g lx| + \y\, 
we have 

Theorem 14.4. A necessary and sufficient condition that the 
complex series S 2 „ be absolutely convergent is that the series Sfll(z„) 
and S^(z„) both be absolutely convergent. 

In general, all results proved for absolutely convergent series of 
real terms may be used in the theory of absolutely convergent 
series of complex numbers. 

The theory of real power series developed in Part C of Chap. IV 
remains valid without essential change for complex power series — 
series of the form SOn (2 — Zo)", when the quantities On, z, and Zo 
are complex. However, the geometrical interpretation is some- 
what different; The power series Sa„(z — Zo)” converges — and 
absolutely — for every z interior to the circle C of radius r about 
Zo, and diverges for all points outside C. This circle is known 
as the circle of convergence of the power series. 

The results obtained in Part D of Chap. IV in regard to series 
of real variable terms remain essentially the same for 
series of complex terms, but in place of the common interval 
of definition we now assume a common region of definition. 

Theorem 14.5. A power series represents an analytic function 
inside its circle of convergence. 


Suppose /(z) = '^av.z"- is convergent for |z| < R. li p < R, 

n =0 

then lc„p"l g K, where K is some fixed positive number, for 

* to 

flnp" is bounded. Let giz) = ^na„z’‘-b Then 

n “ I 


when |z| -f |Az| < p. Since 


n=0 ^ 


(z + Az)” — Z” 

7 — nz"~^ 

Az 


} 


(2 + Az)^ — 


Az 




- l) ,n- 


1 • 2 

< (|g| + lAsD" - Izh 


z"~2 Az -f ' • • -b Az""^ 


|Az! 


nlzl"~\ 
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we conclude that 

■ 4iSl(p - l^'- |Ai| ' " (p- W)'J 

Kp\Az\ 

- (p ^ |z| - \Az\Kp - \z\r 

This expression “> 0 as As 0. Hence f(z) = g{z), 

A uniformly convergent series of anal3‘tic functions of a 
complex variable may be integrated term bj' term along any path 
lying in the region of uniform convergence. 

A series of analytic functions may be differentiated term b3’^ 
term at an3'' point vithin a region where the derived series is 
uniformly convergent. 


\f(z + Az) ^f(z) 


Az 




EXERCISES VI 

1. Show that converges with the sum 1/(1 z) in the interior of the 
unit circle, nnd diverges cvcr 3 T\’hcrc else. 

2. Show that 2 ( 2 ’*/n*) converges '\rithin and on the boundar 3 ^ of the unit 
circle, 

3. Show that convergent within the unit circle C; cond it ionalh’ 

convergent on the boundar 3 % except where r = 1; divergent at z = 1; and 
divergent exterior to C. 

4. WTere is X(z*'‘/4n) convergent? 2(z"'/n!)? 

16. Cauchy’s Integral Formula and Its Extensions. The 
fol loving theorem is known as Cauchy^ s integral formxila. It 
expresses the value of /(a) at an3^ point z interior to C in terms of 
the values of f{z) on C, that is, in terms of its boundar3" values. 
Thus, if /(2) represents a physical quaDtit3’' whose value has beeh 
measured only along C, Cauchy's formula enables one to compute 
f{z) within C from these values. 

Theorem 15.1. If f{z) is analytic inside and on a simple 
closed curve C and z is any point interior to C, then 

(•) 

The function ^ is anal3"tic ever3^’here within C except at 
w = z. Hence, if r is an3’' circle vrith center at z inside C, then 



Sec. 15] FUNCTIONS OF A COMPLEX VARIABLE 


597 


f f 

JcW — Z JvW — z 


Let p be the radius of the circle T. Since /(w) is continuous, we 
can select p small enough that with w on F, 

\f{w) - f{z)\ < e. Now 

f f -*!L+ 

Jrtu-2 Jru>-z Jr - 2 

By Ex. V, 5, the first term on the right is equal 
to 27 nJ{z) ; by Theorem 9.1 the absolute value of 
the second term cannot exceed {efp)2irp = 27r£. Hence 



Fig. 161. 


i r _ 2x1 /(z) 

JcW-Z 


< 27r6. 


The left-hand member vanishes since it is independent of 6, 
Hence 


m = 


1 r m 

2Tnjcw — z 


dw. 


An important extension of Theorem 15.1 is given by 
Theorem 15.2. If f(z) is analytic throughout an open region* D' 
hounded by a simple closed curve C, then its derivatives of all orders 
exist at each point of D and each derivative is analytic throughout D. 
In fact, 


~ 27rijc(J-\y^^' ■ ■ ■ ’ 


2 ) 


dw. 


Let z and z + h be two neighboring points inside D. By 
Theorem 15.1, 


2TnJcw — z — h ’ 

/(.) = I f 


(10 


* An open region is a set S of points such that any point of S can be made 
the center of a circle which contains in its interior only points of 
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so that 


Assuming for the moment that us ^ 0^ the right-haiid side of 


(2) approaches 
approaches a limit, and 


f(ic) 


(w - z)' 


dir. the left-hand side also 


/' 


'« " 2~'X' 


/(tr) 


, r/iT. 


ic Oc - 

By a repetition of this argument we obtain 


(3) 


(4) 


We shall now verih' the assumption made immediately' prior to 
equation (3). Consider the difference 


X 


/(tr) 


(tp — z)(w — z — h) 




Z-h) 


dir. 


(5) 


Let the minimum value of \w — z\ as describes C be o and 
furthermore suppose l/(tr)! g M on C. Then if L be the length 
of C, and if j/ij < 6, 


i r 
Jc 


f(^) 


ciw — z)'itr — z-h) 


dxc\ g 


ML 


o-(o — 


( 6 ) 


The right member of (6) is bounded as ih‘ — 0, so that (5) 
approaches zero as j/ij 0. 

Theorem 15.3 (Morcra^s Thcomn), If S{z) is smglc-vahicd and 
continxious throughout a region D hounded by a sim'ph dosed curve 
C, and the integral /c:/(uO dw vanishes whexi computed over any 
closed curve C^in D, then f{z) is analytic in D, 

The value of 


F{z) = die 
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is independent of the path Ci of integration. Since }{w) is 
continuous, the difference 

-/(.) = if" 

tends to zero as /? *-^ 0 when the path of integration is a straight 
line. Hence dF{z)/dz = J{z) and F{z) is ana^dic. Our theorem 
is now immediate, since the derivative of an anatytic function is 
anal 3 d:ic (Theorem 15.2). 

jMorera^s theorem is in a sense the converse of Cauch 3 »'^s 
theorem. 

As another extension of Cauch^’^^s integral formula, we have 

Theorem 15.4 (TayloFs Theorem). Let f{z) be siiigle-valned 
and analytic throughout the interior of a region jD, where D is 
boimdcd by the siinple closed curve C. Suppose z and a are both 
interior to D. Then 


f(z) = f{a) +f'{aKz - a) - a) 


+ ■ ■ ■ + - a)" 1 + i?„, (7) 


where 

where 


a)-Pn{z), 

p.(=) .If ^ 

2injciw — — z) 


is analytic throughout the interior of D. 
From Cauchj’-’s integral formula, 




dw 


Since 


L f /(«0 


_1 

2:r? 


l-[(E-o)/(w-a)]J 


— = 1 ^ 


1 - W 


^ -1+^^ +f£^Y + 

1 ^ ^ — G — ay 


1 — u 


10 — a 




(— T 

\w — a/ 


^ _|. , (z ~ a)" 


( 8 ) 

( 9 ) 


dw. (10) 


{w - a)'-^(w — z) 


(11) 
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Substituting (11) in (10), we find that 

^ 2771 jc to — a 2771 Jc {w — a)* 

^ ^ 2-r jcCw-a)” 


+ dw. (12) 

2771 Jc (to - a)^{w - z) 

From Theorems 15. 1 and 15.2, we can write (12) in the form (7). 

0 /ln hicqualiiy for Pr,{z). Let C\ and Ct be two 
^ circles of radii ri and rj, respective!}”, rj > ri, with 
centers at a, such that the region within and on 
C 2 lies interior to the region D in Theorem 15.4. 
B}' (2) of Sec. 12, if z is -within C 2 , the integ- 
ral (3) is unchanged when C is replaced by Cj. 
If, furthermore, z is interior to Ci, then for all 
Fig. 1G2. values of w on C 2 , 

- aj = rn, \w — z\ > rz — ri, [/(u?)} ^ M, 

where M is the maximum value of !/(ta)! on C?. By Theorem 
9.1, 


\to — ai = Tj. 


IX/w*!*'™. 




where z is ulthin Ci, !z — aj < rj. Hence 


|«.| = I. - .l-IP.Wi < 




Since > ri, it follows that for every z within Ci, Rn 
n — > + a: . 


Theorem 15.5 (Co wc%’s 1 / 0 /%). Iff(z) = ^a„(z -- zo)^ 

Tl "“0 

converges for — 2 o| < r, 7 / 0 < p < r, and if M is a number 
which 1 /( 2 )! nerer exceeds along flic circumference \z — 20 ! = p, then 
)a„l g (M/p"), (n = 0, 1, 2, • • • ). 

By Tayloris theorem, 

Theorem 9.1, la„l ^ 3//p”. 
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As a corollary to this theorem we have 

Theorem 15.6. 1/ /(z) is analytic within the circle \z — 2o( < r, 

then |/(s)| at an interior 'point of this circle never exceeds the maxi- 
mum M of 1 /( 2 )] on the boundary of this circle. In other ivords, 
1 /( 2 ) I cannot have a maximum at an interior point z. 

16. Taylor’s Series. In the preceding section we discussed 
Taylor’s theorem: 

m =m +/'(a)(^ - o) 

+ • • • + (fTL. 

and it is seen that, if C be a circle about a such that C and the 
region interior to it are wthin a region T throughout which /(a:) is 
analytic, and if z is interior to (7, then i?n — > 0 as n + co . We 
then write 


m = /(a) +/'(a)(z - a) +^(s “ a)= 


+ • • • +^^(z-a)"+ • • • . (1) 


The infinite series in (1) is called Taylor's series. This series 
converges and is equal to/( 2 ) at every point z within C', where C' 
is anj”^ circle throughout the interior of which f(z) is analj’tic. 
If o = 0, the series is known as Maclaurin’s series. 

It is frequentlj’- difficult to establish the validity of a Taylor’s 
series for a real function of a real variable x. The method of 
this section often is helpful in such cases: Let SCt) be a real 
Taylor’s series about x = a generated from the real function /(a:) . 
In the series S(x), replace x by 2 . The resulting series §( 2 ) will 
converge ever 3 nvhere within C, where C is the largest circle about 
the real point a within which f(z) is analytic. C cuts out on the 
x-axis the interval of convergence I of the original scries S(x) ; and 
within I the value of /(x) must be equal to the value of its Taylor’s 
series S(x). Thus, in this manner we could conclude that the 
binomial series 

1 + 7n2 d 

+ • • • + ' (m - n-\- 1) „ , . . . 

nl z + ' • ' 
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for (1 + converges to the value of (1 + x)” at ever}’- point of 
the interv\al — I < x < +1? since (1 + is anal 3 'tic vithin a 
unit circle vith center at r ~ 0. Again the method shows us 
immediate!}" that a [Maclauriu’s series for does not converge 
to the value of since is not anal}i:ic at r = 0, 
Theorem IG.l, Let /(x) he a real finidion of the real variable x 
representable by a real Taylor^ s scries S(x) irithin the interval of 
conrcr^cjicc (a — i?) < x < (o + R). Then the poiccr series S(s), 
found from S(x) by replacing x by z is a poircr series in {z — a), 
convergent throughout a circle C of radius R about a, and represents 
a function f{z) analytic within C and is equal to f{x) when z = x. 
This function f(z) of z is the only function analytic throughoid C 
and which couicidcs tcith /(x) on an interval about a of the x-oxis. 

Suppose there were two such functions fi{z) and f-{z), each 
representable by Tayloris series and whose values coincide along 
{a — R) < X < {a -r R). By an argument similar to that given 
in Theorem 13.2, Chap. IV, their coefficients would coincide, 
nnd/[(z) 

A theorem analogous to the one proved in an earlier section — 
that an anal 3 'tic function is complete!}’ determined within a closed 
curve b}’ its values on the curve — is 
Theorem 16.2. Ldf{z) hr single-valued and analytic throughout 
1\ Then f{z) is completely determined at every point of T when icc 
know cither (1) the value of f and all its dcrivaturs at an interior 
point of T, or (2) its values at the points of an nifmite set having a 
limiting point withm T. 

A combination of Ta 3 dor’s series and Theorem 14.5 leads to 
Theorem 16.3. A Jicccssary and sufFicicnt cojidition that a 
fund ion should be expressible in a poircr series is that it should 
be analytic in a region. 

17. Liouville’s Theorem. If f{z) is anal3’tic for all finite 

Sc 

valuc.s of z, then the Ta 3 ’lor s series f(z) = ^a^z^ converges 

n =>0 

for all values of c. If f{z) is bounded, that is, if ;/( 2 ){ g it/, 
then b}" Theorem 15.5, [a^l ^ M/r^* for all values of r and n. If 
n > 0, Mr-^ — 0 as r . Hence a.. == 0 for n > 0 and 

f{z) = oo, a constant. Hence we have 

Theorem 17.1 (LiouviUe^s Theorem), There exists no bounded 
fundion other than a constant which is everywhere analytic and finite. 
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More generally, it is possible to prove 

Theorem 17.2. If f(z) is anahjtic for all Jinile values of z, 
and as |zi -> + = 0{\z\’^), then f(z) is a polynomial of 
degree not greater than k. 

Theorem 17.3 (Fundamental Theorem of Algebra). If f(z) is a 
pohjnoniial of degree greater than zero vdth complex coefficients, then 
f(z) — 0 has at least one root. 

Suppose that f(z) 9^ 0 for all complex numbers z. Then 
(p(z) — l//(z) is everywhere analytic and finite, for f(z) is a 
polynomial, f(z) 9^ 0, lim ip(z) = 0. Hence, there exists a circle 

Z — > “3 

C of radius r with center at the origin and a positive number M 
such that for every circle of radius R > |^(2)| < M for all 

values of z outside C. Also, on and within C, <p(z) is continuous 
so that 1 ^( 2 ;) 1 has a maximum value M for all values of z wthin 
or on C. By Liouville^s theorem we conclude that <p{z) = l/f(z) 
is a constant. But this cannot be true since /(s) is of degree > 0. 
Hence f{z) must vanish for at least one value of z, 

18. Zeros of Analytic Functions. A A^alue a of 2 such that 
/(a) = 0 is called a zero of f{z). An analytic function f(z) is 
said to have a zero of order m at 2 = a if 

/(a) =/(a) = • . • = 0, 9^ 0. 

Theorem 18.1. Let pi, P2, * ■ • , Pn, • * • 6c a set S of points 
with limit point p inside the region D, If f{z) is analytic in D, and 
if f(^) — 0 at each point of Sj then f(z) = 0 everywhere in D, 

For convenience we may suppose that p is the point 2 = 0. 

CO 

Then/(3) = '^a^z" is analjdic in some region, \z\ < R, enclosing 

n — 0 

z — 0. Suppose that one or more of the coefficients Oo, Oj, • • • 
in the series is not zero. Let at 0 be the first such nonzero 
coefficient. Then f(z) = 2 *-(ai + a^+iz +■••), \z\ < R. The 
series is convergent for s = p, 0 < p < fi. Hence |a„|p« ^ K, 
for a„p" is bounded. Then 


l/(2)i ^ |z|^(|m| 

kl 


m _ 


nk+2 


K\z\ 

pHp - |z|)J 
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Except at the point c ~ 0, the right-hand side here is positive 
for \z\ sufficiently small. But by h 3 'po thesis f(z) has zeros 
arbitraril}^ close to, but not coincident with, 2 — 0. We have 
reached a contradiction, and we conclude that all the coefficients 
Oo, fli, • • • must vanish. Hence /(c) = 0 everj^^vherc inside the 
circle of convergence of the series. 

Theobem 18.2. If J{z) is analytic in a region D including 
z == a, and if f{z) docs not vanish identically ^ there exists a cirdc 
]2 — aj = r (r > 0) inside which f{z) vanishes nowhere except 
possibly at z = a, i,c.^ the zeros of f(z) arc isolated points. 

Theorem 18.2 follows directh" from Theorem IS.l. 

EXERCISES VH 

1. Show that sin c hns zeros of order one at z = 0, nz-, ±2r, * - * , and 
no others. 

2. Find all the zeros of cos z. 

3. Prove: If /(z) is analytic in i> and vanishes at all points along any an* 
of a continuous curv’c in B, then it must vanish identically. 

4. Prove: lf/i(z) and /itz) are anabatic in B. and have the same values at 
an infinite set S of points having a limit point p, then /j(r) s /^(r) through- 
out B. 

5. In Ex. 4 suppose f\{z) -fziz) = 0 throughout B, Prove that either 
/i(z) or f*{z) vanishes throughout B. 


G. Show that if f{z) ~ ^ order m at r — c. 

then Cc = oi - • • - “ o«~! = 0, ci„ 0. 

19. Laurent’s Series. An important generalization of Ta^doris 
series is one which gives us a method for representing a function 
anal 3 i:ic everywhere outside a circle C means of a series of 
positive or negative powers of (r — a) convergent cverj^udiere 
outside C. 

We shall have need of some terminology’ relating to the 
behavior of a function f{z) as z becomes infinite. 

Defixitiox 19.1. A fundion f{z) is said to he analytic at the 
ideal paint 2 = 0 ), (“at infinity^^) if f{z) is carried by the trans- 
formaiio7\ to = \f{z — a) into a fundion ^(ta) analytic at ir = 0. 

Suppose f{z) is analytic every^diere exterior to a circle C of 
center a including the point 2 = . Let (p{w) denote the value 

of/( 2 ) when w = 1/(2 — a). Then 4 ?(?a) is analytic in tv eveiy- 
where interior to some circle C\ about ta = 0. By^ Sec. 16, cj may’ 
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be expanded into a Taylor’s series valid throughout the interior 
of Cl, 

c(ip) = Go + aiic + OsiP- + • • • . (1) 

Since /(2) = v'Oi?), can express /(=) by the series 


f{z) = Go + 




( 2 ) 


which converges everywhere outside C including c = <» . The 
expansion (2) is known as a dcvdopmciit of f{z) about z = co . 


Example 1. The function 


log (1 H- c) = r 


- o 


(- 1 )« 


converges everj^^vhere 'within a circle C of radius r = 1 whose center is at 
z = 0. Let r = 1/tr. Then 



converges everywhere exterior to the circle C. 

We shall now prove 

Theorem 19.1 {Laurcnfs Theorem). Lei T be the region 
hounded by ihc coimcniric circles Ci and Cs xcith 
center at a. Let f(z) be analytic and single-valued 
within arid on the boundaries of T. Then f{z) can 
be represented in the form 

/(2) = ^ - a)", (3) 

r. s= — * 

where 



1 r /(ip) dw 
2«J (tp — o)"+^ 


( 4 ) 


for all rahies of n, the integral being taken around any simple closed 
contour which passes around the ring. 

Consider the integral 2 ^'^ ^ vhere z is a point of T, 

taken around the boundaiyr C and cut Z as indicated in Fig. 163. 
By Cauchy’s integral theorem, 
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/(r) = f tfu) + ^ r dw, (5) 

2-1 Jct w - z 2 r 2 jc, w - z 


since tlic two integrals taken along I in opposite directions have 
the sum zero,/( 2 ) being singlc-valued. As in the proof of Taylor’s 
theorem, 


where 


Since 


±f 

2^1 Jc, — 2 


(Iw 




On 


jL r /fao 

27rijc, {w - 


cltv. 


1 L- + ° J. . . . + - Q)""' a. 

- _ - 2 _ 0 + (. _ a): + + (2 _ a). ■ 


(6) 

, (7) 


a scries uniformly convergent on Ci. the second integral in (5) 
is equal to 


l,riW 

«Jc, i«’-z =-a2TnJc/ 

+ ■■■ + f— jp aX, <”■ - + ■ • ■ (s) 


2e 


{Z ~ O)" 


where bn = i I {tv — a)”“*/(ic) dtr. 


Combining the series in (6) and (8), wc obtain (3). 

If f{z) is anal 3 ’tic inside Ci, each K in (8) is 0 (bj’ Cauclij^’s 
theorem), and (3) is simpl^’' Tajdor’s series. It should be noticed 
that the series in (6) converges, not onlj" in T, but eveiy^Avhere in 
C 2 . The series (8) converges ovcr\"Avhere outside Ci. 


EXERCISES Vin 

I, Expand \/{z* — 3r 4* 2) bj" Laurent’s series valid for a region outside 
the unit circle Ci wdth center at z = 0 and inside the circle C* of radius 2 with 
center at z = 0. 

Am, • . . - (l/2») ~ (l/z^) - (1/2) - I - (2/4) -- (2V8) - . . . . 
Find an expansion valid inside Cj: outside C*. 
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2. Expand 


^ ^ in the neighborhood of z 
(z - 3)(z - 4) 


» = +« 

3. Show that c“ ^ ^/ = ^anz" where 


Tl = — w 


CO, 


On — — I COS (n6 — CO sin 0) dO. 

2tJo 

PART D. SINGULARITIES OF SINGLE-VALUED ANALYTIC 

FUNCTIONS 

20. Singularities. A point zo is said to be a singular point of a 
single-valued function /(z) if /(z) does not have a derivative at 
Zo, or if every neighborhood of Zo contains points other than Zo 
at which /(z) has no derivative. 

If Zo is such a point that there exists a neighborhood of Zo 
throughout which /(z) is analytic, except at Zo, then zo is said to 
be an isolated singidar point of the function /(z). 

If /(z) is single-valued and analjdic, we may expand /(z) in a 
Laurent series of powers of (z — a), and we may take the inner 
circle Ci (see Sec. 19) arbitrarily small. Thus 


/(z) = ^a„(z — a)” + ^&»(z — a)-". (0 < jz — a] < R). (1) 

n = 0 n = 1 

We shall consider three cases: (1) the case when all the h„ are 
zero; (2) the case when the series of negative powers of (z — a) 
contains only a finite number of terms; (3) the case where the 
series of negative terms does not terminate. 

If all the 6„ are zero, the first series in (1) is analytic and 
represents /(z) for [z — aj < R, except possibly at z = a. The 
function /(z) = d, z ^ a, with /(a) = 0 is an example of such a 
function. This case is of no particular interest. 

In case (2), f(z) is said to have a pole at the point z = a. If 1>„. 
is the last nonzero coefficient in (1), then 

771 

/(z) = '^aniz - ay -f 2^b„(z - a)"”, (2) 

n=0 n=l 

and the pole at z = a is said to be of order m; if 777 = 1, the order 
»s simple; \i m = 2, the order is double; • • • . 
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If f(s) has a pole of order m at s = a, then (z — a)"/(z) is 
analjdic and does not vanish at r = c. Hence 


v'(=) = 


1 

(2 - a)"/(2) 


(3) 


is analytic and does not vanish at 2 = a, so that the function 


= (2 - (4) 

has a zero of order vi. 

If f(z) has a zero of order then 1 //(r) has a pole of order m. 
The finite series 


XbrX^ - a)-» (5) 

n 

is called the principal pari of f{z) at z = a. 

Theohem 20.1. If f{z) has a pole at z = a, then |/(2)! — ^ 
as a. 

E\’idently, 


- an 

n ** 1 , 


%b„(z - a)^ 

n-Z 

n — 1 

^ ir - al-"]!5„| - '^\bj, ■ \z - ar-^[. 


Since the terms enclosed in the braces approaches \br>\ ds z 
the entire expression on the right — > cc as z — ^ a. 

Theorem 20.2. Zd A be a nonzero constant. If 


a. 



A 


05 |z — aj — > 0, z = a is a singular point for f{z) of at most a pole of 
order h; if /(z) is hounded, f{z) has no singular point except possibly 
that of the trivial type mentioned in case (1). 

In case (3), M-bere the expansion of /(z) in powers of (z — a) 
leads to a nonterminating series of negative powers, rhe point 
2 = a is called an essential singularity of /(z). Then 


n«"l n*=l 



( 6 ) 
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where the second series in (6) does not terminate, but is con- 
vergent for all values of z except z = a. 

Theorem 20.3 {Waierstrass Theorem). If fiz) has an essential 
singularity at z = a, and if C is any complex number, then for 
every positive number p and e, thei'e exists a point z in the circle 
|s — o| < p at which \f(z) — Cj < e [i.e., f{z) tends to any given 
limit as z—^ a through a sxdtable sequence of values]. 

Suppose that p and M are any two positive numbers. If, 
for everj’- point z such that jz — a] < p, |/(2)| ^ M, then bj’’ 
Theorem 9.1 


1^4 



a)''~^f{w) dw 


g MR{, 


where Ri is the radius of Ci. Since this is true for all positive 
numbers M and Ri, it follows, upon letting J2i — > 0, that b„ = 0 
for 71 ^ 1. But this -indicates that /(z) has no essential singu- 
larity, contrary to hypothesis. Thus, there exist values of z 
in the circle jz — g| < p for which |/(z)| > M. Let C be anj’’ 
finite complex number. We consider two cases: 

(I) /(2) — C has no zeros inside every circle |z — a| = p. 

(II) /(z) — C has such zeros. 

Case (I). Select a p sufficiently small that, for |z — a] < p, 


/(z) — C has no zero. Then g(z) = is anatytic for 

J(z) — o 

0 < Iz — a| < p. g{z) has an essential singularity at z = a; 
for /(z) = + C would be analytic if giz) had a pole, while 


/(z) would be analjdic or else have a pole if g{z) were analytic. 
From our earlier discussion we know that there exists a point 
2 in jz — aj < p such that |p( 2 )l > 1/e, so that \fiz) — C\ <,e. 

Case (II). If/(z) — C has zeros nithin every circle jz — o| = p 
the theorem follows immediately. 

Singularities at Infinity. We shall define the properties of 
f(z) in the neighborhood of z = w as those of tp{w) = /(I /w) 
in a neighborhood of lo = 0. We say that/( 2 ) has a simple pole 
at infinity if <p{w) has the same property at ta = 0; etc. For 
example, /(z) s z® has a triple pole at z = » since /(l/w) = 1/w® 
has a triple pole at ra = 0. Similar definitions may be given 
for other tj^pes of singularities at z = oc . 
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THKonEM 20.4. A Junction which is anahjiic everywhere, 
including infinity, is a condani» 

By LaurcntV thfior(:m, ^ince J(z) \h analytic for all finite values 
ofz,f(z) = "" 2 ^"' ^ 

f.-o ' n-0 

f(lifw) 5- analytic at tc? = 0 and = 0 for all n > 0 . 

THKORKif 20.5. A Jundion Jiz) which has no singularilics 
other than 'poles is a rational Jundion, 

Suppo-o that the number of poles of J(z) v/ere infinite. Then 
the f-et of poles v/ould have a limit point (finite or infinite), and 
at such a point J(z) v;ould have an essential singularit}', con- 
traiy* to 1137 ) 0 thesi«. Hence the number of pole= is finite. 

Suppo-e the poles of J(z) are of multiplicities or, iS, - - * , 
at the finite points a, h, - • • , h, respectively. Then the func- 
tion g{z) rz J{z)(z ^ aY • - • {z hy is anaMic except at 
infinity', where it may have at mo'^t a pole. Then 



This latter F-erie^ mu«^t terminate, since the pingularit 3 ^ (if there 
is one) of g{\jw) at the origin is a pole. This mcan.s that g{z) is 
a pol 3 moinial, k> that Jlz) is the quotient of tv/o pol 3 TiomiaI«, 

We lea\"e the proof of the following thrwem to the reader. 
Throrkm 20.6. A rational Jundion has no singularities other 
than polls. 


EXEPXISES IX 

1. .Slio'v that ctn z and c«c z have pimple polop at z ^ C, r r, ± 2r, 

2. fihov. that tan z and pe*" z have pimple polc'^ at z = * ^/2, r §~, 

3. Shov.' that (*«'(• ha= one double jiolc and an infinity of simple poles. 

4. locate the pol^* of each of the following function'*: 

__ 1 1 1_ _Ji 1 

ro« z 4“ co^ (1 *-in z — sin « 1 4- z* J 4* I 4- 2z^ 4- z^ 

5. Dheu*"i the U'pc of pingularitj' pre^^ent in: sin (1 z), 1 /z, (1/z) sm (1 /z), 
COH (1/z). 

C. Prove Ttieorern 20.2. 

7, Prove Tlieorern 20.G. 

8. Show that each of the following functions have uolalrd essential 
.‘'ingularities at z =* 0: sin fl /z), cos O /z). 
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9. Show that e^’ actually takes every value except 0 an infinite number 
of times in a neighborhood of g = 0. Show that -> 0 as 2 -> 0 along the 
negative real axis. 

10. Show that esc (l/g) has a nonisolated essential singularity at 2 = 0. 
Show that this singular point is the limit point of the poles 2 = l/rur. 

21. Analytic Functions Defined by Integrals. We shall now 
indicate how we may extend the discussion of Sec. 33 in Chap. II 
to comple.x integrals. 

Theorem 21.1. Let f(s, w) be an analytic function of z in a 
region D for each value of w on the boundary C of D. Suppose 
f(z, w) is a continuous function of the complex variables z and w 
when z ranges over D a7id w lies on C. Then in D 

Fiz) = J^/(z, w) dw 
is an analytic Junction oj z in Dy and 



Theorem 21.2 &upj)osc C in Theorem 21.1 goes to infinity, 
such that on any hounded part of C, f(z, lo) is analytic in z, and 
continuous in z and Further suppose that on any bounded 
part of C, subject to the restrictions of Theorem 21.1, fcf { z , w) dw 
is uniformly convergent. Then the conclusions of Theorem. 21.1 
remain valid. 


EXERCISES X 

1. Show that F{z) = dw is analytic for the region (R( 2 ) > 0. 

2. In what region does the integral dw represent an anal 3 ’iiic 

function? 

22. Residues. In the neighborhood of an isolated singularity 
at 2 = a, a one-valued analytic function f(z) may be expanded 
in the form 


/( z ) = “ “)" + ^^"(2 - o )~"- ( 1 ) 

n=0 n=l 

The coefficient bx in this expansion is called the residue of f{z) at 
2 = a. By LaurenVs expansion 



( 2 ) 
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'^fcere C is any circle with center at r = c containing no other 
singularity of /(*). 

If r = c is a simple pole of /(r). 


hi = lim (r — c)/(c). 

r-— s 


( 3 ) 


THroREM 22.1. L<i f(z) he sirgk-ralucd arid anchiic aery- 
ichc7€ wiihin and on a ^impJe closed curve Cy exerpi perhaps cl a 
finite number of singularitirs Ci. r-. • • * ; in ihc interior of C. 
Let Rz, Rt. ■ - ' , denote the residues of f{z) at zt, • - • . c-, 
respectively. Then 

fj{=) dz = 2r:-(i?: ^ R, ^ . . . z. ff,). 

Let Cl, Ct, - • • , C-i be circles with centers at ri. • - • . z,, 
haring radii so small that Ci, - • * . C^ are all inside C and do 
not overlap. Then f(z} is analyte in the region between C and 
these circles, so by Cauebris theorem 

X -f-' * - *-■■■- X/i--> 

Since fc,f(z) dz = 2ri/?„ the result folIov.*s. 


ESEPXISES XL 


1. E'qiand 1 r inside a circle rdth center at i. 

2. Erp 2 .nd I r* iasfde c. circle with center ( — 1 . 

3. Erpznd 1 / r* In powers of (r -r i 

4. Expand 1, (r — 1) about r 0 for n region inside a unit circle with 
center nt r =0. Jlxp:iz:d U 'z — 1 * shout r = x. In the Litter esse whst 


is the recion of convergence? Hepf^.t for - 


r - 1 


5. Expand 



= 0; rd>ont 


-1 


6- rind the residue of /(ri 
7. Find the residue of fr) 



S. Show that the zeros and poles of analytic ftmetions nre necessarily 
Pointed- 


9. Show thst the redpro^nl of s function nnnlytie ni c cannot bare nn 
essentinl ^galnrity nt c. 
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10. Let C be a circle of radius R and center f. Show that 

is the arithmetic mean of the values of f(z) on C. 

11. If the function n{xj y) is harmonic; i.e., satisfies 


3”u d^u 


there exists an analytic function whose real part equals xi{Xj y). 

23. Contour Integration. The theory of residues is quite useful 
in evaluating a large number of real definite 
integrals. In this method we usually take as 
a part of the contour the real axis, the remain- 
ing portion of the contour usuall}^ being made 
to tend to . We shall resort to examples to 
explain the method. 



Example 1. Show that the real integral /f*da:/{l + = ir/2. 

Consider the integral 

Xrlr- ■ 

taken around the contour C consisting of the real axis from —72 to +7?, and 
a semicircle on this line segment as diameter above it. Evidently 

L_\ 

1+22 2i\z — f z ij* 

This integral has poles at 2 = i and r == -f. If we select 72 > 1, then the 
integrand has a pole at 2 = t inside C, and by (3) of Sec. 22, this residue is 
l/2t. By Theorem 22.1, the integral (1) is equal to tt. On the semicircle, 
!l + 2^1 ^ 722 — 1, so absolute value of the integral around the 

semicircle does not exceed 7r72/(722 — 1). Hence, as 72 w, the integral 
around the semicircle tends to 0, and 

r dz p+K 

Jcl+2^ 1+X= 

Since 1/(1 + X’) is an even function, the given integral has the value 7r/2. 
Example 2. Consider the integral 
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over the contour C indicated in Pig. 3G5. Trhere 0 < p < p small and 
R large. Since c^/z h analytic and has no singularity* inside C. its integral 
is zero, i.e., 

r — <fr-f f — dz^ r f — (2; 

Jp ^ Jr - J^n X J., z 

The sum of the first and third integrals i^ equal to 


— c“»' sin X 

— dr = ^ j : df'i ^ j ^ d6 

hJr 2 ! ;Jo j Jo 


-r-i' 




de < 26 


liy selecting 6 arbitrarily small but fixed, then by choodng R sufficiently 
. large, the middle integral here can l>e made as 

small as vro please. Hence the integral along T 
^ tend* to zero as /? — * a:. 

/ \ 


-R -/> \0 p R 

Fio. Ifi5. 

Bv Th<x)rem 15.4, 


f c*^ r dz r — 1 
JrT''-' = i7-X— *• 


<r- -- 1 ^ '^2! 


— 1 - 1 1 

Thus I . i* bounded for all r ■v^'ith iz\ < p:, vrhere p: i:? sufficiently small 

1-1 

The last integral in (3) approaches 0 as p —i- 0. C^Tiy?) Since 


X!=J> 


xvc obtain from (2) by letting p 0 and ^ 


, r * fin ; 

Jo — 


dr — ir ~ 0. 


— dx =» - • 

X 2 
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1. Show 


Hint: Consider 
Sec. 23. 

2. Show 


” sin kx , cos ^a; 

I dx = 0, and I — ; — ; 

J-oo 1 ’ Jo 1 

Xf 

f'*'" a:“-i 

Jo rr^ 


dx 


;> A: > 0, around the semicircle of Example 1, 


dx == 

X sin ctt 


r 2"""^ 

Hint: Consider I ds, 0 < a < 1, along the contour C given above. 

Jcl +2 


3. Evaluate by contour integration : 

00 

cos X ^ 

cos x^dx = I sin x- dx, 
0 Jo 


(e) 


r dx 

Jo 1 + 

r ” sin^ X 

j. 


24. Analytic Continuation. Let f\{z) and f^iz) be analytic 
functions defined over the regions Di and Do, respectively. Sup- 
pose Dx and D 2 have a common part D, and suppose /i(s) = f^iz) 
over D, If we let f(z) be such that f(z) ^ fi{z) over Di and 
f(z) ^ f 2 (z) over D 2 , then f{z) is analytic over the combined 
region Di + D 2 and f(z) is called an analytic conthniaiion of 
either /i ( 2 ) or/ 2 ( 2 :). 


Suppose S{z) is represented by the series con- 

71 =0 

vergent in the region \z — Zo\ < R, and suppose Zi is a point in 

this region other than zo. By Theorem 13.3 of Chap. IV we 

00 

may represent f{z) by the series ^bniz — zxY'. If this series 

n = 0 

converges anywhere outside the region \z — Zo\ < then this 

series determines an analytic continuation of the function repre- 
00 

sented by ^a„(z — zq)". It may be shown that all possible 

n = 0 

continuations of /(z) may be obtained by repeated applications 
of this method. 
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While the above determination of f(z) can be shov*n to be 
unique for the region Di + P 2 , yet, in general, if the domain of 
definition of fi{z) is extended to an arbitrary point Zo not in Di 
by diiierent successions of regions D 2 , Ds, • • • andDi^Da, • • - , 
different values may be obtained for the extended function f\ at 
Zo. 


EXERCISE XUI 

1. Show that the function f(z) = r ~ — ■ 

tinued analytically by the representation 


f(z) = log 2 - 


(1 - :)' _ (1 - zy 

2 ■2- 3-2> 


• ‘ can be con- 


PART E. CONFORMAL MAPPING. APPLICATIONS 
26. Conformal Mapping. As we have pre\iously remarked, 
equations of the type w = f{z) may be regarded as transforma- 
tions which define a correspondence between points of the xc and 
2 -planes, As a point z moves along an}" cun-c C in the 2 -plane, 
the corresponding point (or points) xv will trace a curve (or 
curves) F in the te-plane. Wc then say that the curve C in the 
z-plane is mapped upon F in the ta-plane. Likewise, if 2 ranges 
over a region S in the r-plane, then w ranges over a region (or 
regions) X in the uvplane and w’c say that S is mapped upon X. 

Wc say that the mapping w = f(z) is hutniqtic if the function 
IV = f(z) gives but one value of w in 3 for each value of 2 in 5, 
and if there exists an inverse function z = F{iv) defined through- 
out X such that 2 = F{xv) gives but one value of 2 in /S for each xr 
in X. What arc the necessary properties of f{z) to be fulfilled 
in order that the mapping xa = f(z) be biunique? 

Let {Xf y) be a point P in S, and let (i/, r) be the corresponding 
point Q in X. Suppose w — f{z) is analytic and single- valued 
in S, W’hore z x + iy and xv ^ v + ii% 

u = ti(x, y), V = fix, 7j). (1) 

From Theorem 20.2 of Chap. I, we know that if J(u, v/z^ 2 /) 3 ^ 0 
over Sy then equations (1) can be solved for x and y as functions 
of u and r, 

a- = i(w, t>), tj = 2/0', v), (2) 

the solution (2) is unique, and equations (2) define the inverse 
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function 2 = Fiw) == x(m, v) + iyiu, v). But/( 2 ) being analytic, 

du/bx = bv/by and dufdy = —dv/dx, so that 



Hence a sufficient condition that to = f{z) define a biunigue cor- 
respondence between the points of S and S is that f'{z) 7 ^ 0 over S. 



Flo. 160. 

Let Po be the point in 5 corresponding to the complex number 
2o, and let Qo be the point of 2 corresponding to the complex num- 
ber Wo = f(zo). Through Po draw some curve C in S. Let P be 
the curve through Qo in 2 corresponding to 0. Select some point 
P on C distinct from Po and call Q the corresponding point on P. 

Let As be the length of the arc PoP of C and let Atr be the length 

of the arc QoQ of P. Since f(z) is continuous over S [for f(z) is 
analytic over 5], Ac 0 as As — > 0. Assume f(z) to be such 
that the scale is constant at Qo, i.e., lim (Ac/As) exists and is the 

same for all curves (having arc lengths) in S with initial point 
Po. The length of the chord PoP in is [2 — 2o| = |A 2 (, and the 
length of the chord QoQ in 2 is \w — Wo| = lAwl. Assume 
f{z) to be such that 


Ac Aw 

lim-^ = lim 

As-*0 Az 


If w= f{z) is analytic in S, we know that lim {Aw /As) = /'( 20 ), no 

matter how Ae — > 0 and As — > 0. Thus the scale function for 
f at 2 o is |/'(2o)l. 

Let Cl and Cz be two curves in S through Zo, intersecting at an 
angle a. Suppose Ci and C 2 are then mapped by the transforma- 
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tion w- S{z) into the curves Ti and on the ty-plane. If the 
angle between Fi and V2 is equal to a, the mapping is said to be 
isogonal If the sense of rotation of a tangent is preserv'ed, an 
isogonal transformation is called conformal. We shall now show 
that the iransformalion w = f{z) is conformal ivhcnf{z) is anahjiic 
wilhy{z) 7^ 0 over S. Suppose /'(-o) 7^ 0. Write /X^o), and 

As in the polar forms /'(^o) = pc'% Aif? == Ac = 



(p» Pi; P2 > 0), where Ox and Ot are taken as the principal ampli- 
tudes of Aty and As, respectively. Then 


and 


f (zo) = Iim — = lim — ^ 

^ ^ ^ Ar-O ^Z Ar->0 P:C‘^ 


= pe*^ 


p = 


lim — ’ 

P2 


0 = lim (01 — 02). 


Let 92 bo the angle which the tangent to C at Pq makes with the 
ar-axis and ^pi the angle which the tangent to F at Qo makes wdth 
the w-axis. Then as Ac — > 0, 02 (P2 and 0i — > Hence 

0 = v^i — Here 0 is the angle through which the cur\’e C 
is turned during the mapping process. Since /'(^o) is a non- 
vanishing constant, 0 is a constant for all curves through zo. 
Thus, everj^ cun^e through Zo is turned through the same angle 0. 
In particular Ci and C2 make the same angle as Fi and Fc. Thus 
the mapping is not only isogonal, but it is conformal. 

The scale function |/'(2o)l = lpe'^1 = p == lim (pi/p2) is known 

Ar-^O 

as the ratio of magnification. 

If the cur\’’es Ci and C2 are mapped onto the ta-plane b3^ the 
conjugate ta* = u — iv of to, the resulting configuration is sym- 
metric (with respect to the ?/-axis) to the configuration resulting 
from w = /(c), for the direction from Fi to F2 is merel}’’ reversed 
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in the mapping Mapping with is thus isogonal with 
reversal of angle. 

Example 1. Discuss the transformation w = 2 - and its inverse. 

Since tr = u + iv == z- ^ {x iyY = a;- - 2 /' + then 
t/ = a ;2 - 2 /^ r = 2xy. 

The ratio of magnification at (xo, 2 / 0 ) is \f{^o)\ = \2zo\ — 2\/xl + yl. 
Evidently, the greater the distance from {xo, yo) to (0, 0), the greater is the 
magnification. The representation will be conformal everj^where except 
when/' ( 20 ) = 2^0 “ 0* 



Fig. 168 

If we let z ^ pe*^, then w = z- — ^ Xc*v^. Since \p = 20, we see 

that if z describes an arc subtending an angle 6 at (0, 0), tlien describes 
an arc in the -la-planc which subtends an angle 20 at its origin. In fact, 
half the z-plane maps into the whole of the te-plane. E^ddently, the positive 
x-axis maps into the positive o^-axis, the positive y-axis corresponds to the 
negative u-axis, and the first quadrant of the z-plane is mapped on the upper 
half of the te-plane (see Fig. 155 (a) and (6)). 

The straight lines x = ci in the z-plane map into the family of parabolas 


u ^ Cl - 7/S 
= 2Ci7/, 


or V- = 4ci(ci — 70? 


((Pi) 


on the 7a-plane, and the family of lines y = maps into the family of 
parabolas 


7i — X- — Co? 
V = 2c2X, 


or V- = 4c2(7/ + c\). 


The families ((PO and ((Pa) are orthogonal. 


((Ps) 
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u dx + 
a,b 

where dfp ^ u (It ^ v dij is exact. Likewise the stream function yp{z^ y) is 
given by 


— V dx -f « dtjj 

a,h 

where again d\^’ « —e rfx + a (fy is exact. The function 

- m - V" + jV 

is an analytic function of r. (Wliy?) We shall call tr the general potential 
fu7iclion. The strcaynlines lie along = const. 

Example 1. Suppose u? = r* = (x -f- il/)^ = (^“ -* y*) + Since 

w = <p we see tliat — y", \^ *= 2xy, and u ^ dtp fdx = 2x, 

V s= dfp/dy = — 2y, We can also find w and v from the fact that 


die 

dz 


u — iv = 2- = 2x -k 2 ^ 1 , 


Example 2. Given = x* — t/*. Find 

px.i/ 

— r dx H- 14 dr/ = I ^ dx H dy 

0,0 ‘ Jo.o dy dx 


'.r 


2|/ dx + 2x dy = 2rf/. 


i:>' 


(aj Give a physical interpretation to 



Fig. ICO. 


(b) Prove that the curves s? « const 
and =« const, arc orthogonal. 

(c) Show that dio/dz = w — ?>. 

(d) Sliow that u = d<pldx = dyfldrjy 

V = dfp/dy — 

(e) Show that in polar coordinates 

dip = n dr + cr dOy 

di}/ = 7ir do ^ c dry 

where n is the component of the velocity 
in the direction of the radius vector, and 
c is the component normal to the 


radius vector at the point (r, fl). 

(f) Given yp = 2xp, find v?. (Fig. 109.) 

(g) If 1 C ~ (a -k ih)z, find ipy v^, u, e, dw/dz. 

(h) If to =* log 2 5= log r -k iO, find a, o, dto/dz. 

^ns. ip = log r, « 0, c = 0, u = (cos 0)/r, v = (sin 0)/r, dw/dz =5 1/x. 
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(i) Prove the velocity at any point is inversely proportional to the 
lengths of the intercepts on successive lines ip == const, cut off between 
adjacent lines = const. 

(j) Fluid flows with constant velocity U parallel to the rc-axis. Show 

that ip = Ux, rfr — Uy, and that tv - ip + ~ Uz. 

(k) Show that, if fluid flows with constant velocitj^ parallel to the 
?/-axis, then xv = ^iVz. 

(l) If the fluid flows with constant velocity at an angle of 30° with the 
^ x-axis, find xv. Find xv when the components U and V are constant. [An^, 

= (U ~ iV)z,] Find the streamlines in this case, and plot, 

(m) Show that the velocity along a streamline at any point is directly 
proportional to the space rate of change of velocity potential at this point 
in the direction of the streamline, and hence is inversely proportional to 
the spacing of the curves ip = const, along the stream- 
line. 

(n) Show that, for the flow xv = tp iypj the diver- 
gence of the velocitj' of the fluid equals 

(dU/dx) + i^V/dy) - 0. 

20. Suppose a fluid flows over a plane surface. A 
point P from which the fluid flows out (in) in all direc- 
tions in a uniform manner is called a soxtrcc {sink). The 
total flow per unit of time across a small closed curve about P is called 
the strength of the source. The strength is taken to be positive for a source, 
negative for a sink. Suppose n denotes the radial velocity of the fluid 
from source 0 at a distance r from 0. Then the strength m of the source 
is 7n = 2Trrn. If O is the origin, then the a: and y components of the radial 
velocity are 



771 cos 0 ^ ni X in sin 0 m y 

2Tr 27r z- + 1/- 27r r 27 r 

Since dtp ndx -\-v dy, we see <p = {m/27r) log r = {in/Air) log -f ip). 
The stream function is ( 777 / 2 ^) Tan-i {y/x) = ( 777 / 2 ^) 0 , so that 
XV ^ tp ^ (77i/27r) log z = { 772 /27r) log (x -f 77/). Show that this 

motion is irrotational. (Hint: Show circulation is zero.) (Fig. 170.) 

Prove that if the source is at (a, 6), 

^ ^ log [{x - a)2 + {y - 5)*], ^ ~ Tan"“i — 

27r (x — a) 

and 


74J = — log [z - {a + ih)]. 

llT 

21. Prove that, if two rectilinear-plane flow fields of potentials Wi and 
Wi be superimposed, the resulting flow field is represented by = Wj, + w,. 
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22, Show that, if a source be assumed at the origin and a rectilinear Cow 
along the z-axis be superimposed, the potential of the resulting fiow is 
ir — L ’2 4- (m/2r) log r. Plot a few streamlines, (Fig. 171.) 

23. itepeat Ex. 22 nith a sink instead of a source. 



Fio. 171. 



24, Repeat Ex. 22 for two sources of equal strength located at (c,0)and 
C— Cj 0). (Hixt: Add tci and it:.) (Fig. 172.) 

Atis. V = (m/2T) log r^r., tr = (m/2r) log (r -r a)(r — a). 
Find tJ and r. Write equation of streamlines and plot. (Note: All 
streamlines pass through one source or the other.) 

Find a point of siagnaiion, that is, a point where the velocity is zero. 
Show that the j/-axis passing through the stagnation point separates the two 
parts of the joint field. This means that this streamline can be replaced 
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by a rigid smooth barrier without in the least interfering ^\ith the flow from 
either source. We may then suppress the flow from either source without 
in any way disturbing that from the other. We thus arrive at the field on 
one side of the ^-axis as representing the flow for a source placed near an 
indefinite straight barrier. 

25. Repeat Ex. 22 for two sinks of equal strength. 

26. Repeat Ex. 22 for two sources of unequal strength. 

Ans. tv = (7?zi/27r) log (s + a) + (m 2 / 2 Tr) log {z — a). 

Find tty Vy and the point of stagnation. Find the streamline passing 
through the stagnation point. 



27. Repeat Ex. 22 for a source and sink of equal strength. 

. m . z -- a 

Atis, w — — log 

2 - z -V 

Plot streamlines. Show’ that there is no point of stagnation (Fig. 173). 

28. Repeat Ex. 22 for source and sink of unequal strength. 

Ans. w - (nii/27r) log (z + a) — (ni 2 / 27 r) log (2 — a). 
Show’ that the streamlines are partly open and partly closed. Find the 
point of stagnation. 

29. Repeat Ex. 22 for rectilinear flow with source and sink of equal 

strength. — log — 

2x 2 + a 

Plot streamlines. Find the point of stagnation. 

30. In a field knowm as vortex flow' in a plane outside a circular barrier 
of radius r, 

n = velocity along radius = 0, 

r 


c = velocity perpendicular to radius = 


27rr 


w’here r is the strength of the vortex core. Then 
d<p ^ cr dd -^n dry so that 
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and 


d'i' ^ nr do — c dr, 



For tbc ideal vortpx J^hccf, a mny be taken vcn' pmalk Then 



Compare tr for a vortex v-dth rr for a simple source. 

31. Let P at (g^ 0) be a source of strength m and P' at (—a, 0) be a sink 
of ftrent^th ( — m). Let P and P* approacli the oripizj 0 along the real axis 





Fig. 174. 


in such a way that 27na = J: is a constant. Find the velocity potential. 
What is the stream function? What arc the lines of flow? Lines of equal 
velocity' potential? Plot. (Fig. 174.) This case is known as the pfane 
doublet of strength .4 ns. tr = —.1/ ' 2 ^ where = am/x. 

32. Find the general potential function for the following types of flow: 

(a) A superposition of a rectilinear flow with a doublet. 

(b) A superposition of a rectilinear flow, a doublet flow, and a vortex 
flow, the vortex center being at the doublet. 

tr = — Vz ~ (M z) — iK log r. 

Plot strcamiincs and find points of stagnation, 

33. Suppose sources of strengths /.'i. h*. * ' ■ , bn occur at the points ai, 

Qj, - • * , oTp., respectively, and .'^inks occur at the points 

fli. ^ 2 , • • ■ , fln, respectively. Show that 


tr = log 


(2 — ai)*i(z — aipi 


{2 - 

(2 ^ M*' 


= V- -b fr'. 


34. Determine the value of n so that tr = c' will determine an irrotational 
flow of a fluid between two walls making an angle 60® with each other. 
Find velocitv potential and direction of flow at the point ro = 3; at 
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35. In a certain electrostatic field the lines of equipotential are given by 
^ = Cl and the lines of force are given by ^ = C 2 , where ci and C 2 are arbitrary 
constants. Make a map to show these lines for the case when lo ^ tp + 

' (a) tc - z; (b) 10 = (c) it; = 1/z] 

(d) la = 23; (e) tc = (f) tc = 2 "^; 

(g) 10 = 2 ^“. (h) w = 2 ”; (i) 2 = tc + 

36. Wires pierce the complex plane at P(l, 0) and — 0). The wire 

through P carries a current of two units and the wire through P' a current 
one unit. The function lo = tp + determines the equipotential lines and 
the lines of force in the magnetic field about the two conductors. Show that 

(2 — 1)2 

IV = log ^ points of equilibrium. Map. 

37. (a) We defined la = ^ -f zV with the assumption of irrotational flow. 
Under this assumption, show that 


dy“ ^ dx^ dy^ 


(b) Suppose t/' = o:^ + 2 /“ for a certain flow. Find ti and v. Show that 
a general potential function does not exist. (Why?) 

(c) Plot the streamlines in (b). 

(d) Calculate the circulation around a circle of radius a with center at 
the origin. {Ans, ~-47ra\) Note that (d‘^/dx^} *f* (^V/^2/^) ^ “"4. 
2w ~ “4 is called the voriiciiy and w is the angular velocity of the vortex. 

38. Consider the mapping function w = I/ 2 , with w ^ (p + 

(a) Express <p and \p as functions of x and y, 

(b) Make two diagrams showing how the 2 -plane is mapped into the 
w-plane. Into what curves do = const, map in the 2 -pIane? The curves 

= const.? 

(c) Find all invariant points which are unchanged by the transformation. 

Ans, 2 = 1, “1. 

(d) Find the singular points (i.e., points where diojdz = 0). 

(e) The unit circle 2 = is transformed into what curve in the za-plane? 

(f) Quadrant I of the 2-planG outside the unit circle is transformed into 
what region in the “W-plane ? 

(g) Quadrant I of the 2 -plane inside the unit circle is transformed into 
what region of the za-plane? 


39. Consider the mapping function w 


-i‘4- 


(a) Find (p and when zt; = ^ + zV is a general potential function. 

(b) Into what curves in the 2 -plane do the curves <p = const, map? 
^ = const.? 


(c) Find the invariant points of the transformation. 


Ans. 2 = 0, 1, — 1. 
Ans. 2 = 1, —1. 


(d) Find the singular points. 
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(c) Show that the unit circle in the r-plane is transformod into the portion 
of the v'^axis between (1, 0) and ( — 1, 0). 

(f) Show that the positive half of the real axis in the r-planc is trans- 
formed into the real axis of c* between 
' 1 and -r 

ft;) Into what doc^ the negative half 

/ j ^ of the real a^is map? 

\ (h) I>'t c ~ Show that the lines 

( 4 .^ 1 — *- 0 — const, go into in'pcriMjIa? with foci 

/ / (±1. 0 ), (vV'co§* e) - (^Vsin* e) = 1 . 

/ (i) Show tfiat the circles r = const, 

go into ellipses: 


z— Plane 



Plane 
Fig. 175. 


(r -r r’*;- (r — r ^)* 

40. Suppose tliat in the ir-planc^ 
tr = u -r *r. the lines r = constant are 
streamlines for a fluid flow. Describe 
and map the curves in the z-plane into 
which these streamlines map for each of 
the follovring cases; 

(3/ tr = 3r. (b) tr = z\ 

(c) rr = zK (d; ir = z\ 

(e) ~ z*’. (l) (tr “ 


41. Describe how each of the follow- 
ing cune- in the z-plane is mapped into the Ts^-plane by means of the 

transformation tr = z 4- (2 z). Make a map in each case. Plot = 0.5, 

1, 2, 3, in ezich case. 

fa) The circle z — 

(b) \ circle of radius 1.2 with center at (0.1, 0). 

(c) A circle of radius 1.2 with center at (0, 0.1). 

fd) A circle of radius 1.2 with center at (0.1, 0.1). 

(e) The circle of radius 2.0 and center at (0.5, 1.0), and the circle of 
radius 1.3 and center at (0, 0.7). 

For the transformation used above, find the singular jwmts; the stagnation 
points; and map the .stream lines = const. 

The methods of complex varirtbles have been found quite useful in aero- 
dxTiamics. The preceding problem is taken from the Jouko^rsk^-cerqfoil 
theory, where transformations of the form tr = z -f (g"'z) arc used. A 
t\ 7 >ical figure is showTi in Fig. 175. By vaiying the center and radius of the 
circle, various figures may be obtained resembling aerofoil shapes. 

PART F- ELLIPTIC IKTEGRALS 

26. Introduction. We have seen in Chap. II that every 
integral of the tj^pe 
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J B(x, -^ax + b) dx or J R(x, V ax‘ + bx + c) dx, 

where E is a rational function of the arguments indicated, can 
be evaluated in terms of elementary functions. (See Chap. IJ, 
Secs. 7, 8.) 

We here wish to studs’- certain integrals hamng algebraic 
integrands which cannot be evaluated in terms of only “elemen- 
tary functions.” In particular, an important class of integrals 
which require new functions for their evaluation are integrals 
of the type 

J'r(x, -s/ aox^ + aix- a<iX -f a,) dx, (1) 

and 

->/ OoX* -h OiX® -h azx C 4 ) dx. (2) 

It can be shown that the functions introduced to evaluate (2) 
can be used to evaluate (1). The evaluation of (2) can be reduced 
to the evaluation of the follovdng tjqjes of integrals, Icnown as 
Legendre’s normal forms : 


dt 

■ f 

(3) 

V(i - na - 

kH^) 



(4) 

dt 


(5) 

(t= - o)V(l - 

t=)(l - kH^) 


These integrals are called incomplete elliptic integraU of the 
first, second, and third kind, respectively. It is customary to 
take 0 < fc- < 1 in these integrals. More generally, any integral 
of the t 5 '^pe (2), in which 

ao.T^ + aii® -h + asx + at = 0 

has no multiple roots, is called an elliptic integral. The variables 
X and t may be either complex or real. 

Upon substituting # = sin in the integrals (3), (4), and (5), 
we obtain, respectively, 


J^=o a/I — 


dfi 

k^ sin- \p 


F{k, <p). 
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( \/l — k" mi- 4^ di}/ = E(f:y <p), (7) 

r~'' ^ (8) 

J ^=0 (sin- ^ — a)v 1 — A'" sin= yf> 


The integral 

N»r/2 


Jv'-o Vl — k-s\n-^ ~ Jo Vci - i'lCl — A--/=) 

= /'(a-, I) ^ K(f:). (0 < A-= < 1) (9) 

is called i/ic cornplcie clliplic integral of the first kind. The integral 


i: 


r/2 




Vl - A'= 


sin- ^ 


=X' 


di 




(10) 


is called the assodated cllij)tic integral of the first kind, and 
A*' := \/ 1 -* A‘- is Me rnodulns complementary to the modulus k. 

27. The Elliptic Functions sn u, cn u, dn u. Let the elliptic 
integral in ( 6 ) in Sec. 26 be denoted by z. Then the relation 


2 = F{k. d) 


( 1 ) 


defines r as a function of k and tp. The number ip is known as the 
amplitude of the integral z, and k the 77iodulus of z. Suppose that 
k is fixed. Then ( 1 ) defines 9 as a function of z which we denote 
by 

0 = am z. ( 2 ) 

Since x = sin ^ and z is equal to the integral u given in (3) 
in Sec. 26, 

X = sin (am w), ( 3 ) 

or more briefly, 


x “ sn n. 


(4) 


The expressions and Vl ~ appearing in (3) in 

Sec. 26 define the functions cn u and dn u, 


±\/l — sn= w = ± Vl — a:- = cos (am u) = cn u, ( 5 ) 
± Vl sn- u = + Vl — kV = A cos (am u) s dn u. ( 6 ) 
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[The sign to be used may be determined from (5) or (6) in Sec. 3.] 
To complete the definitions of these functions we require 

sn 0 = 0, cn 0 = 1, dn 0 = 1. (7) 

The functions sn, cn, and dn are called the Jacobi elliptic 
functions. 

28. Derivatives of Elliptic Functions. Upon differentiating 
the integral u in equation (3) of Sec. 26, we find that 


^ ^ 1 

dx VCl - »=)(! - A-V-)’ 


( 1 ) 


Since 


dx 

du 


1 

du/dx 


and X = sn u, we have 


= V(1 - 2:=)(1 - k-x") = Vl - sn- M • Vl - k- sn^ v 
dll 

= cn It dn 11 . (2) 

From (5) and (6) of Sec. 27, we find that 


and 


d cn 11 
du 


— sn u 


d sn u 
dll 


y / 1 — sn^ u 


— sn dn Uj 


(3) 


d dn u 
dit 


— sn u cn u. 


(4) 


B 3 ’- means of Maclaurin’s series we find that 

sn w = -ii - (1 + + (1 + I4fc"- + + . • . , (5) 

cn « = 1 - H: + (1 + 4F)|; 

- (1 + + . . . , ( 6 ) 

dn u = 1 - 

- h"-(16 + 44fr= + + . . . . (7) 

These series maj’’ be shown to converge. 

From (5), (6), and (7) it is easy to see thdt sn is odd and that 
cn and dn are even functions, i.e., 

sn i-v) = - sn (n), cn (-tt) = cn (u), dn {-u) = dn (n). (8) 



632 


HIGHER MATHEMATICS 


IChap. V 


29. Addition Formulas. AVe shall indicate how it may be 
shown that 


/ , . sn t/ ‘ cn r * dll r + sn p • cn u • dn 1/ 

Sn (7/ +V) - p; — ^ ^ 

^ 1 — sn- u • sn* v 

f , . cn ?/ ' cn r — sn w • sn v • dn ?/ • dn t; 

cn [n + v) = : r:: s ? 


dn (ii + tO = 


1 — /;* sn- u ’ sn- v 
dn n ’ dn r /:* sn n * sn v * cn n • cn a 
1 — A*- sn- u • sn- v 


(1) 

( 2 ) 

(3) 


We shall suppose = sn ?/ and 52 = sn r, where n and a varj’ so 
that 


ii + V 


(4) 


where 6 is a constant. Differentiating with respect to v, it can 
be shown that 


^1^2 


dn + dv = 0, 

pnSi __ 2 /:-SiS;(.siS2 + 


S 1 S 2 


.S 2 S 1 


1 — k-slsl 


(5) 

( 6 ) 


where dots indicate differentiation with respect to i/. Integrating 
(6), we obtain the solution 


•SjSi — 6'2 Sj p 

1 - ir^sisz ■“ 


(7) 


or 


cn u • dn v * sn v + cn 1 ; • dn r * sn 7t ^ 

1 - /:= • sir- u • sn" r ” 

Let G denote the left-hand member of (S). We note that both 
(8) and (4) are solutions of (5), From the theory of differential 
equations, it can then be concluded that C is a function of 
h = 7/ + V, so that 

G ^ C(w + a). (9) 

Setting p = 0 in (9), we see that sn ii = cOO- Hence the addi- 
tion relation (1) follows. Relations (2) and (3) follow from (1). 
Similar relations can be shown to hold for sn (u — r), etc., using 
relations (8) of Sec. 28. 

30. The Periods of the Elliptic Functions. We consider K a/j 
defined by Eq. (9) in Sec. 26. Then sn /i = 1, cn JT = 0, 
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dn K = k' = Vl — k-, the real positive root being used if 
k <1. Substituting t; = K in formulas (1) to (3) of Sec. 29, 
we have 


sn (w + X) = 
cn (u + X) = 
dn (v + K) = 


cn u 

dn 7/ 

, ,sn u 

k -r: } 

dn 71 

k' 

dn u 


( 1 ) 

( 2 ) 

( 3 ) 


In (1) to (3) of Sec. 29, replace ti by u + /C; we find that 


sn {u + 2K) = — sn n, (4) 

cn {ti + 2K) = — cn %i, (5) 

dn (n + 2K) = dn w. (6) 

Replacing u by (u 2K) m (4) to (6), we have 

sn {u + 4J0 = sn w, (7) 

cn {u + 4iir) = cn xi, (8) 

dn (w + iK) — dn tt. (9) 


Consider the sum 


K + iK 


-'-I 


^=x/2 


dyp 


^=^0 "v/l -- kr sin^ yp 

V^-x/2 


+ i 

J^=o 


V^l — sin^ 


(F = ^/r^ri2) (10) 


Let CSC /3 = "v/l — k'- sin- Then we find from (9) and (10) 
of Sec. 26, 


K' 


= 1 P” 

f J/5 = 


sin 


d? 


t/2 Vl - sin2 /? 
1/*= 

VCl - 2;2)(1 - 


(11) 


Hence 


K + iK 


iK' = 

Ji^«0 

-I 


dyp 


+ 


\/l — k“ sin^ \}/ 
•sin^ = lA (1^1/ 

^*=0 •%/!'- \ J / 


X 


sin p-l/k 

^“ir/2 




vr 


k^ sin** /3 

(12) 
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From (5) and (6) of Sec. 27 and (12), we see that 



sn {K + iK’) = p 

(13) 


cn (K + iK') = — 

(14) 


dn (K + iK') = 0. 

(15) 

Substituting (13) to (15) in (1) to (3) of Sec. 29 fa st/eces^fon, we 

obtain 

^n (w + iv + iK') — ? 

^ cn n 

cn (u + X + iK') = , 

^ /; cn « 

dn (w + X + iK') = 

(16) 

(17) 

(IS) 


cn u 

and 

sn (n + 2K + 2iiv') = “ sn i/, 

(19) 


cn (u + 2K + 2fiv') = cn u, 

(20) 


dn (?/ + 2/v + 2iK') = — dn «. 

(21) 

a similar method, we could prove 



sn (w + iK’) = - ^ T 
/: sn u 

(22) 


. , I dn « 

cn(n-rtA)= 

(23) 


dn (w + iK') = 

sn w 

(24) 


sn (u + 2iK') = sn «, 

(25) 


cn (w + 2fiv') = — cn n, 

(26) 


dn (n + 22 X') = — dn u. 

(27) 


sn (u + 4fiv') = sn u, 

(2S) 


cn (n -f AiK') = cn ?/, 

(29) 


dn (u + 4iX') = dn n. 

(30) 


Hence 

Theorem 30.1. The f mictions sn w, cn w, dn u are doubly 
periodic; sn u hairing the periods AK and 2iiv, cn i/ having the 
periods 4K and 2K 2iK\ and dn u having the periods 2K and 
AiK\ 
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31. The Cases k = 0; k = 1. If = 0, the integral (3) of 
Sec. 26' becomes 



This shows that x = snu = sin ti, cn u = cos tc, dn w = 1 if 
k — 0. Also, K = 7r/2, and tlie period AK = 2-ir. K' has no 
significance here. (Why?) 

If k = 1, (3) of Sec. 26 becomes 

« = tanh-^ x. (2) 

Thus, 

X = sn u = tanh u, 

so that cn w = sech u, and dn « = sech u. If k = 1, K' = -k/2 
so that the period 47K' = 2 x 1 . K is of no significance. 

32. Complex Elliptic Integrals. Complex line integrals may be 
used to obtain many important results. We shall illustrate the 
use of complex line integrals by giving a second proof of Theorem 
30.1. We shall now consider the complex elliptic integral 

^ ” X *- " V (1 - ^X(l - 

over various paths in the complex plane, Avhere u iv 
and where s = a: + iy. The integrand /(;s) has poles at 2 = ± 1, 
±(l/fc), while at all other points f{z) is anatytic. Let ivq be 
the value of w when (1) is evaluated along any arbitrarily given 
path Ti in the 2 -plane joining the point 2 = 0 to the point 
Zq = Xq + iya (see Fig. 176); thus 

^"0 = fiz) dz. (2) 

The path Ti may be deformed in any manner whatsoever and 
not change the value of Wo, provided that in the deformation no 
point is encountered at which /(z) ceases to be analytic. Let Fs 
be a path which, together with Fi, incloses the' singular points 
z — —I and z = + 1 . The value of the integral w taken around 
Fo from 0 to Zo, will not be 'Changed if F. be deformed into the 
curve Fs, where F 3 consists of a piece of the real axis from z == 0 
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to £ = 1 — r, a circle Ci of radius r with center at 2 = 1, the 
piece of the real axis from r=l— rtos = — l+7‘>a circle C 2 
\\ith radius r and center at 2 = — 1, and a portion of the real axis 
from 2 = — l+rtO 2 = 0, and the cun^e Ti from 0 to 20 . Tj 



is indicated by the dotted cur\’e in the figure. The value of 
w along Fa is then equal to the sum 

* + X ,/(=) * + f_, - m * +X-"' - /(X) * 

+ X. - * +/-. * - ,n„X'V« »> 

where the changes in sign of the radical in /(r) are due to passage 
around a singular point. 

The value of the integral around the circle Ci can be found as 
follows; Let (1 — r) == rr^, then dz = d<^>. The integral 

reduces to 


(4) 

where G(p) is bounded and is independent of r. A similar 
expression muy be obtained for Jafiz) dz. 

The sum of the remaining integrals in (3) is equal to 

'f(^) dx + xco. ( 5 ) 

We have now seen that the value of (4) does not depend on r. 
Let r --v 0. We find 


rfx + iro] = 4X -f w,. (6) 
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But the value 2 o of z in (1) and (2) is the same, hence 

sn (4Jv + Wo) = sn Wo. (7) 

Let r 4 be a path which, together with Fi, inclose the singular 
points 2 = 1 and 2 = 1/k. Deform r 4 into the path Ts indicated 
in Fig. 177. It can be shown by a method similar to that given 
above, that 

so that 

sn {2iK' + wq) = sn Wo. ( 8 ) 

All of the various relations 
found in Sec. 30 can be obtained 
by similar methods applied to 
various other paths. 

We now consider the integral 
fof(z)dz around a path Fe con- 
sisting of the circle z = and the portion of the imaginary 
axis between z = —iR and z = +iR, where R > 1/k, Defonn 
the path Fe into the path F 7 indicated in Fig. 17S, where F? 
consists of that portion of the real axis between z = 1 and 
^ = 1/k, The integral along F 7 is jTjfix) dx = 2iK\ by equa- 
tion ( 11 ) of Sec. 30. The integral Uf{z) dz 
around the semicircle S is of the fonn 
(l/i?)J±J^| F( 0 ) ddj where F{B) remains finite 
as R + ^. Hence by letting /2 — > + co , we 
have 



Fig. 177. 



2f^^fiz dz = 2iK', 


or 


i 


dz 


= iK' 


( 9 ) 


;o V(1 - 2-)(l - fc-2”) 

Theorem 32.1. The elliptic fnncliom snv, 
cn V, and dn w have simple poles at w = mih residues 1 /A-, 
—i/k, and — f, respectively. 

By (22) of Sec. 30; (5) of Sec. 28 and an inversion of the series 
for sn 10 , 


m {w + zK') = 


1 _ 1 , 1 + 

7 ^ 7 XI WJ + 

k SUV) kw Qk 



638 HIGJJEIi MATHEMATICS IChap. V 


Upon substituting tr -r for tr, we have 
1 


sn tv = 


1 /*- 

4 - - iK^) + 


h{w - iK') ‘ 6/; 

This shows that sn u has a simple pole with residue 1//; at 
t(? = iK\ A similar proof holds for cn ti and dn v. 

33. Integrals of the Second and Third Type. Consider the 
elliptic integral (7) of Sec. 26. AMien o — r/2, this integral 
is denoted bv 


E 




( 1 ) 


From (7) of Sec. 2G, 

E(f:, <5 -r ") = T Vl — fi- Pin cr 


?in c (2) 


In the second integral of (2) let c — ^ -f* r; we find that this 
integral reduces to 

\/l — /:= sin" ^ = E(/:, c). 

B}' (1) we see that 

£(/:, V- + ') = 2^ i- r{/:, c). (3) 

In (7) of Sec. 26, set jr = sn w and let E(u) denote the resulting 
integral. We find 


E(n) = dn= ?/ du — u — sn* u du. (4) 

By setting f = sn ^ and a — sn* a. the elliptic integral (5) of 
Sec. 26 can bo written 


dd 




sn- p — sn* a 


(5) 


The various values of EQ:, iv, • • - may be found in 

tables or may be computed hy expansions into power series. 

34u The Weierstrass Elliptic Function p(u). The elliptic 
integral 


V = 



* 

dt 

V4(f ~ ci){t — e2)it ~ cz) 


( 1 ) 
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defines a; as a function of u, 

X = p(«), (2) 

known as the TFczerstrass ellipiic function. Evidently 
p'{u) = V 4p3(u) - gip{u) - gz, 
and p(m) is a solution of the equation 

(S)’ = - <'•-* - 

The integral (1) can be reduced to one of the first kind. This 
may be done by setting t in the second form of (1), 

taking = ci — cs and k- ~ (ca — ez)/{ei — es). There results 

_ 1 n dr 

gjo V(1 - T=)(l - A;V)’ 


from which we have 

t = sn (gu). (5) 

It can be shown that 


p{u) =63-1 TT v- 

sn^ {gu) 

From (6) and Sec. 30 it can be shoAvn that 

p{u + 2io) = p{u), 
p{u -f 2iw') = p{u), 


( 6 ) 

( 7 ) 


Avhere w = K/g, w' = K'/g. 

Theorem 34.1. The function p{u) is doubly periodic vnth 
periods 2io and 2iw'. 

From (6) and (1) it can be shown that 

p{w) = ei = 63 -h p{w -k w') = ea = 63 -j- p{w') — 63, (8) 

w — f h{x) dx, w' = r ” h{x) dx, 

w + w' = h{x) dx, w = J"’ h(x) dx, (9) 

where h(x) - (4x^ - g^x — gs)-^-. 

36. Certain Applications. We shall give two examples 
illustrating the applications of elliptic integrals. 
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Example 1, Let a pendulum of length / and mass m be supported at O. 
Since 8 = iBi dUfdi^ « I d-Ojdr-, By Nekton's la^s of motion ^sec Fig- 179) 

jyi ^ ffin £in 

dS* 


Hence 


dr 


— - sm 6 . 


Multiply both sides b3’ 2-^ and iiitegrate. Then 
di 

(S) =y(~-»?^<=)- 

If a is the maximum value of then $ — a T^ hen dd.^dl = 0 and c ==^ — cos ct. 
If vre take the square root and reciproca.1 of both sides and integrate again, 
we find that 


=#■ 


do 




\/2ico^ e — cos a) 
where t — 0 when 5=0 To reduce thl= integral to standard form, v»Tite 


(cos e — cos a; = (I — cos a) — U — C'Os O' 
- . 0\ 


= -rin^0 



sin* - = 2h- co<- o, 
o 


where /; ~ sin sin = - sin -- Hence (1) becomes 

/ 

Since we wish to regard h and not as the independent variable in connec- 
tion with the motion of the pendulum, we write 

= amp 

To obtain a geometric representation of <!>^ we observe that 





ir- 

9J3 


d<> 




(2* 


sin- 
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sin (e/2) /l - cos 0 jl — I cos 0 _ I SP' 

^ “ sin («/2) “ Vl - cos a “ ? cos a “ 

(See Fig. 180.) We remove the radical by constructing the right 

triangle E'MS: 

^jsE' ^ ^SE'^ P^E' " E']\i 

Hence Since ZE'MS is a right angle, it follows that, E being 

fixed, M moves about a circle Avith center at the mid-point of E'S. 




Example 2. Find the length of an arc of the ellipse x — a sin \p 
If ^ b cos \p» 

By Ex. X, 7, of Chap. 11, the arc length of the ellipse from (0, b) to the 
point (x, y) is 

s = \/ a* cos- 4- h- sin^ ^ d\p, (3) 

Since 6- = 0^(1 e-), (3) may be written 

s = 'x/l — sin^sf' d\p = aF(c, 0). (4) 

When 0 = 7r/2, 5 = aE is the quarter arc of the ellipse. 


EXERCISES XV 

1 . Evaluate each of the integrals in equations ( 3 ), ( 4 ), ( 5 ), ( 6 ), ( 7 ), ( 8 ) 
of Sec. 26 for the case where fc = 0; the case where /: = 1 . 

2 . Tabulate the values of sn i«, cn tij dn u at ti — 0, Kj ilC, K + iK’. 

3. Find expressions for sn (u — v), cn (u — r), dn (u — v). 

4. Prove: sn (w + a) sn (n — a) = (sn- u ~ sn- y)/(l — h- sn^ u sn^ v), 

5. Prove: sn^ u = (1 — • cn 2 u)/(l -b cn 2 u). 

6 . Evaluate: sn {2K — w), cn {2K — u), dn (2K — u)* 

7. Prove; p (~?0 = p{7i). 

8 . Verify ( 6 ) and obtain ( 8 ) of Sec. 29. 

9. Show that the length of the circumference of the hyperbola 
(x‘/a^) — (y^/b^) =s 1 of eccentricity e is equal to 

( 6 Vue) F(</>, k) + ae tan 4 >\/ 1 - 51^2 ^ _ aeE{<i>, k), 

where tan <t> = aey/b-, fc = 1 /e. 
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10. Find the arc of the hyperbola cut off by the latus rectum if c = 1.3, 
^ “ 2. “ 

11. Evaluate a — cos 0, a > 1 in terms of elliptic functions. 

12. From (9) of Sec. 32 show 6n(t7;') = «, cn (j 7:') = dn (ih*) - cc. 

13. Complete the proof of Theorem 32.1. 

14. Exprc.ss (4) of See. 33 as a power series. Use (5) of Sec. 28. 

15. Verify (4), (0), (7), and (8) of See. 34. 

10. (a) Express sn 2u, cn 2u, dn 2» in terms of functions of «. 

(b) Express sn cn dn as functions of n, 

(c) Show that 

en Y = (1 + cn | = VF'(1 + dn ^ = VP. 


17. Show that 


/: 


(Iti> 


\/ 1-/4“ sin- 


1 p iH 

^Jo a/i - ^ 


AX > 1. 


sin* j/- - /i* sin= 

18. Using Ex. 17, find the arc length of the lemniscatc r- = 2a* cos 2<>. 
Also, the arc length from 0 = 0 to = 30®. 

19. Compute: dOj^sJ 1—0.1 sin* 0 to find /C;sn {2K/S);F{jr/St l/'y/lO). 

Check against a table of elliptic integrals. 

20. Evaluate: 


(Ji) 

(c) 


I, 

X 


dx 

■\/(x- - 1)(1 - O.lx-) 
^ dx 

V(1 +x=)(4 +9x=) 


0>) 


f 

Jo 


dx 


\/(25 - x*)(l + 4x») 


21. In connection with Example 1 above: (a) Find geometric representa- 
tions for sn \/Vh U cn (b) show that if 4 T is the period 

of oscillation of the pendulum then T = “x/lJgK] (c) show that 



22. Repeat Example 1 for the case when the bob goes completely around 
the circle and the velocity at the bottom is vq) also when the bob just 
reaches the top of the swing. 

23. Find the period of a pendulum oscillating through the following 
angles: 10°, 90°, 180°, 330°. In each ease find the instant at wliich the 
pendulum makes an angle of 5° with the vertical. 
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24. Examine 




dz 


for the difference in its values 


V (1 ~ 22)(1 

corresponding to two paths Ti and Fa connecting z ^ 0 and z = Zot where 
Fi and Fa taken together enclose z = 1; same for z = 1/L 

dz 

— ■■ ■=,= : .=,z=-=:i=.:=- — — - Corresponding 

fzo 2v (z — ei)(z e 2 ){z — ea) 


25. Repeat Ex. 24 for 


J 

Jzo 


to two paths Fi and Fa which taken together enclose two of the distinct 
points ei, € 2 , Cs. 

26. Repeat Ex. 25 for the case when Fi and Fj together enclose one of the 
distinct points ei, 62 , ea. 



CHAPTER VI 


ALGEBRA AND VECTOR ANALYSIS 


PART A. ALGEBRA 

1 . Determinants. Consider the sj’stem of 771 linear homo- 
geneous equations in the n variables Xj, • • • , x^’ 

OnXl + OjcTj + • • ‘ + fllnXn = 0. 

^21X1 -p 022X2 Q^rXn = 0 , 


OniXi + a„:X2 -}-••• -f = 0, 

where the coefficients o,-; (7 = 1 , 2 , ■ • • , 7 n; j = 1 , 2 , • • • , n) 
arc any real or complex numbers.* The properties of this sj’stem 
of equations, such as consistence, redundancy, solutions other 
than Xi = X2 = • ■ • = x^ = 0 , etc., arc completely determined 
bj' the values and positions of the numbers a,,. This suggests 
that a study of the properties of arra3"s of numbers may be useful. 

Special importance attaches to the cas^ 'here 777 = n, that is, 
the case where the arraj" A 


On O12 * * ‘ Oin 
O2I O22 * • * 


( 1 ) 


[Onl OnS • • * Or.n] 

is square. Such an arraj" A wJl be referred to as an 72 X n arra3", 
or a squa:c arra3* of order 72. Associated with such an arra3% 

* Wc shall assume, unless othenvise rpecifiod, that the arrays and matrices 
\rith which wc are working have elements which are complex numbers. 
Most of the results stated in the pojscnt treatment of the theoiy' of deter- 
minants and matrices arc valid *indcr more general hypotheses on the 
algebraic system in which the elements of the arni3's and matrices lie. Such 
generality is not necessary for our present purposes. For a more thorough 
treatment the reader is referred to the comprehensive works of MncDuffee 
and Wrlderbum mentioned in the bibliograpln*. 

644 
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there is a number rf(A), called the determinant of A, defined by 

d(A) = S( (^) 

where the summation is taken over all pemiutations ii, i^, • • • , 
in of the integers 1, 2, • • • , «, and where h is the number of 
successive interchanges of two f’s which would be necessary to 
permute the order ii, it, •••, in into the order 1, 2, • • • , n. 
It is obvious that the order ii, fa, • • • , in might be brought 
into the order 1, 2, • • • , n by a variety of sequences of inter- 
changes. However, it can be shovui that for a given order, the 
number of such interchanges is either always even or always 
odd, regardless of the chain of interchanges employed. Thus, 
while h is not uniquely determined for any given term in (2), 
( — 1)'* is unique. 

A symbolism frequently used in place of d(A) is 


ail 

012 * “ 

Oin 

021 

022 • • 

G2n 

Onl 

an2 • * 

• Onn 


We note that the determinant is defined for a square array only; 
hence there vdll be no ambiguity if we omit the word square in 
speaking of the determinant of an array. 

Example 1. Let A be the third order array 

Oil ai2 an 

am 022 ct23 . 

_Gsi 032 035_ 

The possible permutations (ii, to, iz) are (1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), 

(3, 1, 2) and (3, 2, 1), and 

j = QHG22Q33 — G11G23G32 — Q12G21O33 

+ 012023031 + OnOoiOso 0i;ja2203l. 

It is possible to eliminate the variables X 2 j • • • y Xn from a 
system of equations whose array of coeiScients is (1) in such a way 
that the coefficient of Xi in the resulting equation is exactly d(A), 
Without going into greater detail on this point, we remark that 
this suggests at least one important reason for studying this 
number associated \vith a square array. 
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The calculation of the determinant of an array by (2) becomes 
a laborious process where n > 3, and consequently it is advisable 
to investigate some properties of determinants which will enable 
us to shorten the computation. 

Theohem 1.1. If B is the array obtained from A by interchang- 
ing roivs and columns, then d(B) = cf(A). 

If in (2) wo rearrange the factors Or, in each term so that the 
column indices are in the order 1,2, • • • , n, we have 

(f(A) = = 2(-l)X,iny,: * ' ' 

= E(-iyb^b,;^ ■ • ■ (3) 

where the hr. are the elements of B. The sequence of interchanges 
necessary to bring ji, j\, • • • , in into the order 1, 2, • • • , 7i 
can be taken as the reverse of the sequence of interchanges by 
which we brought u, tV, •••,!„ into the order 1, 2, • • • , n. 
Hence ( — 1)'“ determines the sign on each term in the last member 
of (3) so that we can write 

d(B) = 2(-l)‘b„h2,. ■ • • = d{A). 

1 Ls 2* 

Example 2. .j = 13. 

Tlieorem 1.1 is important for the reason tliat any theorem on 
determinants resulting from a propert}” of the rows of the array 
Avdil automatically furnish a theorem on determinants which 
results from the same propertj’' of the columns. 

1.2. If fJtc ckmenfs of a row (cohnun) of an 
array A are zero, then f/(A) == 0. 

The proof follows directly from (2) and Theorem 1.1. 

Theorem 1.3. // the array B results from the array A by the 
interchange of two rows (columns) of A, then d(B) = — c?(A). 

Suppose that rowsj and k of A, j < A*, are interchanged to form 
B. Then 

cZ(B) = 2(-l)^aua2.-^ • • • 

* * *. * * • Ont^ 

= (-l)2(-l)''o,.a5,, • • • c,-,. • • . ■ • • a„,- 

= -d(A). 
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Theoeem 1.4. Ijixoo rows (columns) of an arraxj A are identical, 
then d(K) = 0. 

From Theorem 1.3 the interchange of the two identical rows 
(columns) yields d(A) = —d(A), whence d(A) = 0. 

Theohem 1.5. Let Ai, As, • • • , At be n X n arrays which 
have all their rows (columns), with the exception of the jih, in 
common. Then 

d(Ai) -}“ d(Af) "1" ■ ■ ■ "h d(Ak) — d(B), 

where B is an array which has those same roios (columns) in common 
with Ai, • • • , Ajt, and xohose element in the jth row (column) and 
sth column (row), s = 1, 2, • • • , n, is equal to the sian of the 
elements in the jth row (cohimn) and sth column (row) of each of 
the arrays Ai, As, • • • , At. 

Let the elements of the jth row of Am be denoted by • • • , 

aj"’. Then 

d(Ai) + d(Af) + • • • + d(A,) = S(-l)''au-, • • • 

+ S(-1)V • • • • • On.-. 

+ • • • + S(-l)*ai.-^ • ■ • 

= S(-l)^au- • • • (a<-» + aj?; + • • • + aj?/) • - • = d(B). 



a h c 


a h c 


a h c 

Example 3. 

i 

d € f 

ki\ 

+ 

i 

d e f 

\gz hi 1-1 

\ 

d e f 

\gi ~h fft Ai + hi ki ^2 


Theorem 1.6. If the array B is formed from an array A by 
midtiplying each of the elements of some row (column) by a mimber 
k, then d(B) = kd(A). 

The proof is left to the reader. 

Definition 1.1. By the linear combination 

ki(aii, ois, • • • , oin) + fcsCosi, ttjs, • • • ,«»,.) 

"h • ■ ■ -j- fcn(Onl, fln2, ’ • ‘ , Ann) 

of the 7'ows of an array A, we shall mean the row of elements obtained 
by forming the same combination of elements in like positions in 
those rotes; that is, the row 

(hail + hail + • • • + kna„i, haiz + fcsCss + • • • + A:„a„2, 

• • • , hain + ha^n + • • ’ + knOnn). 
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Example 7. Evaluate the determinant 


2 

6 

1 

S 

3 

- 4 

—5 

2 

-I 

- 1 

4 

3 

-8 

-10 

11 

6 


Subtracting 2 times column 3 from column 1, G times column 3 from 
column 2, and S times column 3 from column *5, there results by Theorem 1.7 

I 0 0 1 o! 


13 

26 

—5 

42' 

- 9 

-25 

4 

-29* 

-30 

-7G 

11 

-S2| 


By a Laplace expansion according to the element*^ of the first row, we 
find that 


13 

2G 

42’ 

- 9 

-25 

-29;- 

-30 

— 7G 

-82' 


The expansion of this determinant would involve considerable arith- 
metic. Hence we continue to manipulate the arra.v as before. Subtracting 
twice the first column from the second and 3 times the first column from the 
third column, we have 




13 0 3| : 13 0 3,' 

9 „ 7 = 2 - 9 -7 

-30 -IG Sl 1-15 -8 4' 


Subtracting 4 times the third column from the first, we have 


‘ 1 0 
A =2- 1 -7 

1-31 -S 


— O’. 

4l 


Further, 


A = 2 -1 
-31 


0 0 
-7 I 
-S 97 


whence by a Laplace expansion according to elements of the first row, 
1-7 ll 

A 97^ 2(— 679 4- S) = -1342. 


EXERCISES I 

1. By eliminating x- and xi in turn from the set of equations 

j QnXi 4- = bi, 

t OiiXi “f* a 22X2 = 6 ;, 
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system only partially. On the other hand, the properties of the 
matrix of coefficients will give a complete characterization. 
Moreover, we shall find other valuable applications of the notion 
and properties of a matrix. We proceed to investigate these 
properties. 

Theobem 2.1. Addition of matrices is associative and commuta- 
tive; that zs A + B == B + A and A (B + C) = (A + B) + C. 

The proof is elementary and is left to the reader. 

Theobem 2.2. Multiplication of matrices is associative, but 
not, in genei'al, eommutative. 


Let A = l|a„l|, B = ||5r41) C = ||c„|| be matrices of order n. 
(AB)C = 



n 


n 

= 

'^anb,^ 

“llCrsIl — 



t=i 




'^aj'^b„c,. 


>■=1 


= A(BC). 


The matrices of Example 1 are not commutative, as the reader 
ma}'^ easily verify. 

Theobem 2.3 {Distributive Laws). If A, B, and C are matrices 
of order n, then A(B + C) = AB + AC ; (B 4- C) A = BA + CA. 

The proof is left to the reader. 

Definition 2.1. The symbol S,j{Kronceker’ s delta) is defined 
to be unity if i = j and 0 if i 9 ^ j. {Thus 634 = 0, 633 = 1.) 

Definition 2.2. The main diagonal of a matrix is the set of 
positions along lohich the row and column indices are equal. 

For instance, the elements of the main diagonal of 


(111 

a 12 

fll3 

Cf2l 

C122 

^23 

^31 

G32 

O33 


are an, 022 , and a 33 . 

Definition 2.3. A diagonal matrix is a matrix all of whose 
elements off the main diagonal are zero. 

Definition 2.4. A scalar matrix is a diagonal matrix whose 
main diagonal elements are all equal. 

By Definition 2.1, a scalar matrix can be written as \\k 5 r,\\. 
The reader vdll easily verify that a scalar matrix of order n is 
commutative vith every matrix of order n. The converse also 
holds, viz., 
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Theorem 2.4. If A ts a matrix of order n and if AX = XAfor 
every matrix X of order n, then A is a sceilar matrix. 

Since AX = XA, 

n r. 

(r, ^? = 1, 2, • • • , n) (1) 

1*1 

for all niatricf*> X, that i<j for all values of x^, and Take 
Xrt = OryO,^, Then (1) must hold for this choice of x,,, for even- 
p and g. 

Substituting in (1), we have 

n r 

Ur, 0, jvOf OrpOtijOjf 
1-1 t -1 

If g = s and r ^ p thi^ gives Urp — 0 for every r and eveiy^ 
p ^ r, while for g = 6- and r = p, it gives Qr- = u,, for every 
T and s. Hence A is scalar. 

B}’ analog}’ with the ordinar}- number system (real or complex), 
the zero matrix O should be such a matrix that A -r O = A for 
every matrix A. By definition of addition of matrices it is 
erident that O is a matrix each of whose elements is zero. Again 
by analog}' the identity (or unit) matrix I should he a matrix 
such that LA = AI = A for every A. From Theorem 2.4, I 
must be scalar, and it is then further seen that each element 
of the main diagonal must be 1. Hence I = (o.,). These 
matrices O and I play much the same roles in matric algebra 
that 0 and 1 do in ordinal}- algebra. 

A matrix A when multiplied on either side by a scalar matrix 
. /:or,‘ , }-ields a matrix each element of which L- /; times the 
rerresponding element of A. The product ‘ kon A is what we 
defined earlier as I: A, ’ kor/ itself can be written as /:L By 
rirtue of this definition, the meaning of the difference of two 
matrices is determined. For 

A - B = A -f (-l)B = A -f (--I) • B; 
and (—1 • B) is a matrix each element of which is the negative 
of the corresponding element of B. 

Theorem 2.5. If A and 'B are vmt rices of order n. 

d(AB) = d(A) • d(B). 

Let A = |;a„;j and B = Consider the square array of 

order 2n: 
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a\\ 

a 12 • • • 

Oln 

0 

0 • • 

• 0 ' 



021 

022 * ’ * 

Gin 

0 

0 • • 

• 0 


M = 

On! 

0 n 2 

Onn 

0 

0 • • 

• 0 



-1 

0 

0 

6 n 

612 * * 

bln 



0 

_1 . . . 

0 

621 

^22 ’ * 

b^n 



0 

0 

-1 

^nl 

' * 

bnn _ 


By a Laplace expansion according to 

rows 

1 , 2 , • 

■ ■ , n 

it is 


clear that d{M.) = rf(A) • d(B), By Theorem 1.7, 



i 

1 011 

0 12 • • • 

01n 

n 

^Oi,-5.-, 

n 

l • • • (j lth{n 


1 

i tt21 

022 * ■ * 

02n 

n 

2^02if>,‘] 

1*1 

ti 

1 * ■ ■ ^ 02t?>tn 




. 

t«l 


rf(M) = 

* 

• 

• 

• 

. 


0nl 

0n2 ‘ * ’ 

Onn 


71 

1 • * * ^^On,5in 


-1 

0 

0 

i-1 

0 

» = I 

0 


0 

-1 - • • 

0 

0 

... 0 


0 

0 

-1 

0 

0 

By a Laplace expansion according to rows n 4- 1 n + 2 • • • 

2n, 


n 

^ 01,5,1 
f=i 


n 

0 It ^fn 

- y j 





n 





rf(M) = 


= d(AB) 



056 


HIGHER MATHEMATICS 


(Chap. VI 


Definition 2.5. Let A he any array. The order p of a nmwr 
square array of A of maximum order whose determinant is not zero 
is called the rank of A. 

3 2 ~ 1 

Example 2. The matrix G 4 — 2 is of rank 1, since the detcr- 

G 4 - 2 

minant of A is zero and the determinant of every minor square array of order 
2 is zero, and since there are minor arrays of order one whose determinants 
arc not zero — that is, there arc nonzero elements. 

If the determinant of a matrix is not zero, then the rank of the 
matrix is equal to its order. A matrix ndiose order e.xceeds its 
rank is called singular. 

Theohem 2.G. Assodated xoith every nonsingular matrix A 
there is a unique matrix j B, such that AB = BA = I. 

Let B denote the matrix ^vhere A,r is the cofactor of a,r. 

n 

Then AB = ■ By Theorems 1.9 and 1.10, 

1-1 

n 

= 6rid(A) and hence AB = (5^) = L A similar argu- 

1-1 

ment will show that BA = L It remains to show that B is 
unique. Let C he an}^ matrix for which AC = I. Then 
B = B(AC) = (BA)C = I . C = C. 


Definition 2.G. I'hc matrix B of Theorem 2.6 is called the 
inverse of A, and is written A“k 

Corollary 2.6, If A is nonsingular ^ d(A“0 = l/d(A). 
Ford(A) • d(A-i) = d(AA-0 = da) = L 

Example 3. Let A - ^ j . Then An = 1, An = 3, An = —2, 

Ati = 2, and d(A) = 8. Hence A“* - \ . 

I 1 


Theorem 2.7, Let A he a nonsingular matrix of order n and 
lei B he an arhitrary matrix of order n. The rank of B is equal to 
the rank of AB. 

Let p be the rank of B. If p = tj, then by Theorem 2.5, 
d(AB) = d(A) • d(B) ^ 0 and hence the rank of AB is n and is 
equal to the rank of B. Let us assume, then, that p < n. The 
reader can verify that the determinant of every square minor 
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array of order p + 1 of the product matrix AB can be represented 
as a linear combination, mth coefficients which are polynomials 
in the elements of A, of ni’+^ determinants of minor arrays 
of order p + 1 of B- since the determinant of every square 

minor array of order p + 1 of B is zero, the rank p' of AB is not 
greater than p. 

Now let AB = C. Since A is nonsingular it has an inverse and 
B = A"^C. Now as before it can be shown that the rank p of 
A~*C is not greater than the rank p' of C. Hence p = p', or the 
rank of AB is equal to the rank of B. 


EXERCISES n 


2 

0 

2 



3 

4 

6 

-3 

1 

1 

and 

B - 

-2 

1 

1 

4 

-1 

6 



7 

3 

5 


find A + B, A — B, B — A, AB, and BA. 

(b) Verify Theorem 2.5. 

2. Prove Theorem 2.1. 

3. Prove Theorem 2.3. 

4. If O is the zero matrix of order n, and A is any nth order matrix, what 
matrix is OA? AO? 

5. What are the ranks of the arrays 


r 2 

1 

- 3 - 1 . 

r 2 

1 

3 

5 ], 

'2 

1 

0 “ 

1-4 

-2 

ej’ 

[-2 

3 

1 

isj ' 

3 

9 

5 

8 

-3 

-3 



1 

2 

-1 

6. If A = 

2 

6 

-2 


1 

4 

0 


L find A \ if it exists. 


cofactor of c,u It is denoted by If C is nonsingular of order n, prove 
that 


8. Show that if A is singular, there exists no matrix B such that AB = I. 

9. By the method used in the proof of Theorem 2.5 show that if C is 
singular there is a matrix B, different from the zero matrix O, such that 
CB = BC = O. What is the matrix B derived in this way? Show that B, 
for which CB = BC = 0, is not unique. 

10. Prove that if C is singular, so is C^, 

11. If A = ||o«|( and B = Hbrall are third-order matrices, show that the 
determinant of every two rowed minor array of AB can be written as a 
linear combination of determinants of two rowed minor arrays of AB, with 
coefficients which are polynomials in the elements of A. 
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3. Elementary Matrices and Equivalence. An dcvieniary 
operation or iransjormaiion vpou the rows of a matrix A is a 
transformation upon the rows of A of one or more of the following 
types: 

(I) The interchange of two rows, 

(II) The addition to the elements of a row of h times the cor^ 
responding elements of another row, 

(III) The mvltiplication of the elements of a row by a riumher h 

Each of these elementary operations can be effected by 

multiplying on the left by a certain elementary- matrix, an ele- 
mentary matrix being the matrix obtained b}' performing the 
elementary- operation under consideration upon the identity’ 
matrix I. 

Elementary’ operations upon the columns of a matrix A arc 
defined in a similar manner. 

If I(,;) denotes the elementary' matrix obtained from the 
identity matrix by’ interchanging the iXh and ith rows without 
disturbing the remaining (n — 2) rows, then the effect of niulti- 
ply'ing A on the left by’ giving I(,;)A, is to interchange row 
i and row j of A. is said to be an elementary matrix of type L 

The effect of niultiply-ing A on the right by Id.), giving AI(„^, 
is to interchange column i and column j. 

Let Hd;) = I + (i ^ j) denote the matrix obtained from 

the identity’ matrix I by’ inserting an element h in the rth row, 
jth column. The effect of multiply-ing A on the left by’ H(„-), 
giving H(.,)A, is to add to the elements of the ith row of A, h 
times the elements of the ith row of A. H<,/) is said to be an 
elementary matrix of type II. The operation adds to the 

elements of the ith column of A, h times the elements of the £th 
column of A. 

The operation H(„,AH(,/) upon A adds to the ith row h times 
the fth row, and adds to the ith column h times the fth column. 

Let J(„) = I -f- (k) denote the matrix obtained from the 
identity’ matrix I by’ replacing the element in row i column i by’ 
k. The effect of multiply’ing A on the left by’ J(,ot giving 
J(,oA, is to multiply’ each element in the fth row of A by’ k. 
The operation AJ(,o multiplies each element in the fth column 
of A by k, J(io is called an elementary matrix of type III. 

It is easy’ to see that the inverse of an elementary’ matrix is an 
elementary’ matrix of the same ty’pe. 
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Evidently, if B is derived from A by a finite number of successive 
elementary transformations Pi, P 2 , * * ‘ j Pm upon the rows of A, 
PiA, • • ' , then B = PTnPtn-iPtn -2 ' • * PiA. 

If C is derived from A by a finite number of successive ele- 
mentary transformations Ti, • • • , Tn upon the columns of A, 
ATi, • • • , then C = AT 1 T 2 ' - ' T„. 

In general, if D is obtained from A by a finite number of ele- 
mentary transformations upon the rows and columns of A, 
then D is equivalent to A, that is, D = RAS, where R and S 
are the products of elementary matrices. 

D EFiNiTiON 3.1. The matrix B is said to be equivalent to the matrix 
A ij there exist nonsingular matrices P and Q such that A = PBQ. 

We note that the ranks of equivalent matrices are equal. 

We shall now prove 

Theorem 3.1. Eve7'y matrix A of rank p is equivalent to a 
diagonal matrix ||/ii, ‘ , /ip, 0, • • ' , 0|j. 

Suppose the rank of A is p. Then, if necessary, a shifting of 
rows and columns can be performed by means of elementary 
transformations so that the minor determinant of order p in the 
upper left-hand corner is not zero. By adding, if necessary, 
some otlier row to the first row, we can make the element in the 
(1, 1) position 0. Next, by elementary transformations 
make the elements of the first column below the diagonal equal to 
zero. By elementary transformations every element in the first 
row save an can be made zero mthout disturbing the first column 
of zeros. Denote the resulting matrix by B. 

Next, repeat this general process by worldng with the last 
{n — 1) rows and columns of B; then with the last (n — 2) rows 
and columns; etc. In this way A can be reduced to an equivalent 
matrix 


/u 

0 • 

• 0 

0 • ■ 

0 

0 

hi ■ 

• 0 



0 

0 • 

• hp 

0 • • 

0 

0 

. . 

• 0 



• 



M 



. . 

• 0 
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Evidently M = 0, for if but one element of M were not zero, B, 
and hence A, would be of rank (p + 1), whereas A is of rank p. 


EXERCISES ra 

1. (a) Show that the determinant of an clementnrj' matrix of types I or 
II is ±1. 

(I)) Show that if A is derived from B by elementary transformations on 
the rows and columns of B of types 1 and II, then d(A) = 

2. (a) By elementary transformations, reduce the matrix 



4 

2 

5j 

A - 

3 

-.3 

0 


7 

4 

4 


to a diagonal matrix D. 

(b) TVhat are the matrices P and Q of (a) such that 

B - PAQ? 

(c) Verify the result of (aj b}' showing by direct matric multiplication 
that PAQ = B* 


4. Linear Forms, Linear Transformations. Suppose we have 
a product of two matrices AB where the columns of B, with one 
exception, consist entire!}' of zeros. Then the same columns 
of the product matrix* AB consist entirely of zeros, i.e., 


Oji ai2 

Q21 022 


iOnl a„: 


0 0 
0 0 



io 




0 

0 


6 


2) 


2^ 


0 6 • • • ^ 


61 . • • 0 

hi • • - 0 

K • • • 6 

• oi 

. ol 
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We shall make frequent use of the following abbreviated notation 
for such a relation, whenever no confusion is likely to arise: 



where { } signifies a column of elements and {b} ^ {6r}. We 
can think of this abridged notation as defining the product of a 
matrix and a column array, in that order. Similarly we may 
define the symbolic abbreviation 


(c)A = Crau 

where ( ) denotes a row array, or more properly, a matrix ail 
of whose rows, with one exception, consist entirely of zeros. 

Further, if A has only one nonzero row ai, as, • * • , Un and B 
one nonzero column, bi, 62, • • • , bn then the product matrix E 
will have (at most) only one non-zero element and we may 
introduce for the identity AB = E, the abridgment 


(a){b} = 

wherever no confusion is likely to arise. 

A set of linear equations (or transformations) 


aiiXi 4 “ O12X2 "h * 

^ 022^2 "k ’ 

“k O^lnXn — 2/1, ^ 

“k (^2nXn ^ 2 /2 j 

• 

( 1 ) 

"k CLn2^2 "k * 

**k Unn^^n ~ 2 /n, ^ 
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can now be written by use of the abridged notation as the single 
matric equation 

A{x! = [yl, 


where A = llor.jl. 

If d(A) 5^ 0, the inverse A“^ of A exists. ^Multipljnng on the 
loft of each side of equation (1) by we have 

A*"Myl == A-^Atxj = I{xj = [x). 

In other words, if the matrix A of the system (1) is nonsingular, 

(x| = A-My} (2) 

is tlie (unique) solution of (1). Equation (2) is known as 
Cranwr^s rule. 

If d(A) — 0, the sj'stem (1) is said to bo singular. 

Various interpretations may be placed upon cqs. (1) and its 
solution (2). Equations (1) may be looked upon as an operation 
which transforms an arraj" {xf into a new array {t/}. 

If xi, X2, ‘ , 2‘n be tliought of as the coordinates of a point 

P in n-space, then the point P' of coordinates 7/1, Z/2, • • • , 7/n is 
said to be derived from P by the linear homogeneous transforma- 
tion (1). 

Any homogeneous linear function is called a linear form. 
Hence eqs.(l) may be said to consist of 71 linear forms 7/1, • • ^ 

Suppose the x’s in (1) are subjected to the linear transformation 
B with coefTieicnts hr„ 


By (1), 


where 


1x1 =B|2l 


n n n n 

P*=l p=«l 7«»1 


(3) 

(4) 


-- ^ Gyphpj, ( 5 ) 

P«i 

From the definition of the product AB of two matrices A and B, 
it is clear that 


D = (d„) - AB. 
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In other words, under transformation (3), (1) becomes 

{y} = A{x} = D{z}, where D = AB. (6) 

AB = D is called the product of the linear transformations A 
and B* 

Theorem 4.1. A linear transformation with matrix B replaces 
a system of linear forms %oith matrix A, hy a system of linear forms 
with matrix AB. 

It is important to notice the one-to-one correspondence 
(isomorphism) between the linear transformations and their 
matrices which is preserved under multiplication. This shows 
why the definition of multiplication of matrices is made as it is. 

We shall leave to the reader the proof of the folloAving theorems: 

Theorem 4.2. If A, B, C be the matrices of three linear trans- 
formations, then A(BC) = (AB)C, that is, the product of linear 
transformations is associative. 

Theorem 4.3. The s%Lm of the tioo arrays A{y} and B{y} of the 
same mi 7 ?iber of roivs is the row array C{y} where C — A + B. 

We noted that if ^(A) 0 in (1), (2) gives the unique solution 

of (1). If d{K) = 0, the above method can not be employed. 
However, a parametric solution can be obtained by the use of 
the diagonal form D = PAQ. (See Sec. 3.) 

We shall consider the equations (1) with coefficients in a field 
and vith d(A) = O.f Let the matrix A be reduced by means 
of nonsingular elementary transformations of matrices P and Q 
to an equivalent diagonal form D = PAQ, where D has r nonzero 
consecutive diagonal elements ai, ao, ‘ , ar, all rational in 

the coefficients a„*. Let n new variables be introduced by 
means of the linear relations 

* A field of numbers is a set S of numbers such that the sum, difference, 
product, and quotient (provided the divisor is not zero) of an^^ two numbers 
of are again in Thus the set of all rational numbers, the set of all real 
numbers, and the set of all complex numbers each constitutes a field. The 
set of all positive rational numbers is, however, not a field. (Why?) 
Neither is the set of all integers. (Why?) 

Although the results we shall obtain in this and later sections, as well 
as the results of preceding sections, are valid for a more general domain 
than a field of numbers, where no particular field is specified, the student 
may think of some familiar field such as the complex field or the real field, 
when studying the work in this chapter. 

t The student is advised to work carefully Exs. 5 to 13 at the end of this 
section before attempting to read the remainder of this section. 
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Then from (7) and (1) wc liave 

D!U = PAQ{?! = PAQQ-{xl = PA{i) - P{y!. 

In (8), 



(7) 


( 8 ) 


(9) 


consists of a column of r nonzero elements followed by (n — r) 
zeros. The rigbh-hand member P{y| of (8) is a column arraj' 
consisting of n homogeneous linear functions of the i/,- whose 
coefficients are the elements of the respective rows of P, 


llPn 


P|y| = • 


IPnl 



Evidentl3% the equation (S), D[?} = P{y| = (n} can be 
solved for the if the last (n — r) elements of the column (n) 
are zero. In case this is so, we have on^i = 02^2 = »72, * ‘ , 

ttrfr = Vr from which we find 


$1 = 


JLj 

oil 




The remaining (n - r) of the are arbitrary, for they do not 
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affect the value of D{5}. From (7), {xj = Q{?},.so that each 
a:,- is a linear function of all the vnth coefficients in F. 

Thus, if the last (71 — r) elements of fn} are zero, the general 
solution for a:,- involves exactly (/z — r) parameters ^ 

for throughout the entire argument, the expressions used have 
been obtained hy rational operations invohdng onlj^ the elements 
Gis of A and the n variables 2 / 1 , * ' • , 2/n. Since P and Q are 
nonsingular the argument given above maj^ be reversed. 

If an 3 ’“ one of the last (71 — r) elements 7]r4-,- do not vanish, no 
solution to (1) exists in case d{A) = 0, In this case the equations 
(1) are inco7is2st€f2t (or i?2C07npatible). In order to state the 
conditions for consistency in a more general form we shall con- 
sider the follovdng n X (n + 1) array B formed by augmenting 
the matrix A by the column {y}, 


an 


3/1 

Unl 

Unn 

2/n 


and shall show that the n non-homogeneous equations 

A{x} = {yj 


are consistent and solvable for r of the variables [x} in terras of 
(n — r) arbitrary parameters, if and onl 3 ’^ if the rank of B is equal 
to the rank r of A. 

We shall consider the identitj* 


Pll * ’ • pin 0 


Pnl * * • pnn 0 


[o — -.0 1 



Clin 

Vi 


qn • • 


0 

Hnn 

!/n 


5'nl * ■ 

qnn 

0 

0 

0 


0 • • 

• 0 

1 



Qfl 0 

• 0 

0 • 

' 0 

Vi 


0 Of; . 

• • 

• 

' 



0 • ■ 

’ Otr 

0 ‘ 

' • 0 

Vr 


0 • % . 

- 0 

0 . 

. . . 

• 


0 • • 

• 0 

0 . - 

■ * 0 

Vn 


0 • . 

' 0 

0 • • 

' 0 

0 


( 12 ) 
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or more briefly 

PBQ = D. (13) 

If r is the rank of A, then the rank of D must be r at least, for 
one of its r-rowed minors (in D) is the nonzero product ai ‘ • ar* 

Furthermore, the rank of D can exceed r if and onl}' if at least one 
element tjr+i (x > 0) in the last (n — r) rows and the final column 
of D is not zero. Since P and Q arc nonsingular, P and Q arc 
also, hence, by Theorem 2.7 the rank of B is equal to the rank of 
D. Thus, the last (72 — r) elements of P{y) = (n) are zero and 
the equations (1) are consistent and parametricall}^ solvable, if 
and onl}' if the matrices A and B have the same rank r. 

The results given above are readil}" generalized to cover the 
cases where the number of equations in (1) is m 9 ^ n. 

Theouem 4,4, Given the luicar equations inth coefficients in a 
field F 

n 

Vr = (r = 1, • ' • , m) (14) 

of array A = [Or#]. Let r he the rank of A and p he the rank of B, 
the augmented array derived from A hy annexing the column jy). 
If p > r^ equations (14) arc viconmstcnt. If p ^ r, certain r of the 
equations determine uniquely r of the unknowns as linear fund ions 
of the remaijmig (71 — r) ujiknowns; for all values of the latter the 
expressions for these r unknowns satisfy also the remaining {in — r) 
equations. 

A set of elements Zi, Zs, • • • , (row arrays, matrices, polyno- 
mials, numbers, etc.) arc said to be linearly independent with 
respect to a field of numbers F (real, rational, or complex) in 
w’hich we are \vorking, if no linear combination of them, 

Ql2l + 4- ‘ • -J- GnZny 

with coeffleients a,- in the field F, is zero unless 

Oi =: 02 = * * • — On = 0. 

If numbers o,- not all zero do exist such that the above combina- 
tion is zero, then the Zi, Z 2 , * * * , 2n are said to be linearly 
dependent relative to F. It is necessary to specify the field F. 
For example, consider the numbers 1, \/3; they are linearly 
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independent relative to the rational field but are linearly depend- 
ent relative to the real field. Similarly, 1 and i are linearly 
independent relative to the rational field or the real field but are 
linearly dependent relati-\'-e to the complex field. 

A particularly important case of Theorem 4.4 occurs when (1) 
consists of m homogeneous linear equations with 

2/1= . • • = 2/„ = 0, 

that is, 

11 

= 0. (?• = 1, • • • , 7 «) (15) 

Theorejvi 4.5. Given the homogeneous equations (15) xoiih 
coefficients in a field F. Let r be the rank of A ^ [orj. Then (15) 
has {n — r) linearly independent solutions in F, while every other 
solution is linearly dependent on them [z.c., r equations may he 
selected from (15), ivhose matrix has a non-vanishing r-roived 
determinant and these r equations determine uniquely r of the 
unknowns as homogeneous linear functions, with coefficients in F, 
of the remaining {n — r) ^mknowns: for all values of the latter, the 
expressions for the r unknowns satisfy (15)]. 

All immediate consequence of this theorem is 

CoROLii^vRY 4.5. Equations (15) have solutiojis not all zero if 
and only if r < n. In pariicidar, n homogeneous linear equations 
in n unknowns have solutions not all zero if and only if the determi- 
nant of the coefficierds of the unknowns is zero. 

If the m homogeneous eqs. (16) have the two solutions 
{u} = (til, • • • , Wn) and {v} = (vj, • • • , t;„), then (15) have 
the solution (ortii + ^vi, • • • , oiin + )3i;„) where a and /S are 
an}^ two unknowns in F. The solutions {uj and {vj are linearly 
dependent if there exists in F constants a and |3, not both zero, 
such that a{u} -|-j3{v} = {O}; but linearly independent if 
no such constants a and jS exist in F. This notion can readily be 
extended to any number of solutions. Thus, in Theorem 4.5 
anj' system (15) of rank r <. n has (n — ?•) linearly independent 
solutions while every solution is linearlj-- dependent upon them. 

We are now in a position to state an important theorem on 
linear dependence. 

Theorem 4.6. Let S be a set of n row arrays {column arrays) 
of m elements each, and let the elements of these arrays lie in a field 
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F, The arrays of S arc linearly independent relative to F, if and 
only if the rectangular array composed of these rows {columns) is 
of ran): r — n. Jfr< Uj there arc exactly n — r linearly independ- 
ent linear relations among the rows {columns) of S. 

The proof follows immediately from Theorem 4.5 and Corollar}" 
4.5 when we ask for the solutions of the system of equations 



Note that if m < n, Theorem 4.6 states that the a^^a 3 ^s of S 
are always linearly dependent. 

Theorem 4.6 may be applied to any entities capable of repre- 
sentation as row or column arrays. As particularly important 
instances of such, we mention vectors of order 771, linear forms in 
m variables, and poljmomials of degree m in one variable. 

Example 1. The polynomials — 2x- — x -f 3, and 

2x’ — 3x‘ -f* X are linearly dependent. For if these polynomials arc rep- 
resented respectively by the row arrays (1. —2. 0, 1), (1, —3. —1, 3) and 
(2, —3, 1, 0) the array 

‘1 -2 0 r 

1- 3-1 3 

2- 310 


is easily seen to be of rank 2. The third row is linearly dependent on 
rows one and two. Theorem *1.0 also tells \\s that there is just one inde- 
pendent linear relation amonj; these polynomials. 

We leave the proof of the follotving theorem to the reader: 
Theorem 4.7. If ’ * * , Q solutions of (15), 

Ajx) = (0|, then I 2 )“/ I a solution of (15), the a, being in 
the field F. 


EXERCISES IV 

1. (a) Let the variables Xj, x: be subjected to the transformation 

xj = xj cos — Xj sin 0, I 
Ti s= xl sin 0 -f- xJ cos $. J 
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What is the geometric interpretation of this transformation? What is the 
matrix of the transformation? Is the transformation nonsingular? 

(b) Find, by matric methods, the inverse transformation. 

(c) If the variables x[ and xi are subjected to the transformation 


f ft \ 

Xi — Xi cos a — X2 Sin a, / 
= x[^ sin a -f- X 2 cos ocf ) 


( 2 ) 


verify by direct substitution, that the matrix of the transformation carrying 
Xu into xl^ X 2 is the product of the matrices of transformations (1) and 
(2). “ 

(d) Verify that the matrices of transformations (1) and (2) are com- 
mutative. Is there any reason for this? 

2. Prove that if A is equivalent to B, then B is equivalent to A. 

3. Prove that if A is equivalent to B and B is equivalent to C, then A is 
equivalent to C. What are the transforming matrices under which A is 
equivalent to C? 

4. Is a matrix equivalent to itself? 

Solve the systems of equations in Exs. 5 to 13 by following the procedure 
outlined below: 

(a) Find the rank r of the array of coefficients. 

(b) Find the rank of the array of coefficients augmented b}’^ the column 
of constant terms, thus determining whether or not the system is consistent. 
(See Theorem 4.4.) 

(c) In case the system is consistent, choose a subset of r of the equations 
whose array of coefficients is of rank r, and solve by Cramer^s rule for the r 
unknowns corresponding to the minor of rank r in terms of the n — r 
remaining unknowns. 

(d) Verify by direct substitution that these solutions satisfy each equation 
of the system. 


\2x -Zy = a, 

U + 2/ = 0. 

7 \5x ~7y 

} 10a: - Uy = 7. 

iZx - Ay + 202 = -8, 

9. ■{ — a; + y — 62 = 2, 

( 3a: - 5y + 222 = -10. 

( 2a: + 3y + 62 = 0, 

11. "I 3a: + 4;/ + 62 = 0, 

( a: + 3y + 7r = 0. 

Zx — y — 2z = 4, 

-2z + 3y + 42 = -1, 
* + 9y + IO2 = 8, 

13z - 2y - 62 = 19. 


S2x+Zy= A, 

■ ; 6z + 9y = 12. 

( 2i + y - 62 = -4, 

8. ^ 5z 3y -f* 142 = — 12^ 
( - 3z + 2y - IO 2 = 7. 
( z + 6y — 322 = 0, 

10. -j z — 2y + 02 = 3, 

( Ax — 2z — —9. 

i z — 2y + 2 = 0, 

3z 4~ 5y 4" 22 = 0, 

4z 4- 3y + 32 = 0. 


14. Show that the linear forms 3z — 2y 4- 2, z 4- y — 62, and 2z 
linearly independent relative to the comple.x field. 


4- 2y are 
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15. ShoTV that the poh^iioniials — 3r -f 2, or* — 2r -f 7. 3r- 4- 2, Jind 

2x5 ^ ^ 2 arc linearly dependent jrehtivc to the complex field, and find a 

particular linear combination of them, vrith coefheients not all zero, xrhich 
is identically equal to zero. 

16. Consider the pair of straicht lines 

5 oix -h bit/ -f Cl — 0 
i CzX hrV “ C: ~ 0. 

If A 1 =^ i and B 5 = discus the point- of inter* 

,|fli Oij LOr hz C;J 

section of the lines in the folloning ense^: (a) d(A) 7 ^ 0; (1>) the rani: of A is 1 
and the rank of B is 2; (c) the rank of A L- 1 and the rank of B is 1. 

17. Malic a discussion similar to that of Ex. 16 for th^ cas^ of three 
straight lines in the plane. 

6 . Bilinear Forms and Equivalent Matrices. The second- 
degree polynomial 

G = X°--* 

in the 2 n variables 5 : 1 , xc. • * • . t/i, pc. • * • , y\ is called a 
hlwcar form. In the abridged notation we may write 

G - (x)A{y|, 

where (x) ^ (xu x;. • * • , x..), Ij] is a similar column array, 
and A ^ . A is called the matrix of the form G. 

Defimtiox 5.1. The transpose of o viatrtx A, denoted hy A^, 
is the 77?afrix resulting from A hy intcrcJianging the rows and 
columns of A. Thus if A = , A* ~ a,J . 

11 o 3 r ^ o _ 1 ' 

Example 1 . , =,3 

It is easy to prove 
Theoroi 5.1. 

(A 4- B)- == A^ 4- B"; 

(A + B 4“ • ■ • 4* K)^ = A^ -f 4- • • * 4- 

Theorem 5.2. 

(AB)- = B^A’; (AB • - • K)- = K— • • B'A^. 
Theorem 5.3. (A^)~^ = (A^O*. 

If the variables of G are subjected to the nonsingular linear 
transformations 
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{x}=P{x}, {y}=Q{y} 

where P s ljp„jlandQ s llgf4, then writing {x}*’ = (x) = (x)P’', 
G becomes 

G = (x)P5^- A - Q{yl = (x) • P^AQ • {y), 

Thus, under nonsingular transformations of the variables, the 
matrix of the bilinear form in the new variables Xi, yi is equivalent 
to the matrix of the form involving the old variables x.-, y,-. 

This is an instance of the use of the idea of equivalence of 
matrices. As in the case of equivalence we see that the rank of 
the matrix of G (called the rank of the bilinear form) is an 
invariant under nonsingular linear transformations of the 
variables. 

EXERCISES V 

1. Prove that (A^)^ ~ A. 

2. Prove Theorem 5.1. 

3. Prove Theorem 5.2. 

4. Prove Theorem 5.3, 

5. Make a briefer statement of Theorem 1.1, 

6. Congruence of Matrices. As a particular kind of equiv- 
alence of matrices, we take up the study of the congruence of 
matrices. Congnience is the case of equivalence wherein P = Q^. 
(See Sec, 3.) 

Definition 6.1. A matrix A is called symmetric, if = A. 
Definition 6.2. If two matrices A and B are so related that there 
exists a nonsingidar matrix P such that P^AP = B, then B is said to 
be congruent to A. 

If A is symmetric and B is congruent to A, then B is also 
symmetric. For if B = P^AP, then by Theorem 5.2 

= P^A^P = P^AP = B. 

A quadratic form in n variables Xi, X 2 , '•••, Xn is a homo- 
geneous pol 3 momial of the second degree in Xi, X 2 , • * ^ , x,,. 
A quadratic form is a particular type of bilinear form. A 
quadratic form Q may be written in the symmetric form 

n 

Q = ^diiXiXj, 

where a^ = aju The matrix A = llar«|j is called the matrix of the 
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quadratic form. By virtue of the S 3 Tnmetric way in which Q 
is written it is clear that A is s>mimctric. In the abridged nota- 
tion of Sec. 4, Q may be written 

Q = (x)A!x} 

where (x) is the row array (t:, ' • ' , x„) and {x} is the similar 
column array. 

If the variables xi.rr, • * • , Zn arc subjected to the nonsingular 
linear transformation 

1x1 = Cfy}, C = 

then, since (x) = {x)5^ = (y)C* 

Q = (y)Cr - A . C{y) = (y) ■ C^AC - jy}. 

Thus the matrix A of Q is transformed into a congruent sjmimetric 
matrix under the linear transformation of the variables. 

Theorem G.L Every ^iv'imciric matrix A of ranh p xrith ele- 
ments in a field F is congrucjit in F to a diagonal matrix 

[di, dt, ‘ ‘ • y dpj Oj - ' j 0), d, ^ 0. 

We consider the matrix 

Uu 

i 

A = ' * 

j . 

\Or.l 

of rank p. 

If the principal minor of order p in the upper left corner of A 
is singular, then an elcmentarN" transformation matrix Pi can be 
found such that B == PfAPi where the principal minor of order 
p in the upper left corner of B is nonsingular. If hu = 0, some 
6ijfc 0. Ibis case select a matrix P^ which adds 

row k to row 1 and column /: to column 1, giving C = P|BP; 
in which cn 0. Now select a Ps which adds — cu/cn times 
the first row to the /:th row and — Cii/cn times the first column 
to the /:th column, (/: = 2, 3, - • • , n), giring E = PjCPj, 
in which all the elements of the first row and first column are zero 
except Cij. Xow proceed similarh' \rith the lower right minor of 
order (n — 1), and so on, until the diagonal matrix 

D ^ lldi, d;. ■ • • , dp, 0, • ‘ , 0|j 
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is reached. Since 

* Pf • • • Pp>?P[APiP2P3 = P^’AP = D 

wdth P = PiPsPs • • • P^ we see that A is congruent to D* 
Since P is nonsingular and A is of rank p, so is D of rank p (Theo- 
rem 2.7). 

An immediate consequence of the proof of Theorem 6.1 is 
Theokem 6.2. Let A, he the 'principal viinor of order i in the 
tapper left hand corner of the sijjfwietric matrix A, If d(A,*) 9 ^ 0, 
the?} di in Theorem 6.1 can be determined as a rational function 
of the elements of Ai alone. 

The truth of this theorem becomes obvious, since in the begin- 
ning of the proof of Theorem 6.1, if d(A,) 9 ^ 0, none of the 
first i rows and columns need be interchanged with any of the 
last (p — i) rows and columns. 

We shall now prove Sylvester’s famous theorem known as the 
‘‘law of inertia” (1852). 

Theorem 6.3. Lei the field of nuinbcrs be the real or rational 
field. // D = l[di, do, • • • , dp, 0, • • ’ , O]! is congruent 'with 
H = /io, * * ' , /ir, 0, * • ' , 0j|, the 7 i the member of positive 
d^s is exactly equal to the number of positive h^s. 

Proof. By Theorem 2.7, r = p. Suppose A and B are any 
two congruent matrices 

A = P^BP. 

Let Xi, • • • , a:n be indeterminants which are denoted by (x) 
when written as a row array and by {x} when written as a column 
array. Construct the quadratic form 

(x)A{x} = (x)PrBP{x}. 

Let {y} = P{x}. Then 

(x)A{xj = (y)B{y|. 

If A = H and B = D, then 

n n 

= ^d,yl 

r « 1 i 1 

Suppose the h’s and d’s are so numbered that 

^*1 > 0 , • • • , > 0 , hx+i < 0 , • • • , h,<0, 

di > 0, ’ ' ' , d^ > 0, d^+i <0, ' • ' , dp < 0, 
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and suppose that fi <\. Then 

/M^*i + * * * + hxl - dM-riVUi d,yl 

= diy\ + • • • + d^yl - hx^ixl^i 

Select xx^i = • • • = = 0 and ti, — • , tx not all zero so 

that the fi <\) linear forms yu * j are all zero. This 
last can be done according to Corollary' 4.5. But this implies 
/hxf + ' • • + hxxl = 0 for the xV not all zero; this is a con- 
tradiction of our hj’pothesis, hence /i ^ X. But the relation 
between H and D is mutual, so that a similar argument would 
lead to the result ^ X. Hence X = /i. 

The number 2X — p = cr Ls called the signature of D and is the 
number of positive terms diminished bj- the number of negative 
terms in the canonical form D. The two integer invariants 
p and c determine the number of positive and the number of 
negative terms in D, the canonical form of A. 

In Theorem 6.1, if F is the renl field, cverj" positive d{ can be 
reduced to 1. and cverj" negative to -*1, b}’ an elementary’ 
transformation of ty’pe III in the real field. Thus, 

Theokem 6.4. Two real symjndric niotriccs arc congruent 
in the real field if and only if they have the same ranJ: p, and the 
same signature c. 


EXERCISES VI 

1. Is a iuatn\ ooiipniont to itself? 

2. Prove that if A is concnicnt to B, then B is concrticnt to A, 

3. Prove tixat if A is conpnient to B .and B is congruent to C, then A is 
congnicnt to C. 

4. If A — P^P, what is d(A)? 

5. (a) Wntc the quadratic form 

Q = 2xJ -h 3r: — 2x: -f xjX; — 3xiXi -r 4 t3T; 

in symmetric form. Vliat is the matiix of thi« form? 

(b) Write Q in the abridged matric notation. 

6. Verify, by direct substitution, the law of transformation of the niatn 
of a quadratic form in the case of the form 

Xj -f AjiTz -r 


and the transformation 


( xi = 2x[ - 3x1, 
] X. = x; -f 
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7. Reduce each of the quadratic forms of Ex, 5 and 6 to a form which 
contains only the squares of the variables, by reducing its matrix to a 
diagonal form by transformations involving rational coefficients. What is 
the single transformation on the variables, in each case, which will accom- 
plish this reduction? 

8. Using results of Ex. 7, reduce each form further to a form in which the 
coefficient of each square term is +1 or —1, by using real transformations. 
What is the signature of each form? 

9. Using results of Ex, 8 reduce each form further to a sum of squares with 
coefficients +1, by using complex transformations. 

7. Transfonnation of Reference Frame, In Sec. 4 we re- 
marked that a row array (or a column array) could be considered 
as the coordinates of a point in n-space. If wc think of this point 
as the end point of a vector directed from the origin of coordi- 
nates, then such a row or column array defines the vector com- 
pletely. The elements of the array can be thought of as the 
components of the vector in the n independent principal direc- 
tions of the axes of the reference frames. 

Suppose that two vectors [x] and {y} referred respectively to 
two reference frames X and Y are related by 

{x}=A{yi, A = l!a„l|. 

Let us change from the frame X to a new frame X by the non- 
singular transformation 

{xl = P{x}, P = lip„l|, 

and let us likewise change from frame F to a new frame Y by the 
nonsingular transformation 

{y} = Q{y}, . Q 

Then the relation between the vectors {X} and {y }, which are the 
transforms of {x} and {y|, respectively, is 

P{x} = AQ{y} 
or 

{x} =p-iAQ{y); 

in particular, if the same transformation is made for both frames 
then ’ 


{x} = P-iAP{y}. 

Definition 7.1. If two matrices A and B are so related that 
A = P-^BP, where P is a nonsingular matrix, then A is said to be 
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sivular to B. It is dear that smiJarity is another instance of 
cguivahncc. 

Let A be a matrix of order n and let X be an indeterminate. 
The determinant d{k — XI) is a polynomial of degree n in X. 
This polynomial is called the characlenstic function of A, and the 
equation c(X) = f/(A — XI) == 0 is called the characteristic equa- 
tion of A. 

A curious theorem, Avho^^e proof will be omitted here, is the 
famous 

Theorem 7.1 (IlajniUon-Caulci/ Theorem), Every matrix 
satisfies its characteristic cewa/ro?*, irhcn the constant frnn c of 
the equation is replaced by cl. 

That is, if in fbc function v"(X), X is replaced by A and the con- 
stant term c by d then the resulting matrix is tlie zero matrix. 

Example 1. Ut A o * A - XI = . ^ ^ ^ J|. 

and *^(\) ~ d(A — XI) - X- — S nffdaomt: X in hy A, we 

find 

'1-10 2' ‘’-2 2 ' ^ 0 1; " 0 o' 

EXERCISES Vn 

1—1. Solve Exs. I, 2, 3, 4 of Ea. VI for the ca«e of <imilnr znatnee^. 

5, Find the characteristic equation of the mntnv 

b - " 

A = 3 0 2 ‘ 

' -5 6 2 

and verify the Hamdton-Cayley theorem for A. 

G. Shotv, ndthoiif direct verification and xrithont computmc A“^, that the 

, . . il 2 3'! . 

mntnx A ~ , > is its own inverse. 

ij-1 -2 1 

7. Show that any matrix ‘‘imilar to A of Ev. 6 is its oun inverse. 

S. Ttif Mcflod of Sr/mnctric royr37>oncnfy. Ixjt Ej, E*, Ez. and /i. /-, /j 
bo the vector representations in frame Cfi of the voltage^ and currents in 
phases 1, 2, and 3, resjwctivcly, of a threo-pha«c electrical system^. The 
Kirch hofT equations for^ are 


-n 

"si 

"is 


= j£{. 

or 

zlH = iE}, 

(1) 

Zu 

"JS 

\l h) 

1 eA 





where the elements r,, are lumped impedances in phase i (i =1, 2. 3). and r,/ 
are the lumped impedances common to ph.ascs i and j. Suppose the voltages 
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and currents are referred to a new reference frame 0=2 by means of the 
equations 




1 

1 1 

i 1 


1 

- 


(2) 

1 

0“^= a-* 

1 i 



or 

!E) - SIE), 11} - SlI}, 

where a is the primitive cube root of unity; i.e., a ^ + j('\/3/2), with 

j 2 = — 1 . Then under (2), ( 1 ) gives 

2lil == (E}, where 2 = S^'^zS. (3) 

The term in (E) is called the kth sequence component of the voltage 
in phase 1 , = 1 , 2 , 3 ; and the element in |I), the kth. sequence 

component of the current in phase 1 . The sequence components for 
phase r are defined by means of 



) Ibii 

bn 



\ = bai 

bs2 623 K E\^^ [. 

(4) 


) 

hn bn i E[^'> ) 


where bij — 

5 ij — 0 if f jj 1 if 1 — J. 



(a) Express 2 in terms of 2 i/. 

(b) Show that 2 reduces to a diagonal matrix when is electricallj" sym- 
metrical, that is, when zn = 222 = 233 , 212 = 223 = 213 = 221 = 232 = 231 . 

(c) Solve (2) for {E} in terms of jE). 

(d) Suppose 

El = (100) +j{0\ B 2 = -(2.7) -i(32.3), and Ez = ~(37.3) +j(2.3). 

Find the sequence components for phase 1 ; phase 2; phase 3. Graph your 
results on the complex plane. Illustrate each step in the theory graphically. 

(e) Generalize this method for the case of an n-phase electrical system.* 

PART B. VECTOR ANALYSIS 

8. Introduction, In formulating the properties of vectors, 
there are several points of view which may be adopted. For 
example, may use the Gibbs notation V for a vector, and 
develop th(t subject of vector analysis along geometrical lines, or 
along the line of a generalized or abstract algebra. On the other 
hand, we may build up the vector concept from ihe point of 
view of invariants of transformations. We shall adopt this 
latter 'viewpoint because it leads directly to the extension of 
vector analysis called tensor analysis (see Part D of this chapter). 

* Burington, Matrices in Circuit Theory, J. Math. Physics, December, 
1935. 
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9. Concept of a Vector. In this ^vork wo shall use as a refer- 
ence framework a system of three mutually perpendicular axes 
meeting in a point 0, as shown in Fig, ISl. We shall agree that 
these axes are so lettered as to form a righl-haiulcd system. (In 


such a system rotation of a right-handed screw, with axis along 
OZ, from the positive x-axis through 00° to the positive 7/-axis 
Z z* causes tlie screw to advance along 



the positive r-axis.) A point P is 
then specified by its Cartesian 
coordinates (t, y, z) relative to the 
frame OXYZ. 

If another reference frame 
(yX^Y'Z^ be used, its position may 
be specified with reference to the 
frame OXYZ b3' the coordinates 
(xo, I/O, zq) of the new origin O' and 


Fio. 181 , 


bj' the direction cosines of the angles 


which 0'X\ ^O'F', O'Z' make with OA", OYy OZ. As indi- 
cated in the arV.\y below, we shall let Ou, ai2, ou, ^ 

denote the direction cosines of O'A”' with OA", O'A'' with OY, O'X' 
with Oi?, * * * , respectively, 

\x OY OZ 

O' A"' uiiV ^13 

O'}" 021 \ «23 • (1) 

O'Z'LOai ^^3= 033. 

virtue of the well-known fornu^^ 

cos 0 = cos ai cos a 2 + cos Pi cosV'. -t (2) 

we have the following relations among ihr >t‘v)ovc direction 
cosines: * 

ojo -{- = 1, 02i03i -}- Q 22 O 32 *f- OcsOji 

ofi -{- O21 -f- ajj = O12O13 -}- O22O23 -f* 032031 

the last relation, for example, expressing the fact ^ ~ YOZ 

is a right angle. 

Let (xy ijy 2) and (x', y', 2') be the coordinates of same point 
P relative to^ahe two frames OXYZ and 0'A"1^'Z', respectively. 
Let a, p, 7, V be the direction angles of O'P OF, OZ, 

O'A''. Then by (1) and (2), ^ 
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x' = O'P cos a' = 0 'P[aix cos a + an cos /3 + an cos 7] 

= an{x — Xo) + 012 ( 2 / — 2 / 0 ) + a,n(z ~ So). 

Similarly, we find 

y' = a2i{x —.Xo) + 022(2/ ~ 2/0) + 023(2 — 2 o), 
z' = azi(x — Xo) + 032(2/ “ 2/0) + 033(2 — 2 o). 

By Sec. 4 , these equations may be combined into the single 
matric equation 


( 5 ) 





[= 


an 

CI 12 

aiz 

X 

— .ro 

a2i 

a22 


<2/ 

- 2/0 

azi 

as2 

azz 




By the method used to derive ( 4 ), we have 

X — Xo = aiix' + aoiy' + a^iz', 

2 / — 2/0 = 012a:' + O222/' + 0322', 

z — 2o = 013a:' + 0232/' + 0332'. 


( 6 ) 


It is easy to see that (6) is the inverse of ( 4 ). 

Consider two points Pi and P2 and an operation that carries 
Pi into P2. This operation involves the concept of magnitude 
(the distance between the two points), and the concept of 
direction. These two characteristics are possessed by manj'- 
physical quantities and are frequently represented by the 
geometric operation mentioned above. Such physical quantities 
are known as vector quantities. A vector quantity is said to be 
described when its magnitude and direction are specified. If 
one end point, say Pi, of the segment representing a vector 
quantity be chosen at random, then the other end point is 
definitely determined by the magnitude and direction of the 
segment representing the vector quantity. A vector quantity 
may be represented by any one of a system of equal, parallel, 
and similarly directed vector segments. The term vector is 
commonly used to denote either a physical vector quantity or 
its geometric representation. 

The magnitude and direction of the translation of Pi to P2 
are commonly specified ,or represented by the projections of the 

directed segment PiPa on the coordinate axes. These proj ections 

of the same segment P1P2 are of course different in different 
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reference frames. For example, if (zj, t/i. Zi) and {xs, vu, r.) 
are the coordinates of Pi and P-, respectively, in the reference 

frame (F the representation of the segment P 1 P 2 in this frame is 
(X 2 - xi, yz - iju - " 1 ). If Uu -0 ^ind (x?, yJ, ri) are 
the coordinate.=^ of Pi and Pj. respectiveh’, in tlic frame tr', then 

tlie representation of PiPj in frame a' i? fjJ — xj, yl — t/J, 
— z{}. As in (4) and (G), the two repre<^entations are related 
by 

Xj Xj = Oll(X2 
Vz - 2/'i == <^2 i(X 2 
zj — zj — G3 i(X; 

and the inverse is 

X2 — Xj = an(xi — xO + ari(!/j “ I/3) -f ajs(x2 - zl), 1 

2/s - 2/1 = nis(xJ ~ xj) + a-(7/; - yl) 4- assfzl - z\), V (S) 

Z; - Zi = an(xi - x\) -r “ I/O -r n3:(Z; - z[). ) 

Suppose the measurement of a certain (physical, geometrical, 

or other) entity involves the detemtinalion of three numbers 
relative to a reference frame. Are the^e three numbers for a 
certain frame (x the representation in frame a of a definite vector? 
In other words, the quant it measured a vector quantity? 


— X,) + ni:(l/2 — Ih) 4* ai3(z; ~ Zi), ^ 

— X,) 4- OzziUz — Vi) + «:3(z; - Zj), \ (7) 

— Xi) ri" Ozz(lh *" I/l) 0:5(^5 ^l)» F 


Example 1. Let pfr, y, bo tlu* {lon‘‘ity of the pah at any point in a 
jet and let P ho a pf^int m tlu' jrt. Tor racli frame S v.r ran detomiinc 


Ari' tiirr-o rmnd>cry the com- 


t>/5 


llf 


P dy _ 

P 03 _ 


ponents of a vector? 

E xam ple 2. Ivct us determine three numbers for each reference frame in 
the following way: Ivct *!* be a surface containing the j>oint P. For each 
frame a pass three planes through P parallel to the coordinate planes of ;T 
and cutting d* in three plane sections Cj, C-, C* with cur^*aturcs Ku K*, A': at 
P, Arc the numl>ers A'l, A;, A’:, determined in this way for each frame 7, 
the components of a vector? 

Example 3. Suppose rays of light (of a certain wave length) are radiating 
from a point P in a heterogeneous medium such that the velocities of the 
rays are diftcrent in different directions. For each frame -J we can determine 
three numbers F*. Fa, namely, the actual velocities of the rays in the 
directions of the three axes. Are thcire three numbers the components of a 
vector? 
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Example 4. Let At, Bt, Ct denote the market values of the common stock 
of General Motors, Pennsj'lvania Railroad, and United States Steel at a 
fixed time t. Are these three numbers the components of a vector? 

It is evident that, if {Ax, Ay, Ax) are three numbers determined 
for a quantity Q relative to frame fF, it is always possible to 

construct a directed line segment P 1 P 2 such that the measures 
of its projections on OX, OY, OZ are {Ax, Ay, Ar). But for Q 
to be called a vector quantity, it is necessary that the numbers 

{A'„ Ay, A'^, determined for Q relative to any other frame 5F', 

— > 

be the measures of the projections of the same segment P 1 P 2 on 
O'Z', OT', O'Z'. 

It is seen that dp/dx, dp/dy, dp/dz in Example 1 represent 
the vector quantity called the normal derivative of p in Sec. 22 
of Chap. L On the other hand, the velocities Fi, F 2 , Fa of the 
rays in Example 3 ma}^ be quite unrelated* in different frames, 
so that Fi, F 2 , Fa do not represent a vector. In Example 
4, At, Bt, Ct do not represent a vector since they are not measured 
relative to any three-dimensional frame ?F. We leave it to the 
student to answer the question in Example 2. 

We shall now put the preceding criterion in analytic form. 

Suppose a quantity is represented by a line segment P 1 P 2 with 
projections on the axes of ^ of measures (A^, Ay, Az), Then 

Ax — X2 ~~ ^1, Ay = y 2 2 / 1 , Az — Z2 — Zi^ 

— ^ 

if the quantity represented by P 1 P 2 is a vector quantity, then 

Ay, A' must be the measures of the projections of P 1 P 2 on the 
axes of 3r', that is, if the quantity is a vector quantity, then it 
must be the case that 

A^ = cca — Xi, Ay = 2/2 Z/ij A^2 — z^2 — 2^1, 

where by (7) and (8), 

A^x “ cluAx + anAy auAz, 

Ay = a2\Ax + a22Ay -f- a2zAz, > (9) 

~ aziAx + az2Ay + azzAz, j 

♦ Consider the case where P is on the bounding surface between a crystal 
of Iceland spar and a solution of sugar in water in a magnetic field. 
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and 

Az = o.\\Ai: + ciz\Ay + Gsi/lj, *1 

Aif ^ ci^Ai 4 “ 4 “ ^znAgj > ( 10 ) 

ylr = a 13.41 4" 4“ ^33.4^. j 

These relations enable ns to lay dorni 

DnriNiTiON 9.1. //, in any manner whalcvcr, a set of three 

junnhers (Az, Ay, Az) dderrnined for each frame then ihc^c 
72U7?^hrrs ore said to represent a vector A, provided that. (A', Ay, .41) 
being the set of numbers determined for any other fra77ic xx\ the two 
set^ {Azj Ay, Az) and (.41. 4', .4^) arc related by (9) and (10), 
where the nu7nhers an arc the coeJHdcJifs in the transformation (4) 
connecting 5^ and a'. 

Here A denotes the vector itself, and not any particular 
representation of it. Another interpretation of this symbol A 
is that A represents all possible representations of the vector, any 
two of the representations in Carte.^an frames being connected 
witli each other by Eqs. (9) and (10). W'e shall call Az, Ay, Az 
the components of the vector A in frame $?. 

A convenient notation for the relation (9) is (see See. 4) 


(AL) 

jail 

<7 13 

Olj'' 



A^ 

= |ci 2 l 

033 

a-.,* 

\aJ. 

or !A'l=a!Ai. (11) 


j Uai 

O22 

ajjij 1 

[ -U 



It is essential to realise that those properties of vectors that 
are of importance are principally those which are essentially 
independent of the particular representation used. Thus, the 

common length of the representative segments PiPc of a vector 
A is quite independent of the particular reference frame used. 
This length .4 has the value 

A = -h\A A’ 4- Al 4- *4“ (12) 

in the frame 5, and the value A' — 4-\/A12 4. ^ 

the frame 5'. That .4 == A', or 

+ Al + Al^ Ar- + 4- Al= (13) 

is easily showm from Eqs. (3) and (9). 

We shall call the length A of the vector A the magnitude of A. 
A quantity, such as A, which is independent of the reference 
frame used, is known as an invariant or scalar quantity. 
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Let A and B be two vector quantities. These vectors A and B, 
while they perhaps arise from different physical or mathematical 
situations and consequently are not necessarily the same vectors, 
are said to be equal when they have the same representative 
segments, or when any representative segment of the first is 
equal, parallel, and similarly directed to any representative 
segment of the second. Thus, we say that A is equal to B if, 
in frame G, = 5^, = By, and A,. = B,. Equations (9) 

then show that, in frame '5' , Ai = B'^, A'y = By, and A'. = B', 
i.e., ij two vectors have identical representations in any frame IF, 
they have identical representations in any other frame W', and the 
tioo vectors are said to he equal. Thus, the equalit}^ of two vectors 
as defined above is another example of a relationship between 
two vectors which is independent of the frame used. 

10. Vector Algebra. We shall now develop the laws of vectors. 

Product of a Vector hy a Scalar. Let A be an arbitrary vector 
whose components with reference to frame 5F are (Ai, 'Ay, A’A 
andWhose components with reference toTfame 5' are (A', A^, A',). 
Let 7n be a real number, i.e., the measure of any scalar quantity. 
Multiply each equation in (9) Ly m. It is now evident that th^ 
set of numbers (mA^, mAy, mAf) traiTsformi by (9) of Sec. 9 
into the set (mA', mA'y, mA'f). Hence these two sets of numbers 
are the representations (in frames ^ and fF') of a vector. We 
shall denote this vector by mA or Am and we shall call mA the 
product of the vector A by the scalar m. The magnitude of 
mA is equal to |m| times the magnitude of A, where \m\ is the 
numerical value of m. If m 0, any representative segment 
of the vector mA is parallel to any representative segment of A, 
the two segments being similarly directed in case m > 0, and 
oppositely directed if m < 0. If m = 0, mA has components 
(0, 0, 0) in every frame, and is independent of A. Since the 
magnitude of (0)A is zero, (0)A does not possess direction. We 
call this vector, whose components with reference to any frame 
are (0, 0, 0), the zero vector, and we shall denote it by O. 

It is easy to show that if m and n are any two scalar quantities, 
and if A is any arbitrary vector, 

mA + nA = (m + n)A. (1) 

Sum and Difference of two Vectors. Consider two vectors A 
and B, with components (Ai, Ay, Az) and {B^, By, Bf) with refer- 
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It is an immediate consequence of (7) that the scalar product 
of two vectors obe^^s the commutative law: 

A ' B == B • A. 

(8) 

p>om (7) it follows that 


A • A = A- = A- cos 0 — A'. 

(9) 


In other words, the scalar product of A b 3 ^ itself is equal to the 
square of its magnitude. 

Since, for an}^ reference frame 

A - (B + C) = Ar{B, + C.) + A,iB, + C,) + + C.) 

= (A A + A,B, + AM + (A,a + A,C, + A,a) 
- (A • B) + (A ^ C), (10) 

we see that the scalar product also obej's the distributive law. 

If A • B = AB cos (? = 0, then at least one of the vectors is 
zero, or else the vectors have perpendicular representative seg- 
ments. In this latter case we shall sa}" that the vectors are 
perpendicular. Hence a necessary arid siifficiciit coyiditioji ihal 
two nonzero vectors he ycrfKndicular is that their scalar product he 
zero. It is c\’ident that 

i . j = j . i = 0, j . k = k • j = 0, i - k = k • i = 0, (11) 

since, for example, i- j = (1)(0) + (0)(1) + (0)(0) = 0 by (7). 
AVe shall now prove 

Thkohum 10.1. If a set of three nurnhers (Ax, Ay, A-) is deter- 
mined for each reference frame 5. if B is an arbitrary vector with 
Tcprcscniaiion (Bx, By, Bf) in Jr, and if AxBx + AyBy + A.B- has 
the same value for evenj frame Sr, then (A-, Ay, Ar) is the representa- 
tion in ty of a vector A. 

To prove the theorem we must show that (9) of Sec. 9 holds 
for any two frames ir and Let be the vector whose 
representation in Sr' is (1, 0, 0). By (10) of Sec. 9 the representa- 
tion in 57 of is (on, 012 , an), and by hj^pothesis, 

AL s (l)Ai + (0)Ay + (O)A' = aiiAx + OnAy + ojsAx. 

Similarly, vdth the aid of the vectors B^-^ and B^®^ wliose rep- 
resentations in 5"' are (0, 1, 0) and (0, 0, 1), we find that 

A^ = a2iAx + a^^Ay a23Ar, 

Ag = ttaiAx + a32Ay + OssA,. 
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Hence [A-, Ay, A.-) and (A', A', A') are related by (9), and 
(A-, Ay, As) is the representation in 5^ of a vector A. 

Vector Product of Two Vectors. Let A and B be two arbitrary 
vectors which have neither the same nor opposite directions, i.e., 
such that As.-AyrA- Bx'.By'.B. in every frame At any 
pointP construct the representation 
segments for A and B. These seg- 
ments determine a plane M. If C is 
any vector perpendicular to the 
plane of A and B, then the scalar 
product of C with A, and nith B, Fig. iss. 

must be zero, i.e., 

C • A = CxAx + CyAy + a-A, = 0, 

C . B = CxBx + CyBy + CxBx = 0, 

where (A-, Ay, Ar), (Br, By, B;), (Cx, Cy, Cf) are the representa- 
tions of A, B, C in any frame ff. Sohdng for C^, Cy, Ct, we find 

that 

Cx = k{AyBx - AxBy), 

Cy = A-(AxBx - AxB.f), (12) 

Cx = fc(AxBy - AyBx), 

where k is a constant of proportionalit 3 ^ Bj' hypothesis, the 
coefficients of k are not aU zero. By (12) of Sec. 9, 

C= = C; + C" -f C; = A-=[(A5 -f A= + A=)(B; + B= -f 5=) 

-(AxB= + AyBy-f- AxBx)=^J 

= k=[A-B- - (AB cos 0)2] = k-A^B^(sm- 6), 
where we take 6 as the smaller angle from A to B. Hence 

C = AkAB sin 6. (13) 

Since the magnitudes of A, B, C, and the angle 6 between A 
and B, are independent of the reference frame ff, it follows that 
k is independent of ?F. Let us determine C by taking k =*-}-l in 
(12). Hence the representation of C in tF is 

Cx = AyBx — AxBy, 

Cy — A-Bx AxBz, (14) 

Cx = AxBy - AyBx. 

In the particular frame tr' such that the representation of A is 
(A, 0, 0) and of B is (B cos 6, B sin 0, 0) with 0 < 0 < 180°, 
it foUows from (14) that C- = Cy = 0, Cx = AB sin 0 > o! 
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Hence A, B, C, form a right-hand system when A is rotated 
through the smaller angle 0 to B. Since C. in 5' is the magnitude 
C, (13) reduces to 

C — AB sin 0. (15) 

The vector C is called the vcclor prodiicl of A and B and is 
denoted by the sjunbol A X B. Using the unit vectors i, j, k in 
frame ff, wc have by (14) 

C = A X B 

= (.4,B. - A.BAi + (.4 A - ArBAl + {A, By - AyBr)k 
i j h 

= .‘1, Ay Ar (16) 

Bx By B. 

In case the angle 0 between the segments representing vectors 
A and B is 0° or 180°, we define the vector product of A and B to 
be the zero vector. As particular instances of (16), we have 

}i i 

i X j = jl 0 Oj = k, j X k = i, k X i = j- (17) 

0 1 ol 

If follows from (16) that 

A X B = -B X A, (18) 

which shows that the vector product is not com- 
mutative. Moreover, it follows from (IG) that the 
distributive law holds, i.e., 

AX(B4*C)-AXB+AxC, (19) 

and 

(A + B) X (C -f D) 

^ =AXC-|-AXD+BXC + BXD. (20) 

From (14) wc find that the magnitude C of the vector product 
C = A X B is equal to 

C == AB sin e = [(A^Br - -f (A.B, - A.B,)= 

+ (A,B^ - AyB,y]y\ ( 21 ) 

This magnitude C may be interpreted as the area of a paral- 
lelogram whose coterminal edges are representative segments 
of A and B. 



Fio. isr,. 
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If i, j, k be in frame then the representations of i, j, k in 
frame !?' are, by (9) of Sec. 9, 

(nil) 02I) n3i), (ai2, 022, 032); (ttis; 023; 033). 


Let i', j', k' be the fundamental unit vectors for frame 5'. 
Then the representation of the vector product j X k = i in 
frame 5^' yields 


i = j X k = 


CI 22 

'^23 


C?I2 
Cll3 
032 
flss 


3^ 

«22 

a23 

C 112 

On 


k' 

0 32 

033 
Q 32 ' 
O 33 I 


j' + 


Ols 


a22j 

023 


k'. 


( 22 ) 


But the representation of i in G' is (an, 021 , asi), so that 


1^22 

032! 

1 , 

(Uio 

O21 

032! 

f J 

i<ll 2 

031 == 

O22J 

1^23 

0331 

|Oig 

O33I 

(Ois 

O23I 


These fundamental relationships among the direction cosines 
supplement those given in (3) of Sec. 9. Similar equations may 
be found for (a 12 > 022 j O32) and (OlSj Oog, <233). 

If we interchange the frames ^ and 5^', we find that 


On = j 

O22 

O03 

ai 2 = — 'j 

O21 

O23 

, Oi 3 =i= 

O21 

O22 

! 

032 

O33 

! 1 

O31 

O33 


O31 

O32 


Similar equations may be found for ( 021 , 022 , 0 ^ 3 ) and (ugi, ago, O 33 ). 

By (23) together vnih the other six similar relationships among 
the nine direction cosines, we may verify that the set of three 
numbers (AyB^ Az^x ““ Ax^z^ AxBy ^ AylB^ is tbe repre- 

sentation in frame if of a vector. For, from (9) of Sec. 9 and the 
corresponding equations in Bx^ By^ Bzy 

AgBy = (^ 22^33 — GZ20.2z){AyBz — AzBy) 

+ (ct23<23X Clzz(l2z)(AzBx — AxBz) 

+ (u2ia32 ~ cmci22){AxBy — AyBx). 

By (23) and other similar relations, we have 

^zBy = duiAyBz — AzBy) + aii2{AzB^ — AxBz) 

+ a^ixixBy — AyBx). 

Similar expressions can be found for 

AiBl - A^B^, and A^^l ^ 
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from which wc see that the three numbers under consideration 
actually satisfy the requirements of (9) of Sec. 9, that the}* be a 
representation of a vector in frame u. 

The Scalar Triple Product, Let A, B, and C be three vectors. 
The .scalar quantity 






ii 

j 


A • (B X C) = 

(.-hi 

-ivi 

+ .-l.-k) ■ 

Br 


bJ 





C.- 

C, 

a! 


l.-l. 


-'^'1 

•L- 

B. 

C.! 

= 

B-- 

2?, 

sj = 

^ j 

A, 

B, 

C. (25) 


C-- 

C,. 

C.l 

.*1= 

B, 

a! 


is called the scalar triple product of A, B, and C. 

It is seen that A • (B X C) is independent of the reference 
frame, i.e.. 


a: 

b: 


B.- 

c; 


A’, 

K 

c;; = U, 

B; 

c' 

(26) 

A', 

b: 

c; \a. 

B.. 

cJ 



A particularly short proof is as follows: From the equations (9) 
of Sec. 9 for A, B, and C, const met the product matrix 


\A'. 

B1 

c:; an 

r' ' ’L 

t.'f — n;i 

Oi: 

On'; 

Ar 

B.. 



b; 

(1:; 

f] 


B. 

C 


b; 

c; ' • a„ 

azt 

asy\ 

M- 

B.. 

cj’ 


Since the determinant of the left-hand side of (27) is equal to 
the product of the determinants of the right-hand side, and the 
determinant of G is 1, wc have (26). 

It is readily- shown from (25) that 


A - (B X C) = B . (C X A) == C • (A X B) - (A X B) - C 

= (B X C) • A = (C X A) • B, (2S) 

A • (B X C) - - A - (C X B), — - , 

and ' ^ 

A . (B X C) = A . [B X (C -F viA + nB)]. 

By (2S), the positions of the dot, cross, and letters is immaterial 
so long as the cyclic order of the letters is preserved. Hence we 
shall denote each member of (2S) by 

(A, B, C] = [B, C, A] = [C, A, B]. 
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The triple product A • (B X C) may be interpreted as the 
volume of a parallelopiped whose coterminal edges are repre- 
sentative segments of A, B, and C, respectively. The truth 
of this is immediately evident when one writes 

A • (B X C) = A{BC sin 6) cos <p 

(15) and (8), noting that BC sin 0 is the 
area of the base and A cos (p is the altitude. 

The Vector Triple Product. The vector pro- 
duct A X (B X C) is called the vector triple pro- 
diict. The following relationships may be proved 
readily: 



Fig. 187. 


A X (B X C) = (A • C)B - (A . B)C. (29) 

A X (B X C) -f B X (C X A) -f C X (A X B) = 0. (30) 
A X (B X C) = (C X B) X A. (31) 


EXERCISES Vm 


1. Show that Eqs. (3) of Sec. 9 may be concisely written by means of 
the equations dOT = I and oTd = I. For example, 


a’’a = 

an 

ai2 

an 

a^z 

an 

azz 


an 

021 


Ois 

G23 

On 


azi 


0X2 

ai3 


1 

0 

0 

azz 

023 


0 

1 

0 

^32 

032 


0 

0 

1 


Also, prove that the determinant of Q is I. 

2. If A is a unit vector, give a geometric interpretation to A • B. 

3. Prove (17), (IS), (19), (20) of Sec. 10. 

4. Derive the twelve other relations analogous to (23) and (24) of Sec. 10. 

5. Find the x-, y-, and z-components of the representation of the vector 
A X (B X C) in frame 5. 

6. Prove relations (29), (30), (31), using unit vectors i, j, k. 

7. Prove; A X (B X C) is a vector in the plane of B and C. Hence it 
is a linear combination of B and C. 


8. Given: A = 3i -f- 20j - 15k, 
B = 2i + 5k, 

Compute; 


C = 7i + 11] - 2k, 
D = i - 4] - 7k. 


(a) A -t- B. 

(c) A • B, A • A = A\ 

(e) A* C - B* C. 

(g) A X C - C X B. 

(i) A X (B X (C X D)), 


(k) 


A* C 
A* A 


(b) A + C - D. 

(d) A X B. 

(f) A X B + B X A. 
(h) A X (B -b C). 

(j) A • (B X C). 


a) 


A X C 
A- A 


X A. 


(m) Find the cosine of the angle between A and B; A and C. 
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denote the coordinates of P in frames CF and Sr', respectively. 
If ?/, z) represents this function in Sr and if <p'{x- ^ 2') 

represents this function in Sr', then the functions <p(z, y, z) and 
y\ 2') are such that 

1 /, 2') <p{x, j/, 2). (3) 

Differentiating (3), we find tliat 

^ ^ 4 - ^ 4 - — f 4 ^ 

0j' ^ dx/v.rdx' du/.,,dx^ dz/,,ydT'' ^ ^ 

where by (6) of Sec. 9, dx/dx' = gu, d///dx' = G12, dx/dx' ~ G13. 
Similar relations can be found for dtp'/ dy\ dp / dz\ We then liavc 


dif' 

dx' i 


Gii ai2 Gu 

/ dp 

1 dx 


^ 1 

Gjl 0^2 023 

) ^ 

sy'i 


) dy 

av"'' 

dz' 1 

» i 

Qai 032 033 j 

1 dp 


Comparing this equation ndth (9) of Sec. 9, we see that 
(d<^/dx, d^/dy, dp/dz) is the representation in Sr of a vector. 
This vector is known as the gradient of the scalar point function 
4>, and is common! j" written grad (See Sec. 22, Chap. 1.) 
The square of the magnitude of grad <T> is a scalar denoted by 
Ai4>, and with reference to frame Sr is given by 

= (1) + (1) + (i) • ( 5 ) 

By (14) of Sec. 9 and b}’’ Ex. XIX, 3G of Chap. I, we see that Ai4» 
is an f Tirana at, i.e., 

- (If) + (1) + (s j = <“> 

The operator denoted by Ai, and whose representation in 
frame SF is 

” {£) + ( 4 ) + (1) ■ 

where (d/dx)- operating on p means (d^/dx)-, is called the^rs^ 
differential operator. 
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It follows directly from (9) of Sec. 9 that the set of differentials 
(dx, dy, dz) is the representation in £F of a vector. Likemse, if a 
curve C is given in the parametric form x — x{s), y = y{s), 
z = z{s), when s is arc length along C, then {dx/ds, dy/ds, dz/ds) 
is the representation in fF of a ^mit vector t in the direction of C 
at the point (x, y, z) on C. 

Consider the family of surfaces ^(x, y, z) = k. Then 
d(j) = 0 = (3(f)/ dx) dx + (9^/ dy) dy + (3^/ dz) dz. 

Let (x, y, z) be the coordinates of a point P on one of the surfaces 


jS of the family. Then {dx, dy, dz) is the 
representation of an arbitrary vector in 
the tangent plane to S at P. 


Grad 0 


idx, dy, dz) 


Evidently 


Fig. 188. 


is the scalar product of the vectors 

(d(t>/dXj d<f>/dyy d(l)/dz) = grad <l) 

and {dXj dy, dz). Since this product is 
zero, it follows that grad <i> at any point 
P is normal to that surface of the family (})(x, y, z) = k which 
passes through P, and grad <t) is directed toward the side of the 
surface on which is increasing. 

The directional derivative of <j) in an arbitrary direction t is 

d(t> 
ds 


d(j) dx I ^<f>dy , dz 
dx ds dy ds dz ds 


S* + If ” + S” 


(7) 


where I, m, n are the direction cosines of the unit tangent vector t 
at {x, y, z). Thus d^/ds is the component of grad ^ in the 
direction t. The maximum value of the directional derivative 
of <f) at any point is knovm as the normal derivative of <f> at the 
point; by (7), this maximum value is attained when t is taken 
in the direction of grad and this maximum value is 


d<f) 

dn 


— magnitude of grad <f) = +vAi^. 


( 8 ) 


Thus, the directional derivative at (x, y, z) has a maximum value 
when s is measured normal to the surface of the family 

^(x, y,z) =k 

at (x, y, z). The normal is directed in the sense in which <t> 
increases. If 3 is the angle between this normal and the direction 
s, then by (7), 
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In other words, 

AUI] llaii fli2 aujrAc^l-'l 

aLI^ / = 021 O 22 <^23 \ Aj/ly /. (18) 

Ai^' ) llasi 032 032! ( A2.4. ) 

This shows that A:A is a vector. 

Curl of a Vector. We define tlie citrl of a vector field A to be 

curl A = V X A. (19) 

It can be sho^\^a that curl A is a vector. In frame SF, the compo- 
nents of curl A are (sec Sec. 21 of Chap. II), 

/ dAr __ ^ _ dAr\ 

\ dy dz dz dx dx dy ) 

The representation of curl A in a frequently written in the 
form 

i i 

d_ 0 

>dx dy 

1/lr .1. 

For some purpose.^ it is convenient to denote the j, 1 /, and z compo- 
nents of curl A b}" curb A, curb A, and curl. A. (Many writers 
use the notation rot A for curl A.) 

We define 0, W, to be matrix operators who'^e representations 
in frame 5^ are given by 




d- a- 

dx‘ dx dy dx dz 

^ _£L . 

dy dx dy^ dy dz 

a- a- ^ 

dz dx dz dy dz~ 


( 20 ) 
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Writing A in frame (F as a column array {Aj and using the 
“rmv-by-column” rule for the product, it is easy to see that curl A 
may be written in the form 

curlA = 0{A}, (21) 

that is, 

_a 

dy 

dx 
0 

Also, it is clear from (18), that AoA may be written in the form 

AoA = ^{A}, (22) 

that is, in the form 

( A 2 A* ] 0 0 [ A* 1 

A 2 A = < AiAy > = 0 0 < Ay >• (220 

( A 2 A* ) 0 0 V"- ( A* ) 

It is an immediate consequence of these definitions that 

curl grad ^ = 0, div curl A = 0. (23) 




For example, by (210, have 

0 -1 A 

dz dy 

A 0 — ^ 

dz dx 

A A 0 

dy dx 

I Q d(})\ d(j)\ \ 

dz\dy j di^dz / I 

Af^\_i_o- Ar^u 

9z\9a; / 3a;\3z j f 

'3 A 1 I A ) 

dy\^ / 1 dx\dy / ^ / 


cxurl grad (j) = 


I dtj) \ 
dx I 
d4> f 
dy ( 

^ 1 

dz j 



0 
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We shall leave it to the student to prove div curl A = 0. 

The gradient of the divergence of a vector field A may be com- 
puted from the definitions given. The result may readily be 
seen to be vritten in the form, for frame (r, 


grad div A = j 


( 25 ) 


that is, as 


grad div A = 


b- 

d'- 

b- 

bx- 

bx by 

bx bz 

b- 

b- 

a- 

by bx 

dir 

by bz 

b- 

b- 

b- 

bz bx 

bz by 

bz- 

u 

Cl 

a- -L 

■ dxdy^ 

d-A. \ 

1 bx- 

bxbz } 


A. 

A. 

A, 


d-Ax 


dydx 

, dvly 
bz bx bz by 


b-Ay . dvl. 


^ + 

by’ by bz 


( 26 ) 


+ 


b-A, 

bz- 


From (20), we find upon multiplying the matrix operators 
00 = 0= = for 


0= 


that 


It 0 

a 

bz c 

a 

0 

c 

bz 

b 

a 

dy 

bx 

b- 

b- 

bz- 

dy- 


b- 


bx by 


b- 


bx bz 

b^- 

b- b- 

ax= 

bx by bx bz 

0= 

b- a- 

lay bx by- by bz 

5= 

a2 b- 



n 

_ a 

b 


u 

bz 

dy 



0 

_ a 


bz 

bx 


_ b 

a 

0 


dy 

bx 


bz- 


b- 

by bx 
_ 

b- 

by bz 


bz bx bz by bz- 



V- 

0 

0 

— 

0 


0 


0 

0 

V- 


a- 

bz bx 
b- 

bz by 

^ - 
by- 


b- 

ax" 


( 27 ) 
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The curl of the curl of a vector field may be found quite simply, 
using the relations developed above: 

curlcurlA = 00{A} = OMA} =(«!>- ^^{A} = 4>{A} - -^{A} 
= grad div A — v-A. 

From (21') if cf) be any scalar point function, we find 



EXERCISES IX 

1. Given the scalar point fxinction ¥> = (a:" + 

(a) Find the directional derivative of <p in the direction of the vector 
^ + 2/j + at the point (xo, yo, ^o). (b) Find grad fp at (xo, t/o, 2o). (c) 

Find div grad (d) If A = 3i + 20j ~ 15k, find V • (^A). (e) If 

B = 3xi + 20yi — 152k, 

find V • (<?B)* 

2. Repeat Ex. 1 when (a) = xyz. (b) + 2 *. (c) 

<P = log (x- -{- y= + 2^). 

3. Given A = 3xy i + 20yz^ j -- 15x2 k, B = i ~ sin y j + c*k, and a 
point function ^ = y- — xz. Find 

(a) curl A. (b) div A. (c) v • B — div A. 

(d) V • VA = A 2 A. (e) V- (V X A). (f) V X (V X A). 

(g) V X (A X B). (h) V(A • B). (i) A,^. 

(j) VXVp, (k) V • (v^A). 

4. Find the divergence and curl of 


(a) r = xi + yj + 2k. (b) r = -i + -j + ?k, where r = + 2^. 

r r r i j i 

5. Let A and B be vectors whose components are functions of x, y, and 2 . 
^ is a point function and ct is a scalar. Prove: 
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(a) div curl A = 0. (h) curl grad c 0. 

(c) div A X B == -A • curl B B • curl A. 

(d) fB • grad) A = (B • grad /lr)i -f (B * grad Ay>j -f (B - grad Ax)^ 

(c) curl A X B « A div B - B div A -f (B • grad)A — (A • grad)B. 

(f) div aA — a div A -f A • Ta. 

(g) curl 9 * A = c curl A -r (^v*') X A. 

(h) grad (A’/2) = (A • gradjA *f A X curl A. 

6. Show that if ^{z, t.s r) be a point function, and if spherical coordinate? 
r, 0, arc u?cd. 


grad <1* — Ti 


c^r 


0i 0^ 

r ^0 ' r ?in 


where rj, 0;, and arc unit vector? in the direction of increa?int: r. 6^ and o, 
respectively. 

7. Prove that V'P is perpendicular to the surface <-iz, y, z) ~ eori'^tant. 

S. Show that V- V(l/r) == 0. 

9. Let A be a vector with repre-ent,ation f.d-. *1?) in frame 5. Show 

by direct difTcrentiation that 

12. Derivative of a Vector. Lot C be a cun*e eacli point of 
tvhicb is associated tritli a vector of a vector field A. Let the 
parametric equation of the curve in fnime ff be 

T = j(X). ij = 7/(X). r = c(X). 


where X is an independent real parameter, independent of the 
frame The components (.d-. .d.-) of A in frame 5^ are 

functions of {Xj y, r), and hence of the independent variable X, 
Since X is independent of the frame u-ed, we ma%' differentiate 
(9) of Sec. 9 tvith respect to X, Since the direction cosines 
On. 012 . 013 , ■ • ■ ore constants, we find 


d.d' 
. dX 


d.d. , dA^ , (L4. 

an-j^ + -f etc., 


dX 


( 1 ) 


or 


This shp^g that dA^/dX. didy/dX, dAs/d\ are the components 



03? 


Ol3 




h 


1 

d\ 1 

'1 

)dAA 

•1 

) ^ ( 

k 

'dAA 


1 rfx / 


(10 
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iu 5^ of a vector which we will denote by dA/dh, This vector is 
known as the denvaitve of the vector A with respect to A. The proof 
that dA/d\ is a vector depends essentially on the fact that the 
direction cosines an, * • • which fix the relative orientation 
of the two frames^ are independent of the parameter A. 

From the vector dA/d\, the vector d-A/dA“, known as the 
second derivative of the vector A, whose components in are 
d-Ax/dA-, d-Ay/dA-, d-A^/dA- may be found. 

From the definition of the derivative of a vector A, we can 
readily prove the follovdng relationships: Let in be a scalar, and 
let A and B be arbitrary vector fields. Then 

d{inA) _ dA ^ dm ^ 

d(A-B) _ , dB,dA d(A-A)_^ dA 

d\ “ ■ (fX + rfX ■ d\ ^ (/X 

= AX^ + ^XB. 
oX aX oX 

If A is a vector of fixed magnitude, then A • A = A - is a con- 
stant, = 0, so that A • — — 0. The lagt equa- 

tion shows that dA/dX is perpendicular to A when A is of constant 
magnitude. 

From (4), we find that 



But the vector product of equal vectors is equal to zero. 
Hence 



Line and Surface IniegraU. The various line and surface 
integral definitions and theorems which we studied in Chap. 
II may all be written in the notation of vector analysis. This 
fact has already been pointed out in Chap. II. For example, 
the definite integral SJ f (X) dX is defined by the formula 

r\b " 

^f{X)dX = lim Vf(X,) A..X, 

“ AX-»0 


( 2 ) 

(3) 

(4) 
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where X is a real parameter, and f(X) is a vector function of X. 
As a further example, Gauss’s law may be uTittcn in the form 

S,.E.dA = S;,V.EdF = 4:rS^pc/F, 

where E is the electric inteiisity, and p is the charge density. 


EXERCISES X 

1. Lot r bo tho position vector of n point on ft plane curve represented 
in polar coordinates (r, e). Then r is the mnenitude of r, and r rri, 
where ri is a unit vector in the direction of r. Show that the velocity is 


* 

fit 


dr do 
V,= _r.+r_n, 


where n is a unit vector perpendicular to r. 

2. If r is the position vector of a particle of mass in, and if F is the force 
acting on this particle, then F = m dv/dt, where v = dr/dt. Prove: 

(a) The y. z components of F arc vi dV/df*, m dry/dC^f m d*z/dl‘. 

(b) If the path of the particle is in the (r, P)-plane, then (sec Er. 1) 


F = 






dr do 
"didl 


+ 


d-0 




ru 


3. A particle P moves in a plane with constant angular velocity’ w about 
a fixed point O. Show that, if the time rate of increase of its acceleration 
is parallel to PO, then f » Jraj*. 

4. Find the time rate of change of momentum M when the mass is a 
function of the time. Show that dMuU has the direction of f if the mass 
is constant. 

o. (a) The “ureal velocity” A of a moving point P about a fixed point 
O is the rate of sweeping out of vector area by tho line OP, Show that A 
IS the magnitude of the vector ir X V. If we write A ~ IHj show that 
// = r’u = jn\ where p is the length of tho perpendicular from 0 to the 
tangent at P, and v is the speed of P. 

(Ij) If the point P moves under the action of a central force F ~ /xr, 
tiion in d'ljdP = px. Hence r X (d-r 'dP) = 0. Show as a result that 



= 0, and hence b}’ part (a) that .4 is a constant. 


6. Find the path of a particle P with position vector r relativ'c to O 
when P is acted on by a central force directed toward O and varjdng inversely 

with r=. [Hints: (1) m¥ = (2) r X V = Hk = r’ak, where k 

r- r 


is a unit vector perpendicular to the plane of the orbit, and w is the angular 
velocity of r. (3) The orbit is given by //-//ir = i -f cos 6.] 

7. A rigid body rotates about an axis OA with uniform angular velocity 
w. Let w be a vector of magnitude w in the direction OA, and such that a 
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right-hand screw would advance in the direction when turning with the 

body. Let r = OP be the position vector of any point P in the bod}'', and 
let V be the velocity of P, 

(a) Show that V = o X r. 

(b) Show that curl V == 2<ii. 

(c) Find the acceleration vector A = dV/di. 

(d) Give the physical interpretation of the results in (a), (b), and (c). 

8. (a) Let r be the position vector of a moving particle relative to a fixed 
point 0. If we regard the momentum as localized along a straight line 
through the particle, the moment of the momentum M = mi of the particle 
about 0 is called the angular momentum H of the particle about 0. Show 
that H = r X (wr). Show that the rate of increase of angular momentum 
is dK/dt = r X F, where F — i/ir is the resultant force acting on the particle. 
This relation dB^/di ~ r X F is called the principle of angular momentum, 

(b) Show that the kinetic energy of the particle P in part (a) is Ito • H, 
where w is the angular velocity in Ex. 7. 

9. Let 5ri and Sfs be two frames of reference having a common origin 0, 
and let q be the angular velocity at any instant of relative to 5*1. Let r 
be a vector function of the time t. If {dT/dt)i is the vector in frame 
representing the time rate of change of r with reference to frame i, and if 
{dr/dt)^ has a similar interpretation with respect to frame 5^2, then by 
Ex. 7, 



+ « X r, 


( 1 ) 


or 


Vi - V. + « X r, (2) 

where o X r is the velocit}'' relative to ;Ti of that point P 2 fixed in frame CF 2 
whose position vector at the instant in question is r. By regarding Vi as 
the position vector of a mo\ang point, we see that 

Likevdse, 

if we substitute (2) in (3), then by (4) we have Coriolis^ iheorem* 

Ai = As + 2(0 X Vs + ^ X r + G) X (u X r), (5) 

where As = (dVj/dOs. If we multiply both sides of (5) by the mass m of a 
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moving particle with position vector r, we have, upon transpobing terms and 
wTiting u X (w X r) = (r • o)o — 

mA; =s F 4“ nitj'r — 7n(r • u)t.) — 2m(w X Vj) — 7n X r» (6 

where F = niAj. Give the physical interpretation of each term of this 
result. The term 2m(w X Vt) is called the Corioh's force. The term 
— fMw X fco X r) = — 7n(r • ci)u is called the ccnirijngal force. Show 

that the term is to be added to the right member of (C) when the 

origin of frame moves relative to the frame 'Ji with position vector p. 

10. Let r rz r(X) = jr(X)i 4- 2/(X)j 4- ^(X)k be the position vector of a 
point on a cur\’c C, where X is a real indepcntlent parameter. The differ- 
ential dr of r is defined to be dr dxi -v dy ) dzk. Lot /(x, t/t -) 6e a 
scalar point function. Show that the difTercntial df in the direction dr 
is Vf • dr. 

11. (n) If a vector A is of constant magnitude, show that dA is per- 
pendicular to A. 

(Ij) If the magnitude of A is identically 1, show that the magnitude of dA 
is equal to tiic angle dO between A and A 4“ dA, 

12. Show that the area of the triangle with sides r, dr, and r 4- dr is the 
magnitude of the vector ]{t X dr). 

13. Prove the following formulas: 

fdF (l-F IdF dF ^ 

J dl dt- 2 dl dt 

14. Show that the center of gravity of a body is the point whose position 
vector f is given bj' 


f = 



/irdP, 

R 


where M is the mass of the body and p is the density at any point whose 
position vector is r. 

15. Interpret ScF« dr when (a) F is the force acting on a particle at 
any point, Oj) F is the velocity of a fluid at any point. 

IC. Interpret S5 F* dA when (a) F is the electric or magnetic flux of a 
field at any point, 0^) F is the vclocitj’ of a fluid at any point. 

17. (a) Show that r == (cos 4 " (sin 71 Ob is a solution of the differ- 
ential equation ~ 4“ 7i-r = 0, and also of the equation r X ^ =« na X b. 
at- (if 
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(b) Show that r in part (a) traces out an ellipse with center at the origin, 
and that the motion is that due to a central force proportional to r. 

18. Consider a perfect nonviscous fluid in which tlie density p and pres- 
sure p are functions of the time t. Let v denote the velocity of the fluid at 
the point P and at time Show that the acceleration of the fluid at P is 

^ ~ V • Vv. Sho\v that the angular velocity q about P is given by 
dt dl 

iv X V, where v refers to the velocity at P. If o is everywhere zero, 
V is called irrotaiionaL 

19. Show that any irrotational vector is the gradient of a scalar point 
function. If the motion of the fluid is irrotational, we shall write v == — 
where ^ is called the velocity poieniial. A surface = constant is known 
as an cquipoteniial surface. Those curves in a fluid having ever}’^ where the 
direction of v are called streaiiilincs. The equations of these lines are 
dx/vx = dy/vy = dz/vz. 

20. Show that is normal to = constant. This shows that the 
stream lines are normal to the equipotential surfaces. 

21. Show from the equation of continuity'’ [Chap. II, Sec. 20, eq. (18)] 

that dp/dt = — V • (pv). From this, show that dp/di + pV • v = 0. What 
does this equation become when the fluid is incompressible; incompressible 
and irrotational? Arts, V • = 0. 

22. In exactly the same way that the space rate of change of velocity 
determines the rate of expansion of a fluid at a point (see Sec. 20, Chap. II), 
just so the space rate of change of unit pressure p at P within a fluid deter- 
mines the force acting per unit of volume at P due to the surrounding fluid. 
Show in detail that this force is —Vp, Then show that the equation of 
motion is p dv/dt = pF — Vp, where F is the external force per unit mass of 
the fluid. If F is derivable from a potential, we shall write F == — Vfl. 

23. Show that the condition for irrotational motion of a fluid is that the 
circulation be zero around every closed curve. 

Remark. It can be showm that, if F = —VO, then the circulation around 
every closed curve is constant with respect to time. 

The converse of this result may also be proved. 

24. Give the physical interpretation of the relation 



(Z2 -b 72 -h Z^)dz dy dx 



d<p 


dn 


dS 


when (p is the velocity potential of a fluid (see Ex. XII, 4, Chap. II), and 
Xf Yj Z are the components of velocity. Show that the kinetic energy of 

the fluid is E = i I ( ntp— dS, 

2 j J 5 dn 

25. It has been shown in Ex. 18 that a fluid of velocity V(x, y, z) at 
Vi z) has an instantaneous rotation about an axis parallel to V X V. A 
vortex line is a curve which at each of its points is tangent to the instantaneous 
a,xis of rotation. A vortex tube is the surface generated by the set of vortex 
lines drawn through each point of a closed curve. A vortex is the fluid 
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contained in such a tube. On the surface of a vortex tube the vector 
V X V is cvcr>'\vhcrc perpendicular to the normal to the tube. 

The circuhlion around a closed path C is defined to be fc^ • dR. 

(a) Show that the circulation i^; the product of the length of the path and 
the average velocity along the path. 

(b) Let cj and cz be two closet! cun'cs on the surface of a vortex tube 
both dniwn once around the tube in the same direction. Denote the portion 
of the surface of the tube bet ween ci and cj by D. Show by means of Stokes’s 
theorem that the circulation around a path containing ci and Cz is zero, and 
thus prove that the circulation is independent of (he position of the path 
on the surface of a vortex tube. The strength of tlic enclosed vortex is 
taken to be the circulation }e V • (IR* 

(c) Sliow that /a n • T X dA is also a measure of the strength of a vortex. 

(d) If the velocity V of a fluid is perpendicular to :i surface D at all points 
F of D, show that the vortex lines timmgh points of D all lie on D. 

(c) Find the value of V • n dA over the surface of a cube wliose faces 
lie on X — 0, !/ = 0, z i=: 0, r == 2. 1 / = 2, z =2, vrhen 

V - (r- -f !/')» + (2x7/)j -f (x‘ — !/*)k. 

2G. Suppose the field of a vector F is ron.’JcreaMVf’, that is. .suppose 
/cF • (IR *= 0 around every closed curce C. 

If Fti is a fixed point and F(x. y, r) is a variable i>oint, the quan- 
tity F • (IR is called the potential at P. 

(a) Find the potential at P if a particle attracted toward the origin 
with n force inversely proportional to the square of the distance from the 
origin. 

(b) Find the potential at P if a p.artidc is attracted toward the origin 
with a force inversely proportional to the distance from the origin, 

(c) Find a potential for the centrifugal force of a particle of muss M 
which rotates with constant angular velocity about the z-axis. 

27. Find the value of Jx F • n dA over a sphere of radius r when 

F = axi + hyi -f czk, 

n, b, and c being constants. Show that the above integral over any simple 
closed surface S is (a -f + c) times the vohuuc cnclose<l by S. 

2S. Show that /a V X F dT = 0, where F is a vector normal to the 
boundarj’ S of R at each point of S. 

29. Ijct R be the position vector from the origin to the point P(x^ f/, r). 
Show that the unit vectors tangent to the coordin.ate curves arc: 

(a) ii — 5R/t)r, U = (l/r)(c)R/0t?), ij — k wlicn the cylindrical coor- 
dinates r, Oy and z are used; 

(b) Find an expression for the acceleration d*R/dt- = uiij -{- ads -f Ujh 
for the ease fa). (Hint: Show that dU/OO = dU/dO = — ij, dii/dO =0.) 

(c) ii = dR/dr^ U = (l/r)(dR/d0)i U = (1/r sin <?)(5R/5<^), when 
spherical coordinates r, and ^ are used. 

(d) Repent (1>) for the ease of spherical coordinates as given in (c). Hint: 
dit/d<f> = iasin 0, OU/dt^ = ia cos 0, dU/dd> - —ii sin 0 — ijcos 0; dUfdO = U, 
dli/dO s=* — ij, dii/dO = 0. 
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(e) Calculate Vr, VB, V<t> for Case (c). 

PART C. SOME DIFFERENTIAL GEOMETRY 
13. Space Curves. Let the point P trace out a space curve C 
along wliich the parameter is X. Let r be the position vector of 
the point P whose coordinates -with reference 
to frame S' are (x, y, z), i.e., r = + pj + rk. 

From the definition of the derivative of r at P, 
the vector dr/dk has the direction of the 
tangent at P to the curve C, the tangent being 
drawn in the direction of increasing X. We 
shall let s denote the are length along the curve, 
measured from some fixed point in the direction 
in which X increases. Then dt/ds is a tmii vector 
in the direction of the tangent, for 

Let t = dx/ds, where t is a unit vector. Then if 


M 



ds 

^ ^ dX ” 

we have 


By (2) of Sec. 12, we 


^l\dk) '^\d\) 

!xj’ 

(1) 

dr 

ax""*- 


(2) 

see that 



d‘r dt dv. 

dX2 ~^d\'^ dX^’ 


(3) 


Since t is a vector of constant unit length, dt/dK is a vector 
perpendicular to t. We define the direction of the principal 
normal to C to be the direction of dt/d\ at P. Let n denote the 
unit vector along this principal normal. Then, using a prime 
to denote differentiation with respect to 5 , we see that 


so that 

n = pt' = pr" (4) 

defines the positive number p which is known as the radius of 
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curi'aturc of the cun^e C at the point P; k is called the curvature 
of the cun’e C at P. 

Since ^ ^5. Substituting this relation in (3), 

d\ ds dX (i\ p 

tve find that 


d^ M . dv. 
= '"p Tx^- 


( 5 ) 


If X denotes time, then ds/d\ represents the speed v of P along 
its path, dv/d\ is the rate of change of speed, and (5) shows that 
the (principal) normal component of the vector acceleration is 
i’Vp? and the tangential component is dv/dt. 

We define the osculating plane to the curv'e C at the point P 
to be a plane passing through P and parallel to the vectors n 
and h From (5) we see that the vector d-r/dX* lies in the oscu- 
lating plane. If C is a plane curve, C lies entirely* in the osculat- 
ing plane and the principal normal is then the ordinarv" normal 
directed toward the center of curvature. 

The equation of the osculating plane is 



A' - r 

y -y 

Z - r! 

(R - r) ■ (t X n) = 

= 

It 

h - 0. (6) 


! 

n2 

nt j 

where R is the current 

point on 

the plane. 

This nia 3 ' also be 


written 


(R - r)- 



= 0 . 


( 7 ) 


The equation of the principal normal at P is 


R = r -h itn, 

where u is a parameter. 


(S) 


EXERCISES XI 

1. Given x = X, = .V, r = W Find the equation of the tangent line 
to C at X = Xc- Find the equation of the osculating plane to C at the point 
X = Xo- Find the equation of the principal normal to C at X = Xc. Find 
the cun'ature of C at X = Xc. What special form do these results assume 
when X = s? 

2. From the definition of the osculating plane derive its equation (6). 
Derive the equation of the osculating plane in the form (7). Write (7) in 
determinant form. 
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3. Show that the plane containing ‘‘two consecutive^tangents at to C 
is the osculating plane at P. In other words, if P and P be two neighboring 
points on <7, show that the osculating plane is the limiting position 
attained by a plane passing through the tangents to C at P and P as P 
approaches P as a limit, 

4. By squaring (4) show that 

5. Show that the direction cosines of n arc 

px", py", pz", where x" = — ’ • • • . 

14. Bmormal. Torsion. The normal to the osculating plane 
at P is called the iinormal. Let b be a unit vector parallel to 
this binormal and so directed that t, n, b form a right-handed 
system of mutually perpendicular unit vectors. Then 

t.n = n.b = b.t = 0, 

tXn = b, nXb=t, bXt^n. ^ ^ 

We take the positive direction along the binormal as that of b. 
Then the equation of the binormal at P is 

R — r d' uhm (2) 

The vector db/ds = b' is perpendicular to b, for b is of constant 
length. Since t • b = 0 it follows that t • b' + t' • b = 0. 
Prom (4) of Sec. 13, t' = (l/p)n, so that 
t • b' + (l/p)n • b = 0. Since n is perpendic- 
ular to b, n • b = 0, so that t • b' == 0. Hence 
we find that t, as well as b, is perpendicular to 
b'. Thus b' ^ dh/ds == —rn, where the con- 
stant r is called the torsion of the curve at the 
point P. It represents the rate of rotation of the osculating 
plane. Torsion is agreed to be positive when the rotation (with 
s increasing) of the binormal increases in the same sense as that 
of a right-handed screw traveling in' the direction of t. 

Since n = b X t, it follows that 



Fig. 190. 


g = rb - Kt, 


(3) 
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where k = 1/p. Formula (4) of Sec. 13, and (2) and (3), are 
called the Scrrcl-Frcncl formtilas: 

t' = foa, n' = rb — ^4, b' = — tii, (4) 



Fig. mi. 


EXERCISES Xn 

1. Show th?.t (2) may be written R = r t-ri X where r is a param- 
eter. (Hint: b = t X n.| 

2. Show that the direction cosines of the hinormai are 

“ "'jF's pfr'r" — x'r''). 

3. In Ex. XI, 1. find the equation of the hinormai at X = X?, and find a 
formula for the loi^ion r. Find the Serret-Fronet formula^ for this cura’e, 

4. Show that r = -^[r', r'"] [t, n, n']. 

K- 

o. A circvlar h^Jix is a cun*c drawn on a circular cylinder of radius a so 
that it cuts each clement of the cylinder at a con'^tant anplc d. Its para- 
metric equations in rectangular coordinates are 

X = a cos 0, 1 / = a sin r = 05 cot 3. (5) 

Hence the porition vector r of a point P on (5) is 

r = (a cos 5*ii -f <o sin -f- (aO cot 0}k, 

where i, j, k are unit vectors along the x-, t/-, and r-axes. Find t = r'. 
Using the fact that r' is a unit vector, show that 0 - 5 '* = sin* Find 
r" = Kn. From the relatioa *:* — r" • r'" (n being a unit vector), show 
that K — o5'*. Find n. Find r (l/o) sin 0 cos J3 from Ex. 4. 

6. Show that k = t == for the cur\'e 

3fl(l 4* 

r = a(3u — 74*)i -h SaiPj -f a(3u -f u*)k. 
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7. Find k and t for the curve 

X = o(n — sin tO? y - a(l — cos «)> z - bu. 

8. Show that a cur\'^e is uniquely determined, except for its position in 
space, when k and t are given in the inirinsic equations 

K =/(s), r ^ g{s). (6) 

[Hint: Let C and Ci be two curves such that k and r are given for each by 
(6).] Let t, n, b refer to C and let ti, Hi, bi refer to Cj. Show that 

j 

— (t- 1, -f n ' ni + b • bi) =0, 
as 


and hence that 

t • 4- n * ni + b • bi = const. (7) 

Place C and Cj so that t = tj, n — nj, b = bj at some point Po. Then the 
constant in (7) is 3. Using the fact that the maximum value of each of the 
quantities t • ti, n • and b • bi is 1, show that t = ti, n = ni, b = bi all 
along C and Ci. Since t — ti ^ 0. show that r — ri is a constant and 
deduce the theorem. 

16, Surfaces. The parametric equations 

•P = v), y = v{u, v), = ~ f(«, v) (1) 

represent a surface S in rectangular coordinates. We write (1) 
in the abbrcAuated form 

r = r(u, v) = xi + yj + zk (2) 

= ^ (t(, v)i + t')j + till, v)k, 

where i, j, k are unit vectors along 
the X, y, z-axes. We call r the 
position vector of a point {x, y, z) 
on S. If in (2) we set u = uq, 
then (2) represents a curA^e C on 
the surface S along which v alone 
A'aries. Likewise, if we set v = Do Ave obtain another curve 
C on S. All cun-es C and C obtained from the relation ii — no 
or from the relation v — vo are called parmnetric curves on S. 
Again, the pair of numbers (?;, v) are called the parametric or 
curvilinear coordiiiates of the point {x, y, z) on S. It is seen 
that the curves xi = and d = Dq are analogous to the lines 
X = xo and y = j/o in the xy-plane. 
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We introduce tlie notation 

_ 5r _ t>) . , dri(,u, t') . . r - 

‘ dll dll dll dll ’ ~ dv’ 

d-r . _ d=r . _ a=r 

“ du"’ “ dll dll’ ay=’ 


By Sec. 13, the vector ri is tangent to the parametric curve 
V = const, at the point r, and T 2 is tangent to w = const, at the 
point n 

The equations 7/ = v = i/'is) represent a curve C on the 
surface S in (1), s being the arc length of C. The unit tangent 
to C is given 


t 


1^ — ^ , dv 

ds 


Since t • t = 1, we have 


We define 


>-<sy+^-4"s+<sy 

F = r — 4- — — 

^ ‘ dtf dv du dv du dv 

«='i-(iy+(sy+(iy- 


(3) 


(4) 


Using this notation and writing (3) in differential form, we have 


ds- - E dir + 2F du dv + G dv\ (5) 

We call E, F, G the first fimdamcntal inagiiitudcs for the surface 
(1), and we call (5) the quadratic differential form for arc length. 

Let C and C' be two cur\^cs on S intersecting at P, and let s 
and a be the arc lengths of C and C'. Then 

dr du dv dr du , dv 

ds ^^ds ^‘ds d^ ^^d<T 


and if vMs the angle between C and C', 


cos = 


* 

ds 


^ = F— — 4- 

d<T ds da \ds da da ds) dsda 


( 6 ) 
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It follows that C and C are orthogonal at P if (dr/ ds) • idt/da) = 0, 
i.e., if 


pdw du . p / du dv ■ dit dv 
ds da- Vds da- da ds 


A , dv 


0 . 


(7) 


To eliminate s and a from (7), let us write 


dll 

da 


dll 

di 


\ dv 

Jc'da ^ 


here, for example 


^ (-) 

’ \dvjc 


- (?) T’ 
\dv Jcds 

indicates that — is 
dv 


du 

ds 


to be computed along C. If we substitute these relations in (7) 

and then dmde by we find that C and C' are orthogonal 
as da 

when 


Efff) (fi) +e|'(^') +(P) 

\dv /c\dv /c' L 


+ (? = 0 . 


(8) 


We define the area A of a region K on the surface S bj’^ the 
formula 


VEG - F5 dv du. (9) 

We shall show that (9) is an invariant for all coordinate systems 
Let 


ti = a;„i 4- ?/«j + Zuk, To ~ x.,i + 7/„j 4- z,,k. 
By (4) and Ex. XXI, 7 of Chap. I, 


y/EG - = Vixl + yl+ zDi^l 4- y; 4- z;) 


- (.s:„Xv 4- Vudv 4- ZuZv) 


+ 1 

V(x, z/u, v) ■ 
y(x, y/u, v) 

2 

4- 

J 1 

1 1 


+ 4- 




Hence (9) assumes the form 

^ ' JI VI + =; + a. dn. (10) 

By Sec. 19 of Chap. II, (10) reduces to 


^ ~ SSk Vi 4- Zi 4- z3 dy dx. 


( 11 ) 
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This result agrees ^vilh (20) of See. 17, Chap. 11. Hence the 
area A is independent of the nr-coordinatc system (2). 

As a special application of (9), consider the surface of revolution 

X = ti cos y — n sin 2 = /(n). 

By (9) and Ex. XIII, 3, 

A = p (lit - 27rt/\/l + 2 '- du 

= J**’ 2rl/ ds, 

A normal to a surface S at a point r is perpendicular to ri and r-, 
and hence is parallel to r^ X r-. We define the unit normal n to 
S at r by the relation 


n = 


ri X T; 

iri X r-' 


ri X u 
II 


( 12 ) 


where H == |ri X 

We define the second fundamental magnitudes L, M, N by the 
formulas 


L = n • Tiu il/ = n • TiZi .V = n • r^c. (13) 

We shall show the geometric significance of tliese quantities in 
Exs. XIII, 7 to 13. 


EXERCISES Xm 

1. Let («o, Co) iind («& + du, ro -f dv) be two points on the surface (2). 
Show that r, du is approximately the are length along the parametric curve 



V = va from (wo, Vq) to (uo -f- du, vc)y and hence that E du- is approximately 
the square of this length. Interpret F du dv and G dv^ similarly. Hence 
deduce that (5) is a form of the law of cosines as applied to the triangle 
PQR in Fig. 193. 

2. Show that the parametric curves are orthogonal if and only if F ~ 0. 

3. Show that the equations 

X = u cos ?/ = « sin 2 = /(«) 
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represent a surface of revolution with axis along the 2-axis. Pescribe the 
parametric curves u = 14 and <f> — <Pq. Write 

r = {u cos <f))i + (w sin <^)j +/(u)k; 

and show that 

E = 1 +f\ F = 0 , G 

Compute ds^ and interpret the formula geometrically. 

4 . Compute ds^ for the surface 

X = w cos 4>, y ^ u sin 2 = c0. 

Describe the parametric curves on this surface. 

5. Show that IP - EG — F\ (Hint: If w is tlie angle between the 

parametric curves at r, then cos co = F/ EG, Compute sin w in two ways.) 

6 . Show that 

n • ri X 12 = il, ri X n = “ ^^2), 12 X n = 

7 . Show that 

HL = ri X r 2 ' rn, HM = ri X • rn, HN = rj X r 2 • r 22 . 

8 . Compute L, N and n for the surfaces of Exs. 3 and 4 . 

9 . If r H" dr is the position vector of the point + dti, v + dv)j then by 
Taylor^s series, 

(r + dr) = r + (ri du + dv) + afru du^ + 2ri2 du dv + 222 dv-) -f- • • • . 

The distance D from the point r + dr to the tangent plane at r is n • dr. 
Show that D is approximately 1{L du- -b 2 M du da + W dv-). What is the 
geometric interpretation of I/, jJ/, and N 1 

10 . Show that 

L — ~ni * ri, M = — ni - r 2 = ~n 2 • ri, N — —02 • rj. 

Hint: Differentiate relations of the type n * ri =0 with respect to u or 0. 

11 . Show that 

= {FM - GL)u + {FL - EM)u, 

= {FN - Cilf)ri + (FM ~ EN)t^2. 

Hint: Since ni is perpendicular to n, we can write ni = ari + 6r2. Deter- 
mine a and b by forming the products ni • ri and ni • r2. 

12. Show that 


Hni X ns = 

where = LN — M-. 

13. Show that 

Hn • m X ri = EM - FL, 
Hn • 02 Xti EN - FM, 


r- 

ni X nj = — » 


77n • ni X r 2 ~ FM - GL, 
Tfn • 02 X r2 = FN — GM, 
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34. Find* the equation of the tangent plane to the surface of Ex. 3 at 
(t/^ 6c). Repeat for Ex. 4. 

16. Certain Curves on a Surface. We say that a normal 
section of a surface S at a point P is a section cut by a plane 
containing the normal n at P. For convenience, ve take the 
principal normal of the section in the direction of n, so that k 
for the section is positive when the section is concave on the side 
on which n lies. If r moves along a nomtal section, we have 

Kn = n • r" = n • (rii/^ -r Ttv"' + rut/'* + 2riin V -f 

= hr- ri- 2i[uV -f (1) 



where the last fomiula is obtained nitb the aid of (5) in Sec. 15. 
We call the vormol cim^aturc oiSatPinthe direction du/dv. 

Xow suppose r traces out an arbitrary' cun’c C on the surface 
S. Let 0 be the angle between the surface normal n and the 
principal normal t'Yk of C at a point P. Then 

cos e = = -(L!t'= -f 2MnY 4- i\V-). (3> 

K K 

If Cn is the normal section of ^ at P tangent to C. then by (1). 

= (hr 4- 2Mtr^ -f Nv"), (4) 

Since C and arc tangent. Lw'* -f- -f Xr'- is the same 

for the two cun'cs at P by (2) since du/dv is the same for C and 
C« at P. By (3) and (4), we have ^^cus7}^cr $ theorem: 

K COS 6, (5) 

This formula shows that, of all curves on jS through P with a 
given direction, the normal section in this direction has the least 
cnr\"atnrc- 

If C is a cur\'c on a surface S such that, at a point P. 

[t, n, n'] = 0, (6) 


where n is the unit surface normal, the direction of C at P is 
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called a principal direction of S at P. By Ex. VIII, 12, (6) implies 
that n' is parallel to t. Write (6) in the form n • n' X r' = 0, i.e., 

/ du , dv\ ., ( du dv\ „ 

Then 

j A ■ ,dudv 

+ {n • n 2 X ri + n • ni X ^ 

+ n • n, X = 0. 

By Ex. XIII, 13, this may be wnitten as 

(EM - FL)(^y + (EN - GL)^ + (FN - GM) = 0. (7) 

This equation determines two values for du/dv which we may 
write as (du/dv)i and (du/dv)^. By (8) of Sec. 15, the directions 
determined by (du/dv)i and (du/dv)^ are orthogonal. We have 
thus shovm that, if EM — FL and FN — GAI are not both zero, 
i.e., if E:F:G 9 ^ L-.M\N, then at any point P on a surface E 
there are two principal directions, and these two directions are 
orthogonal. A curve C on S along which (7) is satisfied identi- 
cally is called a line of curvature. It follows that there are tivo 
families' of lines of curvature on a surface S, one curA'e of each 
family going through any given point P. 

Let us now determine du/dv in (2) so that is a maximum 
or minimum. Write (2) in the form 

L\^ + 2M\ + N 
EK^ + 2F\ + G’ 

where X = du/dv. If we differentiate (8) with respect to X and 
set the result equal to zero, we obtain the equation 

(PX2 + 2F\+ (?)(LX -h M) 

- (LX2 -1- 2m + N)(E\ + F) = 0. (9) 

This equation e^’idently reduces to (7). It may be sho^vn (in 
general) that, of the two values of k„ in (8) resulting from the two 
values of X determined in (9) , one is a maximum and the other is a 
minimum. Hence the principal directions at P are the directions 
of maximum and minimum normal curvature. 
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If we write (9) in the form 

LX + 3/ L\^ -f 2M\ + iV 

LX -h F LX' -f 2FX + G ' 

we see by (8) that 

(La. -- L)X (La. - M) = 0. (10) 

Write (8) in the form 

(Lkv - L)X' + 2(La„ -- 3/)X 4- «?A. -- iV) = 0. (11) 

Multiplj' (10) by X and subtract from (II). We obtain 

(La. - 3/)X -f (Ga. - K) - 0. (12) 

Elimination of X from (10) and (12) Iead=? to the equation 

L=a; -- {EN - 2L3I 4- GL)a. 4 . == 0, (13) 

which determines the maximum value ki and the minimum value 
Kz of An at a point P on S. 

It follows b\' (4) of Sec. 15 and Ex. XIIL 10, that (10) and (12) 
may be written as 

ri • ((#.Ti 4- ni)\ 4- (at- 4- n;)] = 0. 
r; • {(at, 4- ni)X 4- (at^ *f n;)J = 0, 

where a denote^s cither a 1 or a;. Since X = du/dv those relations 
in turn may be written (by the usual manipulations with difier- 
entials) in the form 



But dr/ds and dn/ds both lie in the tangent plane to S at P. 
Thus [K(dT/ds) + (dn/ds)] lies in the tangent plane and is 
perpendicular to both ri and r*. Hence 


.A . n 

K — — r -3- = 0, 

ds ds 


(14) 


where r and n range along a line of curvature, and where (14) 
is called Rodrigues's formula. 

T\ e define J = ai 4 “ a 2 to be the first (vican) curvalurc of S at a 
point P, and w’e define K = aja; to be the second (specific j iotal. 
Gauss) curvature of S at P. It follows b\' (13) that 


J = -y^EN - 2FM 4- GL), K = —■ 
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A geodesic is a curve on a surface S whose principal normal at 
each point coincides ndth the surface normal n. By Meusnier’s 
theorem, the geodesic curvature is the normal curvature in the 
direction of the geodesic. It can be shoAvn that (vdth certain 
restrictions) the geodesic joining two points A and B is the short- 
est of all curves on S joining A and B. (A taut thread stretched 
on S from A to B assumes the position of shortest length, this 
being also the position such that at each point the tension in the 
thread tends to produce no lateral motion, i.e., i' is along n. 
(See Ex. I, 11, of Chap. VIII.) By the defining property of a 
geodesic, 

r" s Xiu" -f- x^v" -f- Xxiu'~ 4- 2xi’iu'v' x^v'- = m, (15) 

where n is the surface normal. If we form the scalar product of 
each side of (15) vdth ri and r 2 , we obtain the differential equa- 
tions of the geodesics on S\ 

Eti" + Fv” 4- hEyxr- -f Em'v' + (Fa - - 0, . 

Fu” 4- Gv" -f (Fi - lE^)u’- + G.xi’v' + lGv.v'- = 0, ^ 
where Ei = dE/du, etc. 

Since the principal normal of a geodesic is the surface normal 
at any point, it follows by Ex. XII, 4, that 

T = [t, n, n'], 

where n is now the surface normal. Since [t, n, n'] = 0 in the 
direction of a line of curvature, it follows that the torsion of a 
geodesic is 0 in the direction of a line of curvature. Moreover, 
[t, n, n'] being identically zero onlj’- along a plane curve (n being 
the principal normal), it follows that if a geodesic is either a plane 
c-urve or a line of curvature, it has both of these properties. 

It turns out that geodesics play much the same role on a surface 
that straight lines do in a plane. For example, one may set up 
“polar” coordinates on a surface using geodesic distance, and 
one may measure the curvature of a curve relative to the tangent 
geodesic. But many of those properties are better dealt with by 
tensor analysis, and we pass over them here. See, for example, 
Weatherburn, “Differential Geometry”; Eisenhart, “Differential 
Geometry;” Levi-Civita, “Absolute Differential Calculus.” 

EXERCISES XIV 

1. Find J and K for the surfaces of Exs. XIII, 3 and 4; also find the 
differential equations for the lines of curvature. 
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2. The difTcrential equations reprcfcntini; the lines of cun'ature being 
du/dv = 0 and dc/du — 0, shovr by (7) and Ex. XIII, 2, that the parametric 
cur%'cs arc the lines of cun'ature when and onl^' when F ^ M — 0. 

3. Show that ki = L/E, Kt = X^G when the parametric curves are the 
lines of cur\’aturc. Lot be the normal cun'ature in a direction making 
an angle ^ with the direction in which jci is taken. Use the preceding result 
to prove Eider\^ formula: 

“ <1 co«^* d cj ‘■in* 


4. Show that (16) may be written in the following .alternative forms: 

^{Etd d- FF) ^ \{E\u'' 4-2EinV -r 
d3 2 

4-(ru' -f Gt’) = Ue-m’' -f 2r,T;-r’ + Crr"). 

2 

ti'' -f hr’ -f 2rmrr' -f nr'* = 0, / 
r" “f Xu" -r 2;xuV' rr" = 0, ^ 

where h m, n, X. r are certain expressions in E, E, G and their derivatives; 
ah^ 


(17) 

(IS) 


d^ 






-^a - 2p) 


dr 

dii 


- X, 


fI 9 ) 


Since Uf?' is a .second order equation, thf'rc exists fin general) exactly one 
geodesic on a surface S through a given point m a given direction. 

o. Sho'.T that the gco^icsics in a plane are straight lines. 

6. Show that the gc*odc^ic5 on a sphere are arcs of great cirrle^: 

7. Show that the geodesic^ on a circular cylinder are helices. 

8 Find the geodesies on a right circular cone. 

17. Maps. Let S and S' be two surfaces. If, by any means 
there is made to correspond to each point of S exact h" one point 
of S\ then we say that S is frajJsforTJKd inio, or mapped upon, S\ 
If, moreover, exacth' one point of S has any given point of S' 
for its image, then the mapping is said to be bivnique. For 
example, a geographic map is a mapping of (part or all of) the 
earth’s surface upon either a sheet of paper or a sphere. Again, 
the usual operation of projection maps one plane or surface 
upon another. More generally, if F is a famil}- of curx'cs in 
space such that through each point there is one and onI\' one 
curve, and if S and S' both cut all curves of the familx" F. then 
this family maps *S on S'. 

A simple wa}" to establish a mapping of two surfaces S and S' 
is to represent each surface by equations of the form (1) or (2) of 
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Sec. 15 using the same parameters u and r. Then the pair of 
numbers («, v) determines exactly one point on each surface 
(assuming the ranges of u and v to be the same) and a mapping 
M of S upon S' is established by associating these pairs of points. 
Arc lengths on S and S' are then given by 


ds- = E du- + 2F^du dv+Gdv-,\ 
d<r- = E dzt- + 2F du dv + G dv". ) 

At anj" particular point P the ratio ds/da- is constant for all 
directions du/dv if and onlj^ if 


E_F_G^ „ 
E F G 


( 2 ) 


where, however, p may be a function of xi and ik We say that 
the mapping M is conformal if (2) holds, and as p = da/ds. we 



call p the vwgnijicaiion, A relation /(«, v) = 0 determines a 
cur^'e C on /S and a cur\^e C' on 5'; the relation p(?/, v) ~ 0 
detenmnes curves D and Z)' on S and /S'. If C and D intersect 
at P, C' and P' intersect at P', and if yp is the angle between 
C and P, with the angle between C' and P', then it is seen by 
(6) of Sec. 15 and (2) that cos \p = cos p'. By proper choice of 
signs, we have p ^ Thus angles are preserved at every 
point by conformal mapping. It follows that infinitesimal figures 
in the neighborhood of P and P' are similar in shape, though the 
ratio of their linear dimensions is p. 
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Example 1. We shall construct a conformal mapping of the surface 5 
of revolution 

r - tr cos p, y - V «in P z — /(tr, (3; 

on a plane. We fir«t ob^^erv'e from Ex. XIII, 3. that 

ris' = (1 4“/*) -f (4) 


Let us change the parameter t'* to a nev** parameter u by the relation 

, Vl -f /”(tr) ^ 

du air. 


(o) 


(This iii'^rcU a change of «ca1e along the curves r = const.) Then (4i 
become^ 


= ir-fcfu- — do‘} (Gj 

If we use hu and hr as rectantrular coordinates in a plane J/, then 

dc^ == dP‘), (7) 

By (6'> and (7». the surface t3> mapped conformally on .1/, where corre- 
sponding points on 5 and 2*1 have the same coordinates (a, p) and where at 
any point the magnification is I: tr as given by (2). Because a straight line 
/ m .V cuts all lines a ~ U: at a constant angle and all lines = <5> at a 
constant angle, the image of / on 5 cuts all the mendiaas at a con- 

stant ancle and all the parallels of latitude tr = v; at a constant angle. 
If the equation of I in .V is chu — -b c = 0. the equation of the image 
of I on 5 15 Gir -r ho — c = 0 (when the parametnc coordinates on jS are 
taicen as u and <>) 

Example 2. As a special ca=c of the preceding example, we shall map 
a sphere S of radius a on a plane. We ma^' represent 5 m the form 

T — c co^ c 6. y ^ c cos o ?in C\ z — a sin o. 
where v* denote'* latitude and d longitude Then 

= c* 00*-= V- fsec= V- -r d 5 =‘ 

If y>e ml rod lice the variable a by the relation 


da — sec dv^. 


so that or = log tan 



. then 


= c= cos= de-). ($) 

Let z = 1:0 and y = hau Then dc* = h*{da* -f- d5=). Since condition (2) 
is met. the sphere is mapj>ed conformally on the plane. Moreover, any 
straight line on the plane represents the image of a curve on the sphere cut- 
ting all meridians at a constant angle. The magnification is k/ia cos c*). 
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Because this magnification is large for values of <p near 7r/2, this mapping, 
called Mercator* s projection^ causes areas near the poles to appear unduly 
large. This mapping may be obtained geometrically as follows: Let L 
be the axis of the sphere through the poles, and let C be a cylinder wth L 
for axis and tangent to the sphere along the equator. The mapping is 
effected by projecting each point P of the sphere onto C hy a line through P 
perpendicular to L. C may now be rolled out into a plane. 

If instead of x — hO and y = fca, we take x = cos 0, y ^ sin 
then 


= dx^ + dy^ = 

and we have another type of conformal mapping of a sphere on a plane called 
siereographtc projection. This mapping may be obtained geometrically 
by taking the a^y-plane tangent to the sphere at the south pole; if P is a 
point on the sphere, the image P' of P in the plane is found by projecting 
P onto the plane from the north pole. It is seen that meridians project 
into straight lines through the origin, and parallels of latitude project into 
circles with center at the origin. 

EXERCISES XV 

1. Show that the surfaces x = u cos 0, y — u sin 2 r = c<^, and 
X - u cos <l>, y — u sin z — c cosh“^ u/c can be mapped conformally on 
to each other with linear magnification identically one. 

2. Determine J(v) so that the surface x = ti cos y = u sin z = f(v) 
can be mapped conformally on a surface of revolution with linear magnifica- 
tion identically one. 


PART D. TENSOR ANALYSIS 

18. Definition of a Tensor. In Sec. 9 we said that if three 
functions Ax(x, y, z), Ay{x, y, z), Ax(x, y, z) transform according 
to the law (9) when the coordinates {x, y, z) are transformed by 
(8), then Ax, Ay, At are the components of a vector. We shall 
now generalize this concept. Let 

X'a ^ 3.2^ • • • , x") (a = 1, 2, ■ • • , 7l) (1) 

represent a transformation of coordinates in n-dimensional 
space, where we use superscripts, instead of subscripts, to dis- 
tinguish the variables. Suppose that the Jacobian 



of (1) exists and is 9 ^ 0, so that (1) has an inverse: 

= yp<{x'\ x'\ • • • , *"•). (z = 1, 2, • • • , n.) (2) 
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Defixitiok 18.1. If, in any manner whatever, a set of n func- 
tions , 2:"), • • ■ , F"(x\ ■ ■ ■ , x") is determined for 

each coordinate system (1) and (2), and if these funclions transform 
according to the laic* 

(a = 1, 2, - « • , n), (3) 

then we say that the fund ions ^ F" arc the compo7}€nts vi 

the coordinate system (x^, ' * * , x^) of a contravariant tensor of 
order one, and F'*, ' ‘ ‘ ? F'"" arc the cojnponcnts of this tensor in 
the coordinate system ‘ 

Since (9) of Sec. 9 is a special ease of (3), a contravariant tensor 
of order one is sometimes called a contravariant vedor. 

If F^{x\ * ' * , X"), * • * , F”(x*, • ■ * , X") arc any given 
functions in the coordinate s\^stem (x^ ' * ' , x”), a tensor niaj" 
ahvays be constructed by defining the functions 

FKx^\ • • • , x'«), • • • , F'«(x'h • • • , X'”) 

for every" other coordinate system (x"h * ■ ■ , x'”) by means of 
(3). (See Ex. XVI, 3.) 


Example 1. Let a unit of distance be selected in Euclidean 3-space. 
If a fluid is morinp ^nth velocity V at any point, and if (x^ x^ x9 are the 
rectangular coordinates in frame ? of a certain particle P, v^ith x*. x% x’ repre- 
senting distance along the axes, then dxVdt, dx^/dl are the compo- 

nents of velocity of P parallel to the axes. Under the transformation (1) 
we have 


(fx^ ^ ^dx^rfx^ 
dt ~ Ox' dl 


(a = 1, 2. 3.) 


(4) 


At an}’ instant the derivatives dx'/dl arc functions of the position of F, i.e.. 
of (x*, x% X*). Since (4) is of the form (3), dx'fdi and dx'^/dt are components 
of a contravariant tensor of order one. 

Example 2. Let us regard the differentials dx* in the coordinate system 
(x‘, • - • , X”) as defined at each point (x^ * • ■ , x’^), i.e.. dx* are given 
functions of (x\ ' • * , Then in another system (x'h * • * , x'*^) the 
differentials dx^ arc given by 

•Since the range of all indices in this discussion is from 1 to n unless 

n 

otherwise indicated, we shall write ^ instead of 

i I =» 1 
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dx'° = (a = 1, • • • , n.) (5) 

dx' 

t 

Since the differentials dx^ and dx'^ are functions of the coordinates alone, 
and since (5) is of the form (3), it follows that dx' and dx'^ are components 
of a contra variant tensor of order one. 

Example 3. Let 5 and be any two reference frames of axes with com- 
mon origin 0, where the axes may be orthogonal or oblique, and where the 
scales along the axes in each frame irnxy be arbitrary' and distinct (i.e.» not 
based on the unit of distance), but such that the coordinates in ff and are 
related by the transformation 


= y^afx', (6) 

t 

where of are constants. Since dx'^/dx' = af, we see from (6) that 



i 

Hence by (3), x' and are components of a contra variant tensor of order 
one with respect to transformations (6). Since the coordinates x' of ‘a 
point Q transform as a contra variant tensor, it follows that we may represent 
the components in frame Sr of an arbitrary contravariant tensor of order one 
as the coordinates in of a point Q when we consider onb^ frames related 

by (6). It is common to regard the segment OQ as ‘'representing” the 
tensor itself. Thus, in Example 1 consider the motion of the particle P 
at a certain instant. For convenience choose a frame ff ha^dng its origin at 
P at this instant. Then we may represent dx^/dtj dx-fdij dx^jdt as the 
coordinates in of a point Q. B}' the preceding remark, the coordinates of Q 

in any other frame a' represent the transforms of dx^/dt in and PQ repre- 
sents the tensor %vith components dx^/dt. However, in curvilinear coordi- 
nate systems this representation is not always possible. Moreover, it 
must be remen-ibered that dx'^ /dt represent the actual components of the 
velocitj^ V in frame only when represent distance. For example, 
if X' is based on the unit of distance, and if x'‘ = 5x*, then dx^^jdl is 5 times 
the component of velocity along OX*. The question of scales and velocity 
components will be taken up in the next section. 

Dehnition 18.2. //, in any manner xohatever^ a set of n 

fnndions F ^ x’*), • ‘ , Fn{x^, ‘ determined 

for each coordinate sijsiem (1) and (2), and if these fnndions trans- 
form accordmg to the laio 
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• • • ’ ( 7 ) 

dx 

\ 

then toe say that the fimctions F\, * * ‘ , Fn arc the components 
in the coordinate system (x^ ’ ' ' , of a covariant tensor of 
order one, and F[, arc the components of this tensor in 

the coordinate system {x^\ - • * . 


rr 1 Z\ Z’) , 

Example 4. v’ be a point function. If v"* denotes : and 

dx* 

r'* 

if v^a denotes ? where <,^(2:*, x*) and sr'(x'S x'*, x'*) are the 

dx'^ 

representations of the point function in the respective coordinate systems 
(see Sec. 23 of Chap. I), then 



(a = 1,2, 3.) (8) 


Since (8) is of the form (7), yr, are the components of a covariant tensor of 
order one. We denote the tensor ha\*inp these components by grad s? and 
we refer to this tensor as the gradient of <r. 

It should be noticed that we use a superscript, as in F\ to 
indicate the components of a contra variant tensor, and a sub- 
script, as in to indicate the components of a covariant tensor. 

If o is a point function with representations c(rb * • • , x^) 
and . x'") in the respective coordinate systems 

indicated, then 

, x'«) = <s(x\ • • • , X"). (9) 

Because of this relation between the representations of c, we 
speak of ^ as a tensor of order zero, or as a scalar or invariant. 

To prove certain properties of tensors, we shall need a generali- 
zation of the result in Ex. XX, 21, of Chap. I. According to the 
usual rules of differentiation, we have by (2) and (1), 

dx* _ dx* dx'° 
dx» ^ dx» 

a 

Let the Kronecker delta 6] denote 1 when i = j and 0 when 
i 9 ^ j. Since dx’/dx’ = we have 



a 


ax’” 

dx’ 




( 10 ) 
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It is evident, for example, that Xf j 6>. = jP* and that 

: 

X/Fid) = F,. 

i 

Example 6. If F* and Gi are the components of any contravariant and 
CO variant vectors respectively, then ^F'G,- is a scalar point function. 

t 

To show' this, we have by (3), (7), and (10), 




Hence 




dx^ ax A 

ij \ CT / i,y t 


the change of order of summation being merely a rearrangement of terms, 
and the last term being obtained by summing first with respect to j while 

treating i as fixed. Since the relation Xf'“G'„ = Xr^Gi is of the form (9), 

a t 

is a scalar point function. 


Theorem IS.L Let ?? fitnclions G{ he determined for each 
coordinate syste??}. If is a scalar for every contravariant 

i 

vector* F\ then Gi is a covariani vector. 

By hypothesis, '^F'^G'^ — '^F'Gi, that is, 

a i 

- X^'^' = °- 


Since F‘ is a vector, it follows by (3) that 



i cf i 


* For convenience we shall often speak of *‘a tensor F*” instead of “a 

tensor ha\dng components F» in the coordinate system (x^ • * • , x**).” 
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Hence 



= 0 . 


Since this relation holds for every vector FK the coefficients of 
F* in this relation must each be zero. Hence G{ is a covariant 
vector. (To see this, interchange the primed and unprimed 
letters in (7).) 


Example 6. Considering onl}" reference frames J related by (6), so 
that X' is a contra variant vector, it follows; by Theorem IS.l that if the 
relation 


X 


OiX* 


^ 1 


(H) 


is to hold for all frames Sr, then must be a covariant tensor. (It is mani- 
fest that 1 is a scalar point function.) Xow (11) is the equation of a plane 
not through the origin. If we define the coordinaUs of a plane to be the 
reciprocals of its intercepts on the coordinate axes, then w, are the coor- 
dinates of the plane (11). Thus the coordinates of a fixed plane transform 
like the components of a covariant tensor. This leads us to the counterpart 
of the result obtained in Example 3: Wc may represent the components in 
frame a of an arbitrar\' covanant ten'or F, of order one as the reciprocals 
of the intercepts in (r of a plane M when we consider only frames a related 
as in (6). It is common to rcgaixl the plane .V as "representing” the tensor 
itself. 


1. Show by (3) that 


EXERCISES XVI 



a 


Hint: Multiply each equation (3) by respectively, add the 

results, interchange the order of summation in the right member, and use 
(10). Deduce the analogous form of (7). This shows that the law of 
transformation of tensors has an inverse. 

2, Show that if then it follows from (3) that 

a 

F”^ ” Deduce the analogous relation for F,. (This 

i 

shows that the law of transformation of tensors is transitive.) 
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It follows from Exs. 1 and 2 that the components of a tensor are uniquely 
defined for each coordinate system, and that it is immaterial what series of 
transformations is followed to get from one coordinate system to another. 

3. A tensor has components 1, x, x- — yz in the (x, y, z) rectangular 
coordinate S 3 'stem. Find the components of this tensor in cylindrical, polar, 
and parabolic coordinates if this tensor is (a) contra variant, (b) co variant. 
Parabolic coordinates are given by the relations 

X = cos V?, y = sin _ ,^2)^ 


4. Write (3) and (7) in matric form, using upper indices for row numbers 
and lower indices for column numbers. Note that a contravnriant vector 
is represented by a one-column matrix and a co variant vector by a one-row 
matrix. 


5. According to 



Use this relation and (6) to 


show that Ua = where is 1/a times the cofactor of of in the 

i 

determinant a = |a^|. (The matrix |lA«|l is the inverse of the matrix IjafU.) 

6. Show that if the components of a vector (either contravariant or 
covariant) are all zero at a point P in one coordinate system, then they are 
all zero at P in every coordinate system. 


19. Tensors of Higher Order. The concept of a tensor may 
be extended as indicated in 

Definition 19.1. If, in any manner whatever, a set of n^ 
functions , a:”) {where j = 1, * • • , n) is deter- 

mined for each coordinate system, and if these fiindions transform 
according to the law 


,,ci8 




dx* dX^ 


( 1 ) 


then we say that the functions are the components of a con- 
travariant tensor of order two. If a set of functions transforms 
according to the law 


a, = 2^'' 


F' = 


dx*'' 






8^ 


or 


'•' = 2 


F'. 


,dx' 

dx' 


dx’ 




dx 


( 2 ) 


then Fij are the components of a covariant tensor of order two, and 
Fj are the components of a mixed tensor of order two. 

Tensors with components F)jin, • • • are similarly 

defined. The tensor F}ji„ is of order 5; also, we say that F%„ is 
contravariant of order 2, and covariant of order 3. 
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Example 1. Let F' and 6f<‘ be contravariant vectors. If = F'G' and 




1 /<* 1 
Ox Ox 

Ox^ Ox^ 


(3) 


Hence arc the components of a contravariant tensor of order two, 
(v?*' is called the outer product of F‘ and However, not everj’ tensor 

can be represented as a product in this way. 

Example 2. The Kroneckcr delta 6J are the components in every coordi- 
nate system of a mhed tensor of order two, for if arc taken as the com- 
ponents of a tensor in the coordinate system (xh * • * , then these 
components Irancform into 


' Ox' ^ £lx> n^A 


ax' 0x’‘ 


(• 1 ) 


where in we sum first over j treating t as fixed. Hence Jg are the com- 


ponents of this ten^^or in the system (x'h 


. x'V. 


It is readiU' seen that (he srnn or difference of tivo iau^ors of the 
same order and type is a taisor of this order arid type. For exam- 
ple, if tp'^ = then is a tensor by wtue of (1). 

The product of any two tensors (regardless of order or 13130 ) is 
a tensor. This is illustrated b 3 ' Example 1. Again, if 

where and arc tensors, then it is rcadil}" proved as in 
Example 1 that cy4 is a tensor contravariant of order 3 and 
covariant of order 2. 


If fYiy,, are the components of a mixed tensor, then tph = 

is a set of iF functions, each of which is the sum of n of the func- 
tions Since 


'S^f 'S} p., 5x‘ dx‘ dxA 

2 F'. dx^ dx> 




dx' dx^ 


where == 9li> il follows that Ibe components of a 
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tensor. The process of sunvming the components of a tensor of. 
order r over any contravariant and covariant index is called con- 
iraciion, and the resulting functions are the components of a 
tensor of order r — 2. A contracted tensor may evidently be 

contracted again; for example, are the components of 

i 

a covariant vector. If we contract the tensor 5} we obtain the 
scalar = n. 

i 

Since tensors maj”- be multiplied and contracted to give tensors, 
we may combine the two operations to obtain new tensors. For 
example, 

Til = Bn = 

y k y.fc 

are components of tensors. The combined process of multiplica- 
tion and contraction is called t7i7i€r rnuUipUcalion, 

If is a tensor, and if, for example, == for every set 
of values of the indices, then is said to be symmetric in the 
indices k and 77 i, If a tensor is symmetric in every pair of con- 
travariant indices and in every pair of covariant indices, then 
the tensor is said to be symmetric. If interchange of anj^ pair 
of indices of the same type causes merely a change of sign of the 
component in question, then the tensor is called skexv syvnnetnc. 

Example 3. If <7,-, is a co variant tensor, then because dx' is a contra- 
variant tensor (see Example 2 of Sec. 18), ^gijdx'dx^ is an invariant 

tj 

(scalar point function), i.e., 

'^g'ad dx'^ = ^(7,/ dx' dxK (5) 

ij 

If (zh • • • , are rectangular coordinates with each coordinate rep- 
resenting distance along the respective axis, then the element of arc-length is 

ds^ - {dxT- + (rf.r=)= + • • • + {dx^Y. 

If we define p,,’ in this coordinate system by the relations 


_ 1 1 when i = 

^0 when i 9 ^ 

then 

ds‘ = ^gi) dx^ dxk 
ij 


( 6 ) 


( 7 ) 
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If vrc now use (C) to define as a covariant tensor for all other coordinate 
sj’stcms by the first part of (2)^ then, because of (5), (7) holds in etery 
coordinate S 3 ’stem (see 7). The tensor gif in (7) is called the 

fundamental metric tensor for n-dimcnsional Euclidean space, and ds is the 
magnitude of the tensor with componepts dx\ 

Example 4. In rectangular coordinates (based on the unit of distance) 
the magnitude F of the vector ^rith components is given by 

F' = f^g.iF'F’, (8) 

<d 

where gif is given by (C). Since invariant, Fisa, scalar point 

ij 

function and (8) gives the magnitude F of the tensor F‘ in every coordinate 
sj'stem. We say that F^ is a unit tensor if E *= 1. In the same manner, the 

scalar product of the tensors F* and G' is an invariant for cveiy 

tj 

coordinate .*;ystem. Since in rectangular coordinates we have 

FG cos 0 = ^giiF'G^y (9) 

where 0 is the angle between the vectors F* and <7% it follows tliat Ff7 cos 
and hence cos <?, is an invariant for all coordinate s>'stems; however, 6 has 
as yet no interpretation in cur\’ilinear coordinates since wc have as yet no 
geometric representation for a tensor F» in cur\*ilinoar coordinates. Wc 
now give this representation in 

Theorem 19.1. Let F‘ he the componcrUs of a tensor in an 
arbitrary coordinate system ? J:”). Let each component F* 

he represented at any point Phy a line segment PP‘ along the tangent 
at P to the pararnctric curve of parameter x* (f.c., the curve with 
equations x' = constant for all j f, x" alone being variable), the 

length of PP^ being the magnitude of the component F\ Then 

the vector sum PQ of all the line scgmciits PP' represents the given 
tensor in every coordinate system. 

The magnitude of the component F* is computed as the magni- 
tude of the tensor with components 

0, 0, • * • , 0, F\ 0, • • • , 0. (10) 

By (8), 

iF‘|= = (magnitude of F')' = g„FV\ (11) 

since all the F’s in (8) are 0 except F\ By (9), we have for two 
different tensors of the type indicated in (10), 
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lF‘'i • |F»|(cos e)ii = guF'F', (12) 

where 0 is as 3’^et undefined. By (11) and (12), 

F"- = X9ijF‘Fi = + XW'\ ■ if’'l(cos 0),,-, (13) 

xj X i 7^5 

where in sum first for equal i, j and then for distinct i, j. 

ij 

But if we regard PP‘ and PQ as vectors (in the elementary sense), 

PQ’ = ■ (xp?') 

= cos (0.y), (14) 

t X 5^y 

where • indicates the elementarj"^ scalar product and 0,7 is the angle 

between PP' and PP'. Since (13) and (14) hold for every tensor 
F', (cos 0).7 = cos (0,7) and the theorem follows at once. 

In applying Theorem 19.1 care must be taken to distinguish 
between the 7nagnihtde of a component F* [which by (8) is 
invariant for all scales in all coordinate sj^stems] and the numerical 
value of F‘ (which depends, for example, upon the scales of the 
variables x*). 

If the tensor F* has components of unit magnitude, then bj’’ 
(11), F' = l/Vgu since [F*] = 1, and by (12), 


cos 0.7 = — ~ 


V gu9v 

Let ga be any sjunmetric covariant tensor. We write 
Iffn ■ ■ ■ gir 


(15) 


g = 


Qnl ‘ * fifn 


g'’ = ^ (cofaetor of <7,7 in g). 


(16) 


It is readil}^ proved that g'’ is sj'mmetric (see Ex. XVII, 9). 
Moreover, is 1/g times the expansion of the determinant 

k 

obtained by replacing the tth row in y by the jth row. By 
Theorem 1.10, 



736 


HIGHER MATHEMATICS 


[Uiwp. M 


= 5 ;. ( 17 ) 

k 

If F* is an arbitrary vector, then G, = is an arbitrarj" 

h 

vector. Since g,, and arc symmetric, we have by (17), 

/ J,k k * 

Since F‘ is a vector, it follows by Ex, XVII, 10 that g*^ is a tensor. 
If F' is a given contravariant tensor, then F, ^ a 

t 

covariant tensor. Since is s3Tmmetric, F, = [^gyiFs We call 

X 

Fj the iensor associated with F\ and we speak of the components 
F, as the covariant comjioncals of the tensor with contravariant 
components Let he the tenbor associated with Fj by the 

law A' = If I") = 

i t 

A' = 

; J.k k 

Hence contracting with respect to and g^^ are inverse opera- 
tions, and the roles of F^ and F, arc interchangeable. In rectangu- 
lar coordinates where g^J is given by (6) and g'^ is numerically 
equal to 17, „ F' and F, are numerical!}' equal. This accounts for 
the fact that no distinction was made between contravariant 
and covariant vectors in Part B of this chapter. 

The idea of associated tensors may be generalized; for example, 
if 


F', = XF‘’'g,h or G,h = 

k I 

then F\ and F‘* are associated, and G*^/ and G,i^ are associated. 
Note that the indices should be spaced to show which index is 

raised or lowered, for, in general, tensors like F\ = 

k 

= X^^^Oh are not the same. 

k 
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Example 6. In rectangular coordinates, where are given by (6), wc 
hare 


g<J = 


when 

when 


i 9^ J. 


If Fi are the components in a rectangular coordinate system of a co variant 
tensor, if p is tlie distance from the origin to the plane M representing Fi 
(see Example 6 of Sec. IS), and if we define the magnitude F of the tensor 
\nth components F< to be 1 /p, then in rectangular coordinates we have 


F- = (19) 

w 

as may be seen by writing the equation of the plane HI in normal form. 
Since is an invariant, (19) gives the magnitude F in a^cry coor- 

tj 

dinate s.vstem. If F' is the associate vector of F,-, and if in (8) and (19) 
the summation is carried out over jf, then both of these equations may be 
written as 



( 20 ) 


shoTsdng that the magnitude of a vector and its associate is the same. In 
rectangular coordinates, the components F» are direction numbers of a 
normal N upon the plane ill representing the tensor F<; moreover, in rec- 
tangular coordinates, the associate vectors F,* and F' are numerically the 
same. Hence the line segment representing F* is parallel to N, It follows 
that the angle & between the planes representing Fi and Gi is equal to the 
angle 0 between the line segments representing F* and G'. Thus, by (9), 

= FO cos O, (21) 

j i Vj 

this relation holding in every coordinate system. 

If a set of functions transforms, for example, by the law 


or 


I y 


a0 


dx> dxf dx' 

d{x'\ • • • , z'") coordinate 

transformation, then tliese functions are called the components 


where J is the Jacobian 


d{x\ 


= 

> , .T") 


iidz'° dx'^ dx}^ 
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of a relative tensor of weight p. It is evident that the sum of two 
relative tensors of the same type and weight p is again a relative 
tensor of this same type and weight p. The product of any two 
relative tensors of weights p and g, respectively, is a relative 
tensor of weight p + q. Contraction of a relative tensor does 
not alter its weight. 

Example 6, I>et 




1 Avlien ijk is an even permutation of 123, 

— 1 when ijk is an odd permutation of 123, 

( 0 when t^vo or more of (he indices ijk are equal. 

It follows from Sec. 1, (2), that 


(>031 

oi 

^3 

a\ 


(22) 


a? 


aji ijk 




<ll 





a* 

a; = 

(23) 


k 

a\ 

ail ij.k 


range over I, 2, 3. The symbols •" = e,,- 

...n with n 


indices ma}' be defined in a similar manner and may be used to represent 
the expansion of determinants of order n. If wc di\ddc both sides of (23) 
by the coefficient of ea$y and replace nj, by dx*/dx^, we have 

Oj' dx* Ox* 


J- 


■ 2 " 

ijtk 


A „ 3 

Ox Ox ^ Ox 




(24) 


where J = 


0{x\ x^ x>) 


— , _ _ Hence in three-dimensional space c»,t arc the 

0(x'\ x^’, X'*) 

components in everj" coordinate system of a third order covariant relative 


0 ( X* ^ 

tensor of weight -1. By Ex. XXI, 14, of Chap. I, * = 

0(x*, x^ X*) 

Hence it may be shown [as in (24)] that in three-dimensional space is a 
relative tensor of weight 4-1- In n-dimensional space, e., „ and 
(with n indices) arc the components in cverj’ coordinate system of relative 
tensors of weights —1 and +1. 

Example 7. If (/,/ is a co variant tensor in three-dimensional space, and if 



gn 

gii 

gii 

g == 

Qii 

git 

ga 


9n 

giz 

g^i 


then p is a scalar of weight 4-2, for by Example 6, 
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O' = 


'»Pnr^OT‘' 


= J 

OfJS.T 
ijJz 

Jt'm,n^p,qA' 


ax'" ^ az^ ^ ^ azp az« ax'- 
ai* ax' ax^ ax*^ ax* ax*- ax*^ ax** ax***" 


ax' ax" ax* 

^ a?* a?* 


1 J.fc 

Z,r7j,M,p»g,r 


2 ax^ dZ^ dZ^ dX* dx^ dX^ 


ax' ax" ax« 


/,ri, n,p,c,r 

= /jr/ = /-V‘ 


i.n,Q 


It follo^TS at once that \/ gr is a scalar of weight +1. Hence in three- 
dimensional space *\/ geijt is a tensor of weight 0, i.e., an ordinarj" or al?sohife 
tensor. It may be shown in a similar manner that, if p»,- is a tensor in 
n-dimensional space, then (« indices) is an absolute tensor in 

n-dimensionai space. Since 1/p' = g is of weight —1 and 

(1/Vp)^’^'-*" is an absolute tensor in rz-dimensional space. For brevity, 
we shall write 

== e>'-" = (25) 

V9 

where p ~ 1 in rectangular coordinates. 

Example 8. In rectangular coordinates in three-dimensional space, 


= FG sin 6v* (26) 

is the vector product of the vectors Fy and Gkj where t?' is a unit vector orthog- 
onal to Fi and (?». Because (26) is in tensor form, it defines 9'’ in everj" 
coordinate system. 


EXERCISES XVn 

1. State the law of transformation for the tensor 

2. (a) Prove the statements made in the two paragraphs following 
Example 2. 

(b) Prove the properties stated of relative tensors. 

3. (a) Show that if the components of a tensor are symmetric (skevr 
symmetric) in one coordinate s>"stem, then they are symmetric (skew 
symmetric) in every coordinate sj’stem. 

(b) Show that if nyy is any tensor, then nyy + uy,* is a symmetric tensor 
and Oij — ay; is a skew-s\Tnmetric tensor. Represent ayy as the sum of a 
symmetric and a skew-symmetric tensor. 
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4 . Prove relation ( 5 ) directly from the tensor laxvs of transformation. 

5. Show that if is a tensor, then mf " are tensors. 

I iJ 

G. Show that (preceding Example 3) arc tensors if 

F‘», G311, * - • , are tensors. 

7. (a) If (r. 6) arc polar coordinates (r based on the unit of distance. 
6 in radian^j), find j?,/ and ds*. If and Sp rcpn>ent arc lencth along the 
parametric cur^'cs, find dir and dsp as the magnitudes of dr and dB, Repre- 
sent your results geometrically, and illustrate the significance of Tlieorem 
19.1. 

(b) Prove the following formulas: 

ds^ = dr- -r r* dO- -r r- sin* 6 d<i>* in spherical polar coordinates. 

= dr- A- r* dB* -r dr* in cylindrical coordinates, 
d3* — ($= -r -L. j.,?) ^ d^* in parabolic coordinates. 

In each case find the differential of arc length along the parametric curv^es. 
represent your results geometrically, and illustrate the significance of 
Theorem 19.1. 

8 . A coordinate system is called orthogonal if 5 *,/ = 0 for i j in this 
sj*stcra. Find di- and f?.,* in such a s>’^ 1 ein. Show that p’* = I/Pii. — 0 
fori 

9. If p./ is symmetric, show tliat p"* is symmetric 

10. Show that if the s^t of function's F»: 15 stich that is a vector for 

cverj’ vector (x,, then F** a tensor. Gcneralire ihts result , 

11 . If p*' is any (absolute) contra variant tensor, «how that the deter- 
minant Ip'^i is an invariant of weicht — 2 . 

12. (a) If FJ>^, are vectors m three-dimensional space, where (X) serres 
merely to distmpiish the vanous vectors, X = I, 2, 3, show that the deter- 
minant {FJx) is an invariant of weight — 1 . 

(b) Give the analogue of part fai for covariant vectors. 

13. If Fj is a mwed tensor, shovr that the cofactors of the determinant 
iFJj are the component'^ of a tensor. 

14. Show that if a,,r*F^ is an invariant for every vector F‘, then the 
quantities o,, -r Oji arc the components of a tensor. 

15. Show that in oblique Cartesian coordinates p,j = cos 0 ,/. where (?.,* 
is the angle between OA"* and OA'», and where 0 ,, = 0 for all 1 . 

16. If X* and /i' are unit vectors, and if 6 is the angle between them, show 

thatsin^ ^ (p.;P«^ — p*«p,n)X‘XJp«p^ 

17. Show that and * are associated tensors. (Hikt: In three 

dimensions, gfaSy = ^ c‘^*^po,p3,P7i.) 
iJJ: 

IS- Show.that pi/, p*^’, and 6) are associate tensors. 
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19. In three-dimensional space if F* is the associate of F,‘, and that of ft. 
and if = F'G^ — F>G», show that is skew symmetric and that 

are the covariant components of the vector product of Fi and G,. 




20. (a) In three-dimensional space, if is a skcw-s)’'m metric contra- 
variant tensor, show th^ t '\/gF'\ the components of 

the covariant vector 

5,h 

(b) If Gii is a skew-symmetric covariant tensor, show that (l/'\/p)G23. 

are the components of a contravariant vector. 

(c) If Gii ^ skew-symmetric, and if tp* = show that 




ft; ““ » 


21. If X* is a unit vector, show that the cosines of the angles it makes with 
the parametric lines are (l/\/^)X,. 

22. In three dimensional space, show that the element of volume in an}’ 
coordinate system is given by 

dV — \/g dx^ dx~ dx\ 

where g is given by (16) with p,/ the fundamental metric tensor. 

20. The Covariant Derivative. It was shown in Example 4 of 
Sec. 18 that Fi = dF/dx^ are the components of a covariant 
tensor when F is a point function. However, if F< is an arbitrar}^ 
covariant tensor of order one, it is not the case that the n- func- 
tions dF{/dx^ are the components of a tensor, for 


dx^ 




dx’' 

dx''^ 


2f'S^dFk dx’\dx’-- , 


( 1 ) 


The presence of the last term shows that dFk/dx’ does not trans- 
form as a covariant tensor. "We shall now define a quantity 
Fi,j (in terms of dFi/dx’) which transforms according to the 
tensor law. Let g,-,-, g, and g” be the tensors in (16) of Sec. 19. 
The quantities 



dgik 

flx'' 


ax* 
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are called the Christoff cl symbols of the first and second kinds. 
These quantities are evidently symmetric in i and j (since g{j is 
sjTnmetric). From the relation 




dx' dx'^ 


\\nth similar formulas for and ( 7 ^ 3 , we have 


.jj dx^ dx'^ 


2 r d"x' ax» dx' dV 1 


dg'ai _ ^ 3 £_ 3^ dl^ 

ax'" ax'" ax'" ax'’ 


, 'sn r a-x‘ ax' , ax' a=x' i 

7X77 77 ■* — 7 “7 — T* ’ 
^ Lax' ax' ax' ax' ax' ax' J 


»« 3 X' a-/ 


dx' dx' dx' 


"ST' r , dx^ d V 1 

^^''Ux'" ax'" ax'* ax'" ax'" ax'*-!’ 

Since the second sum in each of these equations may be written 
with summation indices i and j, we may combine these equations 
to show that 

M, ol = 2 ^lu, ^777^-7 + ^g' -7 — i- ( 3 ) 


dx dx' dx dx' dx' dx' 


If we multiplj- both sides of (3) hy g'^^ dx^/dx'^ and sum over 
7 and 5, we find that 

since = jr‘', and '^gi;g^’ = 5J. If we solve (4) 

dx' dx' 


3 
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for d^/dx'“ dx'^ and substitute the result in (1), we have 
aF' _ dx>= dx> 




/ k \ dx’ dx’ 


In the first term we ma3’- change the summation index k to i. 
If we collect the first and last terms, and transpose the middle 
term, we have 

Thus the quantity 

transforms as a second order covariant tensor. We call the 
tensor Fi,j the coranar?? derivative of the tensor Fi xoith respect 
to the tensor 3,7, It may be shown in a similar manner that 

k 

is a mixed tensor. We call jP\j the covariant derivative of F* with 
respect to 3,7. Since 




is sjunmetric if and onl5’- if dFi/ Sx' = dFj/dx', i.e., when F< is 
the gradient of a scalar point function F. By (8), 

ax’ dx'’ 

We call this quantity the curl of the vector F,-. Since the differ- 
ence between two tensors is a tensor, the quantity (9) is a tensor. 
In three-dimensional space the quantity 


( 10 ) 
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is a contravariant vector. In rectangular coordinates the compo- 
nents of v?' reduce to the quantities given in (21) of Sec. 11 since 
= !• (In Part B of this chapter we omitted the proof of 
the fact that were the components of a vector. We have now 
supplied this proof by tensor methods.) In general orthogonal 
coordinates (w, r, w), have the values 

<7n = ^ 1 * when / ^ j; 

ds- — Cl dir 4- rl dr- + cl div‘, (1 J) 

where Cj, o are functions of (u, r, rr). By (10) the components 
of are 



(This relation holds /or arbitrarj^ coordinates.) Let 9, denote 
the magnitude of the component so that By 

Ex. XVII, 8, F{ = If we denote the vector with compo- 
nents o' by curl F (not to be confused with the general concept 
of curl given above), and if we denote the tnagnilude of o' b 3 " 
(curl F)‘, so that (curl F)' = we have 


(curl FF 


V'li ~ _ d(cc^Ti) \ 

CzCzX 


dv 


dit? ( 


(curl F)-' = -Lj I 

C'fx I die du I 


(13) 


(curl F)^ 


= _Li 1('’^ _ 1. 

ClCs ( 


du 


dr f 


The divergence of the vector F' is taken to be By" (6). 

Since (7r,n = ^^g'^idga/dx') = and the 


i I 


I i 
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last two terms of the last sum cancel out (after summation). 
Moreover, 

■S' 1 »?£l. = 1 « „ _ 1 


iX 


j 2g dx^ dx’“'^' 


Hence (14) reduces to 


+ ^F> J- ~Vg 

2idx' ^ 2 a 


,_1_ d 

Vg 


Thus the divergence of the vector is given by 


(15) 


(16) 


In any coordinate sj’^stem for avIucIi g is constant, this expression 
reduces to the form given in (10) of Sec. 11. If ?*' denotes the 

magnitude of the component F‘, so that by (11), = — F*’, (16) 

reduces for orthogonal coordinates in three-dimensional space to 
the form 


div F = 


e\e^e2 


|^(c,e3!?0 +|;(e3Ci5==) + ^(^ic,?!,) 


(17) 


i dU 

Since the magnitude of the fth component of grad is — 

Cl ox 

V’e have 


div grad U = 


eiCzCzl 


+ 


d ( Cn^ dU\ \ ^ f ^3^1 SU\ 

3 Cl dll / dv\ €» dv ) 

dl(\ Cz dw 

This reduces to the Laplacian when the e’s are constants. 

EXERCISES XVm 

‘ 1. Show that in any orthogonal coordinate system, 


o: 


(18) 


[y, fc] = 0, [ij, t] = —[it, j] = a 


,££i 

dzi’ 


[m, i] = a 


dCi 


/ I = 0 i I = !£i, 1*1= ^ g< / ^ 1 a log e.- 

ivj ’ l«i e)dx^ (t>-/ dxi ’ l.n/" 


where ej = ga, and i, j, k are distinct. 
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2. Compute the divcrgeace^ Lapkeinn, and curl in polar, cylindrical, 
and parabolic coordinates. 

3, ShovT that if r* is a contra variant vector, then F*.,* is a mixed tensor 
of order tvro. 

). a<,» ito< }’ 

I i 

are tensor^. These quantities are called the cerrarinr^t drnra.'irf-? of F»,, 
F*% Fj respectively, 

5. Write the formulas for the co variant derivative^ of several higher 
order tensors. 

C. Sho^ that = 0, i.e., that thf' tensors g'K and 

c) behave like constants under co variant fliflerentiation. 

7. Shov.’ tlmt the rules for covariant differentiation of the sum. difference, 
outer and inner product of tno tcr:^^OT^ are the same as for ordinary' differen- 
tiation of scalars. 

8. Show that F,,, — F..., = 0. Find formulas forF*,^* and Ft,jk — F,.t;, 

9. Show that if = F,.. — F,,*. then 


-r “T Cii.j 


dtTxj , dc'ji ^ cfcii 


What theorem of ordinar>* vector analyris is a special case of this result? 

10. Show that fry, /:] = cti ^ |'' 

i 

11. Show that the Laplaciaa of U in general coordinates is gix’ea bv 

*u 

12. Show that the div^gener of the tensor c** is 

S"’’- = ^ 

i i JJ: 

To what form does this reduce when the <;'s are constants? 
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1. Introduction. A partial differential equation is an equation 
involving partial derivatives. Explicit solutions of such equa- 
tions can be written down in only a relatively few cases. The 
theoretical questions involved in the study of such equations 
are so great that we shall not, undertake to do more than note 
certain equations of importance in applied mathematics and to 
indicate certain methods for their solution. We shall not con- 
sider the problems relating to the existence of solutions, or to 
the validity of the operations upon the series involved. 

The solution of a partial differential equation usually involves 
arbitrary functions, in much the same way that the solutions of 
ordinary differential equations involve arbitrary constants. 
In the applications of the theory to physical problems, the 
problem usually involves the determination of a particular func- 
tion which satisfies the differential equation and which, at the 
same time, meets other conditions — frequently called })oiindary 
conditions — of the physical problem. 

2. A Simple Form of Partial Differential Equation. Euler’s 
Equation. We shall first consider the equation 


bH 
bx by 


= 0 . 


Integrating with respect to t/, we have 


( 1 ) 


bz 

bx 


= <Pl{x), 


where <pi is an arbitrary function of x. Integrating with respect 
to Xy we find 

z = <p{x) + ypiy), 


where ip and ^ are arbitrary functions of x and y, respectively. 
We shall now consider the general Euler equation, 


. dh d^z 
bx^ bx by by^ 


where a, 6, c are constants. 


( 2 ) 
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Wc shall change the independent variables by means of the 
linear transformations 


^ = ax + 

7j = 7Z + dij. 


E\ddentl3% 


dz _ r 

dx ’ dj dx dr) dx 

dx 


'^s 1 '■'•I * 

~ ~ + T" ~ ^ 


dr 


(3) 


(4) 




Substituting these relations in Eq. (2), we have 
(aa- + 2hap + C0‘)~ + {ay- + 2by5 + c5-) 

arj- 

+ 2[aory + b{ao + ffy) + c/3o] 


dtdj? 


= 0. (5) 


If we select a = 7 = 1, /? = Xi, 6 = X«. whore Xi and X2 are the 
roots of the quadratic 

a + 26X + c\- = 0, (6) 

Eq. (o) reduces to 


[fl-j" d(Xi "f* X;) *f“ cXiX;] 


d-z 
df dr] 


= 0 , 


or 


2/ d‘Z _ 

-(ac - 60 TFT' ^ 
c dj drj 


(7) 


If — ac > 0, Eq. (2) is said to be hypcrboUcj if 6* — ac = 0, 
Eq. (2) is said to be para6ohc, and if h- — ac < 0, Eq. (2) is 
.‘^aid to be elliptic. If ac ^ 6% then (7) reduces to 

d-r 


d$ dri 


= 0 , 


which has the solution 

2 = ^(f) + + Xi2/) + 4f{x + Xst/). (8) 

If ac = 6% then Xi = X2, and ? = In Eq. (5), set a — 1, 
l3 = X, 7 and 5 arbitrarj^ we find 

d"r 
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z = w(?) + + '^y) + ("V® + ^y)- 'I'ix + Xy). (10) 


The method given above applies to the equation of a stretched 
string, 


dhi _ 

dP ^'dx- 



( 11 ) 


Set ^ = a: + \it, y = x + Xst, vdth X- — a- = 0, Xi = o, Xa = —a. 
We then find 

w = <pix + at) + ^(a; — at). (12) 


EXERCISES I* 

1. Show that 

= 7, ^ + ^25:= 4- • • • 4- 4- Xo + Xiy 4- Xsy- 

4- — • 4“Xn-lr''^ 

where the Y*s are arbitrary functions of y and the X's are arbitrary func- 
tions of Xj is a solution of d^'^^z/dx^ dy^ — 0. 

2. Show that z = ci sin wx 4~ cz cos wXj where ci and C 2 are arbitrary 
functions of y, is a solution of d-z/dx* == —a^z. 

3. Show that z = ^ 1 ( 0 : ay) 4- 92 (x — ay), where (pi and ^2 are arbi- 
trar}’' functions, is a solution of the equation (d^z/dy^) — a^{d-2/dx-) = 0. 

4. Find a partial differential equation ha\4ng the primitive 

{x - a)- 4- (y “ h)- + 2 = = 

and show that 2 ^ — 1 = 0 is a singular solution. 

5. Find the partial differential equation representing each of the follo^^'ing 
families: 


(a) r = (a: + a)iy +b). (b) ^ ^ ^ = 0. 

fl“ 0^ 

(c) z = az- 4~ 2bxy + cy- 4- dx + cy. 

(d) A familj" of conical surfaces \\4th vertex at (ct, y), 

A 71 S. {x - a) ~ + (y - P)— = z - y. 
dx dy 

(e) A family of cylinders where generators are parallel to the line x - az, 
y = iSs. 

(f) A family of surfaces of revolution with OZ a§ axis. 

Ans, xq yp = 0, 

(g) A family of surfaces generated by lines parallel to a fixed plane and 

intersecting a fixed normal to that plane. xp VQ — 0. 

* We shall frequently use the notation p ~ dz/dx, q dz/dy, r = d-z/dx'^ 
s = 5“2/dx By, i = B’^z/dy'^, 
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general if F 0 at (xo, ijcj ^o)? for othenvisC; it is onlj* necessary 
to interchange the role of x and y. 

The curv'es U ^'hose equations are (4) are called the charao 
Uritiicz of the diileiential equation (1). 

The normal at an}" point e of the 
surface (o) is perpendicular to the 
particular cur\'e of (4) through (?. 
The direction numbers of are P, Q, 
II and tho-e of the normal to at (? 
are —1. Hence ^rnr/acc (5) 

in an inlcgral surface of (1), since (I) 
is satisfied. 

If the curre C is given by the 
equations 



Fio. 100. 


X - i(A), 7j - :7(X), r - r(X), 


( 11 ) 


where X is a parameter, the equation for the surface (5) may be 
written [by substituting (II) in (4)] in the form 

^ - /i{f, $(X), 7;(X), f(X)], y = Mt, $(X), 7j(X), t-(X)K 
2 - $(X), 7j(X), f(X)]. 


Any solution of (1) }delds a surface z = y) which L- 
generated by a one-parameter family of cur\xs (4). This fact 
follows immediate!}" from the obseiwation that through each of 
the points of the surface parses a curve (4), and each cun’e of 
this sort lies entirely in the surface. 

It can be shown that 4>(u, r) = 0 is the general solution of 
equation (1), inhere is an arhilrary funciion and irkcrc 

Vi = Cl, tix, y^z) ^ ot 
is the general solution of cgxiaiions (3). 


dz dz 

Example 1. Find a solution of z h iy ’t — =0. Here 

<iZ dy 

P - z, Q - y ^ - 0. We suppose z = p(r, y) is a solution of 

the given equation. The family 5 of characteristics of the given equation 
is defined by 


dx dy dz 

y 4* 0 


z 


(sq 
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w ~ — [- e®* = Cl, V = z = Cz. ( 4 ') 

y 

Hence the surface 2 = ix/y) + e®* is a particular solution of the given 
equation. 

The general solution of the given equation is 

v) = + e®*, z^ = 0 . 

Esample 2 . Solve p + ff = 1 . 

Here P = Q = -K = 1 , and dx /1 — dy /I — dz /1 have the (characteristic) 
solution X — 2/ = Cl, x — 2 = C2. The characteristic through (xo, t/o, ^o) is 
X ^ y ^ xa — Vq, X — 2 = Xo 2o. We select x = 0 , 2 = in the 
2/2-plane for the curve C. Pick a point, say ( 0 , 7/0, on C, The charac- 
teristic through this point is x — y = —yo, x — 2 = — e“vo. These are 
the equations of a surface S generated by the characteristics when yo is a 
parameter. The equation of the integral surface S is found, upon eliminat- 
ing the parameter yo, to be z — x - The general solution of the given 

equation is ^(x ” y, x — 2) = 0 . 

Example 3 . Solve (x- — y^ — z^)p + ( 2 xy)y = 2x2. Here 
P = X- “ y^ — 2*, Q — 2 xy, R = 2 x 2 . 


The solutions of 


dx dy dz 

^ ^ the characteristics 

x 2 - Ip “ 2^ 2 xy 2x2 


y x^ d- y- + 2- 

— = Cl, = C2. 

2 2 


Consider the can’ve C with equations x = 0 , 2 = y^ in the yz-plane. We 
select the characteristic through xo — 0 , 2o = yj, namely, 

1 = yg + vl 

2 yl z yl 

These are the parametric equations of a surface generated by the character- 
istics tlirough cur\^e C with yo as the parameter. Upon eliminating 7/0, we 
have 


y^(x^ + y=^ + 22)2 - s( 7/2 4. 22)2 Q, 

which is a solution of the given equation. The general solution is 

^0. 
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EXERCISES n 

1. (a) Show that the equation of the tangent plane to the surface 

^ ~ /(^"i y) at (lo, !/o) is T" (^ — + “ 0 / ^ 2/o) — (2 — To; ~ 0. 

^■rjo ^i/Jo 

(b) Show that the equation of the normal to the tangent plane at the 


point (ro. t/o, z^) is 


X — Xo 

^ Lzl 

yo 2 — 2o 

^4 

dz I 

-I 

Cij 1 

H I 

( 

0 

dyj 

0 


2. Find the equations of the tangent plane and the normal to each of 
♦he following surfaces at the points indicated; 

(a) -f r 4- 2' - H at (1, 3, -2). 

c = log XI/ at (1, c, 1). 

(c) 2 - Tan-* (y/x) at (2, -2, -r/4). 

3. Solve: dz/x = dy/ij — dz/z. Atw. x = C\y^ x = czz. 


4. Find a solution of 


dx 
-f 1) 


dy 

X^2{z 4- 1) 


ds 

Tiril 4- 2) 


which 


passes through the point (1, 0, —2). x* — «= 1, x- — r* = ~3. 

5. Solve; dx/s ~ dy/t = dz/2st = <ft/0 = ds/0. 

itns. s = Cl, t = C:. tx — sy == a, 2lx — z — Ca. 

6. Solve: yzdx 4- xrdy 4* d2 = 0. (Hin’t: set z = constant.) 

-4 ns. xy 4" log Cir ~ 0. 

7. Find a solution for (x 4- 2) dx 4* y dy — r 1/2 =0 on the surface 
32 - x= -f y\ 

8. (a) Find integral curv’c*^ of 2y dx x dy — dr = 0 on the surface 
X 4” y — 2 = 0. 

0>) Also, on y* = x, 

9. Solve; yz- + {xyz 4^ l){dz/dx) ~ 0 by assuming y == is a constant. 

Ans. = s?(!/), where ip is an arbitrary" function of y. 

10. Solve; (x ctn xr — y)idz/dy) = r. Arts, log sin X2 = yr 4- ip(x). 

11. Find a particular integral of each of the following equations, using 
the method of Sec. 3: 


(a) (cos X 4“ sin x) “ 4- (sin x — cos x) — =0. 

dx dy 


„ ^ dz dz 

(b) X— 4- y(l - i) = 0. 

dz dy 

dz 

(c) X log x^ + Gog X ~ y) ^ = 0. Ans. 2 = J(log x)* - y log x. 


Ans. 2 = y + log (cos x 4- sin x). 

A na. 2 = log ~ — X. 
y 


12. (a) Prove that if 2 = y(x, y) is a solution ot (1) in Sec. 3, then 2 = 4>(y) 
is also a solution of (1), where 4> is an arbitrary’ function of g. 
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(hint; P^ + Q~ = pr + q \ «>'(?)^ = + Q~ •} 

t dx dy I dxj L ^Uj L ) 

rt can be shown that ( 1 ) has no other solutions not contained in 2 = ^({ 7 ). 

(b) Use (a) to find general solutions to the equations given in Ex. II 
above. Thus the answer to part (b) is 2 = ^[log {x/y) — x]. 

13. Find a solution to Example 2 above when the curve C is taken to be 
y — z-y z — x^y and when the point P is taken to be (xo, xly ojJ). 

.4715. {x — yy = {y — z){x — 2y 2 ). 

Also find the general solution. 

14. Solve xp + 7 /g — 2 = 0, using y- — Axy z — for the curv^e C, and 
(xi, yiy zi) for the point F. Find the general solution. 

15. Prove the statement made at the end of Sec. 3 that a general solution 
of (1) is ^( 7 /, v) = 0. 

16. (a) Prove: If f{Xy ijy z) =0 is a sohiiion of Pp Qq = Ry then 

9 = fi^, Vj 2 ) 

ts a sohtiion of F(x, y, z){dg/dx) + Q(x, 7 /, z)(dg/dy) + F(x, yj z){dg/dz) = 0, 
toheii X, ijy z are independent variables. Show that the converse is also true, 
(b) Solve (xyz - x){dg/dx) + ( 7 / — X7jz){dg/dy) + (x 2 — yz){dg/dz) = 0. 

A 775 . g — 4»(x + p + log Zj log xy + 2 ). 

17. Find an integral surface for p — g = 0 through the curve x = 5 , 
y = 5 -, 2 — s^y where s is a parameter. 

IS. Given xp yq = z. (a) Show that the parametric equations of the 
characteristics are log x = / + ci, log p = f + C 2 , log 2 = i + C 3 , where t is 
a parameter, (b) Find the characteristic at the point where i = 0 through 
the cur\’e x = s-, p = 2s, 2 = 1, where s is a parameter, (c) By eliminating 
s and t from the result found in (b), show that p- = 4x2 is an integral surface 
of the given equation, 

19. Solve each of the following equations. Interpret your solutions 
geometricall 3 \ 

(a) 3p + = 0. 

(c) p(x — 3) + g(x “ 5) =2 — 7 
(e) pp — grx = 1. 

(g) px + gz + p = 0. 

(i) xp + pg = 772. 

(k) (x + p)p + (p “ x)g = 0. 

20. Find integrals for each of the equations in Ex. 19 which pass through 
the curves: 

(a) x2 4- p2 - 1 = 0, 2 = 0. (b) p = 3x, 2 = 1. 

(c) X = p, 2 = 0. (d) X = p = z. 

21. Show that 2 = ax + ^p + c, with a and /3 subject to the relation 
U(a, j3) = 0, is a solution of the differential equation G(p, g) = 0. 

22. Find integrals for: 


(b) pp = gx. 

(d) p + gz = 0. 
(f) 3(p 4- g) = 2 . 

xyz 
(j) x'^p + rfq = 


(a) pg — 1 = 0. 


(b) p2 -f- 1 - g = 0. 
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23. Solve: 

(a) p - g (x - y)s = 0. (b) x(r - <) -f 2p « 0. 

(c) r* -f 2p -h 2 = 0. (d) r* = j/ -J- r. 

(e) r* — 5p + Cz « 0. 

4. General Pirst-order Partial Differential Equations. We 
now consider the partial differential equation 

6ix, y, z, V, g) = 0, (p - |i, g = g) (1) 

where the function G is assumed to have continuous first partial 
derivatives throughout a region D. We shall suppose that 
Gp and do not both vanish at any point {x, y, z) in D. We 

• z itp,9“b 




Tig. 197 . 

shall furthermore suppose that p and q can assume any values 
whatever within D. 

Select a fixed point (xo, Pc, ^o) in D, and consider the lines «C 
passing through this point with direction numbers [p, q, —1], 
and which sath^f3’’ (1), so that G(xo, yc, Tq, p, q) = 0. [This 
relation shows that at (xo, po, ^o) oiil}" certain directions are 
possible.] These lines £ generate a cone 91, and their normal 
planes through (xo, po, represented 

z - Zo ^ pix - Xo) -f q(y - Po), (2) 

envelope a cone 5. The rulings of 5 are determined b\' (2) 
and b^’ 

0 = (y - yo) + 1 ^( 2 ; - a-o), (3) 


X — T o _ y — yo 

Gp Gq 
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dGjxo, yo, Zq, p, q) ^ gp, p, q) ^ g 

dp eq 

Let a solution of (1) be the surface S vdth equation 

2 = 2/). (5) 

At (.To, 2/0, So), the tangent plane (P to S is given by (2). The 
ruling of cone 5 which lies in (P also lies in the plane (4). This 
shows that at every point of S a direction is determined. 

We shall show that the surface S ina}^ be generated b}’' a one- 
parameter family of curves 6, each curve of C being tangent at 
every one of its points to the direction associated with that point. 
The differential equation 


dx _ dy 
Gp Gq 


( 6 ) 


with z given by (5) has for a solution in the neighborhood of 
(to, 2/o) a one-parameter family of curves Go wiiich s\veep out 
this neighborhood exactly once. The cylinders on 62 as direc- 
trices, with elements parallel to the 2-axis, cut from S the curves 
0, and these curves 0 sw’eep out that portion of S in the neighbor- 
hood of (to, 2/0, 2o) exactly once. 

We shall introduce in (6) a parameter i: 


dx 

Gp 



(7) 


Along the curves Q, dz = p dx + q dy = (pGp + qGg) dt. Hence 
(6) becomes 


^ _ dy _ dl _ 

Gp Gq pGp + qGq 


Along e, 

dp = r dx A- s dy, dq = s dx + t dy, 

where 

r = — , = g ^ = t = — = ^ 

dx dx dy dy dx’ dy" ~ dy' 

Hence 

dp = (rGp + sGq) dt, dq = (sGp + tGq) dt. 


( 8 ) 

(9) 

( 10 ) 

( 11 ) 
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The function (5) satisfies Eq. (1) identically. By (1), 

(?.- + p(?. + = 0, -f gff. + -f tG, = 0, (12) 

where Gx = SG/dx, Gy = dG/dy, Gt — dG/dz. By (11) and (12), 

G. + pG- + ^ = 0, G, + 9G, + ^ = 0. (13) 

Equations (S) and (13) give 

^ - - ~^P = =, A, (-141 

Gy ~ G,~ -pGp + gG, Gx + pG, G„ + cG, ' 

This sj^stem (14) involving five dependent variables x, y, c, 
p, g, and the independent variable i define a family of curves: 


X XQj yCj *’0j 'POj ^o)* \ 

y = Mt; To. Vo. 2 : 0 , po. 9o). / 

r = y3(^J 2‘o. 2/0» po. / (15) 

p = / 4 (/; :rp. po, Cp, po, go), \ 
q ~ }i{t] Xoi Vo, * 0 . po, go). / 

We shall assume that at / = 0, x = Xo, p = po, ‘ • * , g = go. 

These equations (15) define the 
family kno\ra as the charoctcristic^ 
of the given differential equation. 
The first three equations in (15) 
determine a cur\’e C tlirough 
(xo, Pp, 2 : 0 ). and the last two deter- 
mine for each point of C a definite 
normal ha>dng direction numbers 
IPj “!]? ^ tangent plane per- 

pendicular to this normal. We can 
think of e as being imbedded in a 
narrow strip of surface S such that 
at each point of <5, the tangent plane 
to the surface has the position belonging to that point. Such a 
strip is known as a ckaradcristic strip l 3 dng in the surface S. 
S can be thought of as being made up of a one parameter famil 3 * 
of such characteristic strips. 



Example 1, Given G ^ xp* 4* P? “ =0. 

The normal planes (2) at (xp, yt. c?) are given b 3 ’ 


r - rp = p(x ~ xe) -f ^(y — ye). 


(20 
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The rulings of cone 0 are determined by (2') and (4). 
Since P “ Gp = 2pxo, and Q — — yo, Eq. (4) is 


X - xo ^ y - yo 
2pxo yo 

The planes (2') through (xo, t/o, zo) envelope the cone 3 whose rulings are 
given by (2') and (4'). Eliminating p and q from (40, (20 and 

G{xoj yo, Zo, p, q) = Xop- +yoq - XqZo = 0, (10 

we ma 3 ' obtain the equation of the cone 3, 

Example 2. Given G(x, y, Zj p,q) = pq + z{p + q) = 0. Find the equa- 
tion of the cone 3 through (Xo, yo, Zo). 

The normal planes (2) at (xo, yo, zo) are given by 

r — So == p(x - xo) 4- q{y — Vo), (2'0 

and the rulings of 3 are given by (2'0 and x 


X — Xo _ y — 

9 + Zo P + So 


( 4'0 


where 


G(xo, yo, Zo, p, g) = pg + So(p + q) =0. (I'O 

Eliminating p and g from (2'0 and (4'0, and substituting in (I'O, ”^'6 have 
the equation of the cone 3, the envelope of the family of planes (2") subject 
to the restriction (1"). 

The rulings of the cone 3 are found from (2'0, (4"), i.e., 

p(x - Xo) + g(z/ - yo) — (z - Zo) = 0, (2"0 

and 

(p + 2o)(x - Xo) - (g + ZQ)(y - yo) = 0, (4"0 

to be 

X — Xo _ y — yp _ z ~ Zo 
g + ^:o p -h 2o 2pg + 2o(p + q) 

By (1"), g = — 2op/(p 4" 20 ), so that the equations for the rulings on the 
cone may be written 


X — Xo y — Po _ Z — Zo 

zl (p + Zo)^ “ 2 oP^ 

Example 3. Find the characteristic strips for G s pg — 2 = 0. 
Equations (14) are 

^ ^ _ dp ^ dq dl 

q p 2pq'^ p ^ q q 


(140 
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\^'hcre the parameter i has been introduced. The characteristics of the 
given equation through (r^ Z:) are the solutions to (14'}, namely, [recall- 

ing that at 1 — 0, (r, y, z) = (r^ t/ji -p)L 



EXERCISES m 

1. ShoTT that the family o: planes r — r? = G(r — Za) -f* hfy — y*) 
envelope a cone '^dth vertex (z*^ t/c, ztK vrhere a and hare dependent param- 
eters subject to the relation 0{a, h) — 0 , and Tvhore (7 is a suitable arbi- 
trary function. Sho*iv that the rulings of the cone are determined by the 

X — r? V — V3f 

given family of planes and — — 

2 . Find the envelope of the family of ellipses (r*/a-} *r (u'/h*; — 1 of 

con'^tant area r-ab = Ans. xy = i/:/ 2 r. 

3. Find the envelope of the family of circles having their center? on the 
line y = 3 x and tangent to the t^nxis, 

4. (a> Find the envelope of az ~r dy -r a3z = 1. 

<bi Find the envelope in case (a > if a - — d. 

5. (a'‘ Find the characteristic strips for xp -r p* ^ c = 0, 

.4n«. o « Cl, u = — f -f c:. log p s= — f -f c:, -p d* p* = c<. 

- = (ci - Ct) lo^ p — ^ -T Cl, 

(b) Using xtpo -r p; — Cf = 0 , eliminate Xt from the c-quations of the 
characteristic strips in <a), thus lea’i'ing four initial constants. pc, gi. 

G. Fnd characteristic strips for p? = 1 . 

7. Shov' that in case G{z, y. = 0 is linear, the cone 3 degenerates 

to a line, 

5. From equations ( 2 ) and (4) of Sec. 4 show that the solutions of 

^ ^ _ dz 

(^C 7^7 "T 

are cun'es e in space having the direction of some ruling on the cone 3 . 

9. Show that if we demand that the curves C in Ex. S lie on the surface 
a = ♦; (x. p), then dp/dy — dq/Or, If we further require that the curves e 
also satisfy G(x. y, c, p. 9 ) = 0 , show that e satisb.* Eq. (14). 

6. The Method of Characteristics. Throughout Sec. 4 we 
have assumed a definite solution (5) of (1). In this section we 
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shall discuss methods of constructing general solutions of type 
(5), Sec. 4, by means of characteristic strips. 

We shall suppose that Gix, y, z, p, q) is continuous and has 
continuous first and second order derivatives throughout a 
neighborhood g of the point {a, h, c, a, j3) in the space R of the 
variables (x, y, z, p, q), where (x, y, z) is a point interior to the 
region D of Sec. 4. We shall furthermore suppo.se that 

G{a, b, c, a, /3) = 0, 

and that in g, Gp and G, are not both simultaneous^'- zero. Let 
(xo, 2/0, Zo, Pa, qa) be an arbitrary point of g. The system (14) of 
Sec. 4 defines a four-parameter family of curves (15) which 
sweep out g exactly once. 

The first three equations of (14) define a family of curves Q. 
Let Cl be the curve of Q passing through (o, h, c, a, /3). Any 
solution of 

G{x, y, z, p, q) = 0, (1) 

say 

z = 4>(x, y), (2) 

with c = 4 >(c5, h), a = 4>i(a, b), and /3 = $t,(a, b), where $ is 
continuous and has continuous first-order partial derivatives 
throughout a neighborhood of (a, b), must contain the curve Ci 
and the corresponding characteristic strip. This result follows 
from the fact that Ci and its characteristic Strip are uniquely 
determined by the initial values corresponding to (a, b, c, a, p). 

The curve Ci is tangent at (a, b, c) to a plane Ti through 
(a, b, c, a, p) whose normal has direction numbers [«, -1]. 

Let r be any curve not tangent to Ci but tangent to Ti at 
(o, b, c). Suppose the equations of T are 

X = wi(i 0 , y = 012(11), z = oiaiu), (3) 

where oii(u) and its first derivative are both continuous, 
i = 1, 2, 3. We suppose that at (a, b, c), u = 0; and that 
“1(0), “2(0), “3(0) do not all vanish together. From the third 
equation of (3), we find upon differentiating that 

“3(0) = acoKO) -f- Poi'ziO). (4) 

[Evidently w((0) and 002(0) are not both zero, for if they were, we 
see from (4) that 003(6) would also vanish, contrary to hypothesis.] 
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We shall indicate the proof of 

TnEonoi 5.1. The equation G{x, ?/, Zj p, g) = 0 has exactly one 
solution satisfying the conditions placed xipon in (2), and this 
solution is such that the curve T lies on the surface z = y), 

Wc shall select from (15) of Sec. 4 by means of r a one-para- 
meter famil}’' of characteristic strips whicli sweep out the solution 
of (1). We require a solution such that the values of p and q 
on r, sa3^ po, (Zo, satisfy the restrictions 

G[co,(7/), W;(w), po, (7n] = 0, (5) 

“lOOPo + = tOjCi/). (6) 

The latter condition follow.s from the fact that (2) must be 
satisfied idcnticallj" along F, and that at any point on F, 

W2(7/)] = Po, 4 v[wi(70, ^ 2 ( 7 /)] = 

It can be shown (sec Ex. IV", 4), tliat Eqs. (5) and (6) can be 
solved for po, (jo- Suppose these solutions are 

Po = £*74(7/), go = Wify). ( 7 ) 

Then wi(7/), (02(7/), * • ' , ^5(77) are the values which xo, po, * * * , 

go have in (15) of Sec. 4. The functions coi, 6^2, £*73 depend on the 
selection of F, while cctj ws depend directly’ on a?!, a»2, £03. In 
other words, the first three equations of (15) in Sec. 4 determine 
a surface which represents an integral solution (2) of (1). 

We shall restate Theorem 5.1 in a form independent of the 
curve F. Let 


Xo = <Oi(7£), Po = £ 02 ( 7 /), To = Ws( 77), .g. 

Po = £<34(77), go = 035(77) ^ ^ 

be each continuous with continuous first derivatives in the 
neighborhood of ii — 0, and suppose that 

a= £Oi( 0 ), h = £02(0), c = 033(6), a £<34(0), /3 = £05(6). ( 9 ) 


Furthermore, suppose that 


G(xo} Po, Zoi Po, go) = 0, at 


dz _ dx 
du ^du 



Gp Go 
^ £l/ 
577 du 


9^ 0, 


at f = 0, 
at f = 0, 


77 = 0 , 
u = 0, 


u ~ 0. 


( 10 ) 

( 11 ) 

( 12 ) 
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Then x, y, ■ • ■ , q are given by (15) in Sec. 4, the functions 
wi(m), • * • , W6(w) replacing the functions Xo, 2/o, * • * , ffo in 

/i, /2, ••• ,/6- 

Theorem 5.2. If conditions (8), (9), (10), (11), and (12) hold, 
the first three equations of (15) in Sec. 4 defijie a surface z = 4>(a;, y) 
whieh is a sohdion of (1). 

Proof. By Eqs. (14) of Sec. 4 and (8), we find 


dx p 

dt ~ 


dt 


= Oa 


§1 


= pGp + qGq 


f =-((?. + pG.), !!=-((?„ + gft), 


dx 

dll 


t^o 


= “1(^0, 


’ dU 






(13) 

(14) 


By (13), (12) gives 


Gp 

Gq 


dx 

m 

dy 

dt 

dx 



dx 


du 

du 


du 

du 


at i = 0, w = 0. (15) 


By Sec. 20, Chap. I, the first two equations of (15), Sec. 4 can be 
solved for t and u in terms of x and y, so that the first three equa- 
tions of (15), Sec. 4 are the equations of a surface S, 


0 = 4>(rc, y), (16) 

where 4> is continuous with continuous first partial derivatives. 
This surface S contains both the curves Ci and F. By Lemma 
5.2 below 4>(a:, y) satisfies the given differential equation (1). 

For a more thorough treatment the reader is referred to Horn, 
‘^Partiale Differentialgleichungen^^; Bieberbach, “Differential- 
gleichungen^^; or the works of Goursat, “Cours d^analyse,^’ 
Tome II, and “D6riv6es partielles du premier ordre.” 

Lemma 5.1. In the 'preceding notation^ 


dz dx , dy 


^ _ dx . dy 
du ^du ^du 


(17) 

(18) 


Equation (17) is an immediate consequence of equation (15) 
of Sec. 4. 
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Consider the function 



B^(L 

, dz 

dx 

~^i 

d^ 

-^d7i- 


By (11), IT = 

= 0 when / 

= u = 0. 

Now from (19) and (17), 

dTJ' 


d-x 

^a-y 

dp dx 

aq ay 

at 

at au 

^ at ail 

‘at au 

^ Wdu ““ 

at du 

n 

a-z 

a-x 


dp dx 

aq ay 

U 

^ du dt 

^du at 

a 

^du dt 

'^idt 

dll at' 


[Chap. \^I 


(19) 


Subtracting (21) from (20) and using (13), we obtain 


f -((?, + po,) I + + 


^du 




du 


Differentiating (1) with respect to it, we have 


dll 


an’ 


Subtracting (23) from (22), we find 

. pgM + - G.f - 

dt du du dll 


-G.W. 


( 20 ) 

( 21 ) 

( 22 ) 

(23) 

(24) 


Let u be fixed, though arbitran*. Then integrating with 
respect to (, we liave 

W = (^5) 


Since TFo = Tr(0, ii) = 0, we see that TF = 0. Equation (IS) 
now foilows from (19). 

Lemma 5,2. The Jmidion z = 4>(x, y), where ^ and its first 
partial derivatives arc conlimtous, satisfies the equation 

G(x, y, z, p, q) = 0. 

By Sec. 20 of Chap. I, 


y) 


d( 2 , y) 
dii, ») . 
3(3-, y) 

d{i. «) 


y) 


d(T, z) 
HI, ti) 
Hx, y) ' 
d(t, ?/) 


(26) 


Substituting (17) and (18) in (26) expanded, we find that 


4>x = p, 


4>i, == q. 


(27) 
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This shows that ^ satisfies the differential equation (1). 

Example 1. Given + p" ~ = 0- (a) Using for the initial curv^e 

r, Zo =0, po == To = compute p and q for the initial strip. Here 
G — q, wiOz) = 0, wj(u) = u, = w. (b) Find an integral 

surface for the given equation. 

Solution, In Ex. Ill, 5, vre found the strip through (xo, po, so, Po, qo) to be 

3 - - y ^ Vo —ij z = To + ^(1 - e~=^), 

po ^ 

p ^ pdc-*, q = go. 

From (5), we find 

0 * Po -b Po — go = 0, 0 ■ po + 1 • go = 1, 

so that p and g for the initial strip are po = 1, go == 1. Hence, the initial 
characteristic strip is 

Zo =0. Po = u, zo = u, po = 1, go = 1. 

The first three equations of (15) in See. 4 give the parametric equations of 
a surface which is an integral solution of the given equation, nameh^ 


X := ^ r~*, y = xt — tj r = n "b 1(1 “ e *0. 

Eliminating u and f, we have the integral surface z = 4>(x, p), i.e., 

, , X + ^x'- +X X 

z = y + log }- 


2 a: + -x/ar^ + 4 

E^’identlv the cim^e V lies on this surface. 


EXERCISES IV 


1. Solve Example 1 above if V is the curve Zo = ti, yo = 0, zo = v*, 

^ 71 S. Z — 


Sc-if — 2eJ' 

2. Find integral surfaces for each of the following equations, using the 
indicated initial curv^e F; 


(a) pg ~ 1 == 0, F: zo = 0, po = e“, zo = v, 

(b) 2p=p = g, F: zo = i/, po = 0, Zo = u\ 

(c) pg = z, F: Zo == a, po = 1 — u, zo = 1. Atis. 4z = (1 -b z + y)\ 

3. Find integral surfaces, selecting your own cur^'e F, for: 


(a) zp(z “b p) + p(g - p) - zs = 0. (b) pg - pz = gp. 

4. Show that Eq. (5) in Sec. 5 can be solved for po and go. 

Hint: (a) when u = 0, and po = a, go = Eqs. (5) hold by hypothesis. 

(b) The Jacobian / of G and L ^ wa — pci6)( — gow, with respect to po and go 
does not vanish, for if J' == 0, then the projections of Ci and F on the zp-plane 
would be tangent at (a, h). Recall Eq. (4). 

5. Prove Eqs. (27). 
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6. The Principal Equations of ZtlathemaScal Phrsics. Toe 
chief partial difTerentiai c-quaiions cf classical matbematicn! 
ph^’sics are, r.iih a ferr exceptions, included in zhe genexai second 
order partial diS’erential equation 




(i) 


n- - ^ >■ — 1 « 

cr- c?T/ cZf 


T^l 


Tv-here all the a's. o's 

, r, and F an;: functions of n independent 

variables jt;, r:, - 

' * r -r- 


Included in zrds cla 

-- of dif:or<*-ntia! r-quation? are the lollotring 

important types: 



T-sr s :r-:; - 
CZ- 

C ^ C ^ ,, /-y t ^ “ 

" *r-T :r^ = U. ^uapiaee s equatton} 
ap* cc* " ^ 

(2^ 

11 

1 

(Po:--s:5n’- equation? 



Ss Ik « 

^ - a-X-s = 0, 



— — C' V 

(5) 


O'C* ^ 

— er- *cr = 0, 

C,' 

(6) 


O'- 

oF ^ 

(7) 


O'i? ^ ^ ^ 

oF ’ " 

(Sj 


— r -r c- = n-t. 

Cl' 

(9) 

In all of these equati 

ons, e, a. /. and c denote the meastire 

s of 


certain pbt^sieal quantities. 

Equations i2). (Z). - * - , Ti are ail examples of 

-f (Teiegmph eatiation) (lOj 

O. " 

7, Laplace’s Equation in Tvro Variables. The general solution 
of the Laplace equation 



is of the form 

c = fli- -r j'y) -f - :V). r- ^ -1, 


( 2 ) 
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where /i and are arbitrary functions. In practice this solution 
has been found to be too general, because of the diflSculty of 
determining the functions so as to satisfy given boundar5^ 
conditions. 

A number of methods have been found useful for sohdng (1), 
but in many of them a general solution is not found, but rather 
a particular solution which may satisfy the given conditions. 

A method which has been found quite useful depends upon 
assuming the solution to be a product of functions each of which 
contains only one of the variables. Such a solution is only a 
particular solution, but the combination of a number of such 
particular solutions often results in a sufficiently general solution. 

For instance, suppose we assume 

^ = Z(x) • Y{y), (3) 


where X is a function of x only and F is a function of y only. 
We ndsh to determine X and Y in such a manner that ^ will 
satisfj’' equation (1). 

Substituting (3) in (1), we find 


X" 

X 


+ 


Y'‘ 


= 0 . 


(4) 


Now this equality cannot hold unless each fraction in (4) is 
equal to a constant, for X” jX is a function of x only and Y"/Y 
is a function of y only, and such a function of x cannot equal such 
a function of y unless the functions are both constant and of the 
same value. Thus 


1 d-X , I d^Y 
X dx"- ~ Y dy- 


(5) 


These equations are ordinary differential equations. Their 
solutions are 

X = Cl cos wx + C 2 sin wx, Y — cse'^v -}- C4e~^«. (6) 

We thus conclude that 

(p = (ci cos wx + C2 sin %vx) (csc’^*' + c<e““«) (7) 

= cos wx-\- B sin wx) cos wx + D sin wx), 

where Ci, C2, C3, C4, A, B, C, and Z) are arbitrary constants, is a 
solution of (1), 
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Since w ma}’’ be assigned any value, it follows that there are 
infinitely many solutions of the tj'pe (7). In particular, the 
solutions foria = 0, 1, 2, • • * . n are, respectively, 

ipO = -4o + Co, 

(pi — e^{AiCosx+Bisii\x)+c~'^{C}Cosx+DiSixix)j • * * , (8) 

<Pn = c^^{An cos nx + Bn sin nx) + c'^^'fCn cos nx -f Dn sin nx). 

It is evident from the linearity of (1) that the sum of any finite 
number of solutions of (1) is a solution of (1)* Thus, 

^ + <r2l + * • • + (9) 

is a solution of (1). 'NVe shall assume this to be tnie when we 
let n + 00 . (This of course needs proof, and by no means 
necessarily follows from the assumptions made.) We thus 
assume 


<P = ^ cos u*x + Bv sin trx) 

xr •»* 0 

+ COS u’x + De sin irx)} (10) 

as a solution of (1). 

We mu>st now detennine the constants in (10) so that (10) will 
satisfy the given (boundaiyO conditions of the particular problem 
at hand. To illustrate the application of such boundary- condi- 
tions wc shall consider the follo\ring example; 

The fundamental equation for the conduction of heat through 
a substance in which the quantity- of heat created (or destroyed) 
per second per unit of volume is A has been sliowTi to be (see 
Sec. 20, equation (20), Chap. II) 



4- 

dx- ' dJj‘ dt 


mA, ( 11 ) 


Fig, 199. 


where Ii and fi are constants.* 

If the flow is stead}-, that is, independent 
of time, then dtpjdt = 0. If we further 
’ suppose that A = 0 and the flow of heat 
is in planes parallel to the xy-plane, tp is 
independent of r, so that d^<p/dz' = 0. Equation (11) then reduces 
to Eq. (1). 

= cp/A", where p is the density of the body, c its specific heat and 
P = 1 TC. where K is conduct ivitv of the substance. 
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We now seek a solution of (1) for the case when the heat flows 
in a rectangular plate of breadth ir and of infinite length, the 
end being maintained at unit temperature, and the long edges 
at zero temperature. We consider the case when no heat is 
allowed to escape from either surface of the plate. 

For convenience, we locate the end of the plate on the a:-axis, 
and one of the long edges on the y-axis. The problem now con- 
sists of sohdng Eq. (1) subject to the boundary conditions 


9 = 0 

where 

X = 0, 

(12) 

9 = 0 

where 

X = TT, 

(13) 

where 

i/ = 0 

for 0 < X < TT, 

(14) 

9 = 0 

where 

2/ = +«>, 

(15) 


where the last condition arises from the nature of the physical 
problem. 

We shall attempt to make (10) a solution of our problem. 
The boundary condition (15) shows that (10) must not contain 
terms in e'^^, so that = 0, Bu. = 0 for = 1, 2, • • • . 
From (12), we see 

oo 

0 = ac-*'' (16) 

tf s=*0 

for all values of y. Hence for all values of w, Pv, = 0. Solution 
(10) is now reduced to the form 

ee 

<p = ^ sin wx, (17) 

tp = 0 

which satisfies conditions (12), (13) and (15). In order that 
condition (14) be satisfied, we must determine (if possible) the 
Da’s so that 


1 = Da sin wx, for 0 < x < tt. (18) 

w=0 / 

This is a Fourier series for the expansion of 1. From Chap! IV, 
Sec. 26, Example 1, we have y ^ 

1 = “(|sinx -f |sin3x -f ^sin5x -f • • • ^ o\ x < tt. (19) 
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By comparison of (18) and (19), we see that 
4 

Dyr — — for w odd, /)«. = 0 for xo even. 
xjott 

We have now shown (subject to questions of convergence, etc.) 
that 


ip = ^ sin 3x 4- sin 5x + • • * y (20) 

is a solution of (1) which sati‘=fies boundary' conditions (12), 
' ' ’ , (15). (This does not, however, sho^v tliat the solution 
is unique.) 

8. Laplace’s Equation in Three Variables. AVe consider the 
equation 


ay , a-o , ay 

dx- ' di/ ‘ dz- 


( 1 ) 


This equation becomes, w'hen (t, y, z) are replaced by cylindrical 
coordinates, x = r cos 6, ij = r sin 0, 


ay 1 at? , 1 ay ay 


( 2 ) 


We shall attempt to find a particular solution of (2) by assuming 
^ - RQZ, (3^ 

where 7? is a function of r only”, 0 is a function of 6 only% and Z is 
a function of 2 only. Substituting (3) in (2), we find 

Z dz^’ R dr- tR dr r-Q dd - ' 


Since the right-hand term in equation (4) does not change 
when z varies, it follows that (l/Z)(d-Z/dz-) does not change 
with z. Hence 


1 d-Z 
Z dz^- 

where ic is a constant. A solution of (5) is 
From (4) and (5) we find 


r^-d-R ^ r dR , . . 1 d-Q 

R dr- R dr 0 dd- 


(5) 

( 6 ) 


( 7 ) 
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from which we conclude that both the right and left-hand mem- 
bers of (7) are constant. Let this constant be k~. Then 


d^e ^ 
de^ 


-k-e, 


( 8 ) 


so that 

9 = C 3 cos kO -j- Ca sin k0. (9) 


From (7) and (8), we conclude that 

+ + (n)V - k^)B = 0. (10) 

dr^ dr 

Substituting wr ^ x \n (10), we find (10) reduces to a Bessel 
equation 


If k is fractional, a solution of (11) is 

R - C,Jk{x) + CJ-k{x) = Cak{wr) + C,J^i,{wt)] (12) 

if k is an integer, 

R - CbJ;i-(w) + Ceif.(t^r). (13) 

The various values of -K, 0, and Z found above when substituted 
in (3) give a solution tp of (2). The sum of any finite number of 
such solutions is also a solution of (2). A particular solution of 
importance occurs when is a fixed constant and k assumes 
positive integral values. In this case, the sum of a finite number 
of terms of 

-f CO 

<p lie''=(Afc cos kB + Bk sin kd) 
t=o 

+ e-'^-{Ck cos kO + Di: sin kB)]Jj,{wz) (14) 

is a solution of (2). We shall assume that the limit of this sum 
as n — > -f CO is also a solution of (2). 

If Eq. (1) be M^itten in spherical coordinates x — r cos B sin <{), 
y = r sin 0 sin 2 = r cos </>, (1) becomes 
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We shall consider the special case when c is independent of 6^ 
and hence Bijr/SB = 0. Equation (15) may then be reduced to 


r-rr? -h 2r - — h — % -r ctn o — = u, 
ar* t)r do^ do 


(16) 


We seek a particular solution of (16) by setting 

(17) 

where H is a function, of r only and is a function of 6 onh\ 
Following the procedure used above, we find 




2r 


dr 


it-R = 0, 


-r ctn - 7 " = 0, 

GO* GO 

where tr is any constant. 

Sohing (18) by the method of Sec. 19, Chap. Ill, we find 


R = Cir^ -b 




(IS) 

(19) 

I 

( 20 ) 


where 


J: = -r 

Equation (19) can be written in the form 

_ - ctn 6^- + ;:a- -f 1)4. = 0. (21) 

If in (21). we set it = cos 6, we obtain a Legendre equation 
(1 _ 2»5- -f /:{/' *M)<^ = 0. (22) 

an* GU ■ ' 

particular solution of importance occurs when J: is taken as a 
positive integer, in which case a .solution of (22) is the Legendre 
pohuiomial 

^ = Pt(u) = Pi(co5 6). (23) 

Combining the various solutions obtained, we find 

"f" « 

V' = ^)Pdcos 6) (24) 

ir*=0 

for a solution of (16), provided of course that the series converges. 
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EXERCISES V 

1. Solve the problem given in Sec. 7 for the case where condition (14) is 
replaced by the condition tp — sin x when t/ = 0, 0 < a; < -. 

2. (a) Show that La placets equation (1) becomes 


er- ee- r dr 


( 21 ) 


when X and t/ are replaced by polar coordinates (r, 0). 

(b) By means of the method given above and placing <p = /?0, where R 
is a function of r onlj^ and 0 is a function of 6 only, show that equation (21) 
leads to 


d^^R dR r. 

r — tt 4* r-; w^R = 0, 


dr*- 


dr 


d^e 

de^ 




(c) From (22) show that 


R = ClT^ + 

O = Cj cos xv6 + Ca sin w6. 


( 22 ) 


(d) Show that 


= ^ [r'-'’(.4«, cos we -}- Bur sin we) -f r"“(Cw cos we + Dv, sin u?0)] 


ICssO 

is a solution of (21). 

3. Give examples from the theorj^ of heat, sound, light, electricity, 
, to illustrate the importance of the equations (1) to (JO) given in Sec. 6. 

an equa- 


■ , lU uupui LllUUV Ul 1121^ ULlUllUUUij lU 

L Show that V = i » : ) satisfies ^ 

r \ c X -- %y/ c- df^ 


tion fundamental in light and sound. Here = a:- 4“ + 2 *, i- = —1, 

and g is arbitrar 5 \ 

5. Write the equation of continuity for the conduction of heat, Sec. 7, 
Eq. (11), in cylindrical coordinates, in spherical coordinates. 

6. Solve the equation of continuit 3 ^ (11) in Sec. 7, assuming that the 
flow of heat is steady and takes place radially' outward from the axis of a 
cj'linder. Assume that and are the temperatures of the cylindrical 
isothermals of radius a and 6, respectivelj'. Find the quantity of heat 
crossing an isothermal per unit of length per unit of time. 

(^1 — ^ 2 ) log r + (^2 log a — log b) 

Atw. <p = 

log a — log 0 

7. (a) Solve Eq. (11), Sec. 7 in the case of steady flow of heat in the 
direction of the x-axis, with the temperature being given as = ^0 at a; = 0, 

(v’l — <pq) 

Arts. <p = X -f ^0. 


at X = d. 
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(b) Hud the quantity of heat that 5orr< across an area 5 of any i^olhennal 


in time h 


.4?}^. Q 


-JX 


K^dS 


(c) Find the quantity of heat contained in the slab bounded by the planes 
r = 0 and r — d. (f c;k$cdr lcp.S^d(«r: -r <^j). 

S. (a) Solve Eq. (lib Sec. 7 in the case of steady' £<)vr of heat Sowing 
out from a pointy assuming the temperature c- — for = a, and c = 
for r = 0. for all time. (6 > g}. 

cb 1 ^ — CtG 

..rJv. w ‘ (6 — c) 

(b) Find the quantity of heat that Sows across any isothermai in time L 


At,s. — c-XW 


cb 


(6 - c) 

(c) Find the quantity of heat contained l>etwoen the isotherrnals t — a 
and r = b. 


) 


.4 ns. * 

9. Consider a thin plate bounded by the lines 
r-h v=0. 


C,.— ^ ^ 


Suppose that the temperature on the edge y = 0 is given by/(z*. where /is 
independent of the time; and suppose that on the other odcros o; the plate, 
it is always 0. Suppose that the beat cannot escape fnom either surface 
of the plate, and that the eScct of initial conditions has vanished, so that the 
lempemture cvetywhere is independent of the time. land anexpress:on 
for tiie temperature at any pom; (r, y -o; the plate. 

10. Consider a rectangular plate bounded by 


r = 0. r = h 


V - 0. 


V = h 


under steady-state conditions and suppo-e that the boundary’ conditions 
are as indicated below; 


^ = 0 
c- - 0 


tor 

for 


r - 0. 
y = 0, 


= 0 
== f.r. 


tor 

for 


r = 7, 
V = K 


Find the temperature at any point n. y> in the plate. [Hrsr: Tm* 

XJ . . , . tirr 1 

c- = Xj “j” I 

11. Consider the rectangular plate in Ex. 10. but subject to the bounds 
conditioTis: 


c =0 


tor 

for 


r = 0. 

V « 0. 


== 0 


lor 

for 


V - h. 


Find the steady-nate solution for the temperature at any point in this plate. 
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12. Given a thin bar of length Z, of uniform cross section whose surface is 
impervious to heat and from which no radiation occurs. Let one end of the 
bar be taken as the origin and let distances along the bar be denoted by x. 
Suppose that the temperature fp satisfies the following conditions: (a) 
= 0 for a; = 0 and x — Hot all values of time (1^) v? = /W for i == 0, 


00 at f = 00 , 


^Hestt: (p — sin — ^ ^ 


13. Solve Ex. 12 when the initial temperature is given by <p — 


cx{l — re) 
P 


14. Solve Ex. 12 if the ends of the bar are impervious to heat. The 
boundary conditions are: (a) d<p/dx — 0 for re = 0 and x — I for all values 
of (b) ^ = f{x) for t - Oj <p CO for t = oo, (Hu^t: 


tp — ao -\~ 






mrx \ 

T'J 


15. Solve Ex. 12 for the case when the ends arc maintained at different 
temperatures. Suppose: (a) For all values of /, ^ = tpi for re = 0 and 
<p — <p^ for X — 1; Q^) <p — f{x) for t = Oj tp ^ at t — 00 . 


.4ns. (p — 


{(P2 ~~ v?i) 


I 


“b sin 


TIttX 

) 

I 


where 


‘■■rX'h 


(<P2 — <pl) 



— tpi 


. j 

Sin ax. 


16. A rod of length I radiates heat according to the law 

dt dX^ 


Both ends of the rod are maintained at temperature zero, and the initial 
temperature distribution is given. Find <p. Here (a) 97 = 0 when rr = 0 
and X = 1; Q^) ip — f(x) at t = Oy <p ^ 00 at t — 00. (Hint: Let <p — 

Ans, tp — 

17. Find an expression for the steady-state temperature over a semi- 
circular plate of radius a if the circumference of the plate is maintained at 
50®C. and the boundary diameter is kept at 0°C. (Hint: Use Laplace's 
equation in polar coordinates.) 

18, By means of the transformation 

dy/dx = p, dy/dt = g, u - px + qt -- 
show that the equation of propagation of plane waves of sound, 
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can be Tcritten c>*'j ~ c* c*u/cj*. 

19. SboTT tbat Flz — c log p. j; — i# log ^f] — 0 is a of 


, if 


Trbero c and o arc constants, and vrbrre F and c fine* arbiirary functions of 
r, y. and r. Is p(r, t;, z) = 0 a solution? 

20. Shon* that y — /^(x — cl) -r/s;- ^s a solution of the Trave 

oquatfon c’v 'f<;- = rf‘t;/cr^. Sho^^r that trhen plottod./jrr't and/:(r — ct) 
are exactly the same shape, but taken as a Trhcle/i^r — <i) is displaced by 
a distance ci to the right of /t{j). This shores that j:;r — cf) is an irregular 
Tirave traveling to the right rrilh tiniform velocity c. State a simnar result 
trith regard to jY^z -r cf), a xvnve vrhich travels to the left^ 

2r/ A 

21. (a; SboTv that v ^ cos —4 i J :< a solution of 

r\ cj 

(b) By plotting this solution for successive values of the time ? show that 
y represents an indnito train of progressive harmonic vaves. The tears 
lcr,ylh is given by X = cr, where r is the nrrfoi (the time Taken for a complete 
wave to pass a dxed poinil and Trhcre c is the velocity of the wave. 

22. A string of length 2 and density p is under tension T. Its initial 
velocity and position are given. Find its position at any time. fSce Chap. 
%Tri. See. 7. Example S.) In other words, solve cf^ c- c-p 

c* = T /p, with v = 0 at r = 0 and at r — f; v = /trh — c r) .at 

i ^ 0. 




. nrr r.'rCi , . nrx , nre 

T-1 


where 


2 f* n'TT r 2 r* nxx 

hi. = r I / (-} sin — dr and == — I <s;r) sin dr, 

IJo I nrejo ! 

23. SdIvc Ex. 22 icr the case when d.tmpinp is ‘.lien into seoonnt snd 
= C‘ p'p/c^r* — 2k ^y/r^h 


At^ 


. rtrr 

y ~ sin —p cos 


M c» -1 Jc ^ sin — p sm 


^ = fX ^ 

2 nrr 

" T I “V* ^ 


where 
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24. (a) Solve Ex. 22 for the case when dy/dl = 0 
for the kinetic energy. (Hint: K.E. = p2/“ 


Find an expression 


^ns. KE. = 

(b) Show that the potential energy of the string is given by 


nrret 

T* 



7nrCt 


25. Show that for a string of unlimited length with 


y = <p(x) and y = at / = 0, 

1 1 

y = - cO + <p{x 4- ct)] + — 

2 ^Cjx--ct 




26. Solve Ex. 25 when <p{x) =0 and ^(x) — 5x. 

27. Show that for a semiinfinitc string, stretching from (0, 0) to (+ oo, 0), 
with y = 0 at X = 0 for all values oi tj y — fid — x) — fid + x). 

28. (a) Solve dhj/di- = c- dhj/dx-^ by assuming a solution of the form 
y = JiO ’ Z(x) as in Secs. 7 and 8. 

(b) Express your solution in the form 


y 


f mrd 

= ^(^C„cos — 


. mrct\ 
+ Dn Sin — ^ I 


sin 


nrx 

T" 


(c) Show that if the string starts from rest, all the Dn vanish. 

(d) Show that if the string starts from the equilibrium position with given 
velocities, every Cn vanishes. 

(e) Show that the sum of the potential and kinetic energies is 




(C; + Dl), 


where P = pc^ is the tension. 

(f) Show that the fundamental pitch has frequency c/2l = (1/2Z)'\/ P/p. 

(g) From (f)j deduce methods for varying the fundamental pitch of a 
string. 

29. Harp Siring, A harp string is set into motion by plucking. Suppose 
its initial position is given by 


HI - x) , 

“f for a ^ X ^ Z. 

il - a) 


y = (5/a)x for 0 g X ^ a; 


y = 
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(q) Assuming the string is at rest at this initial position, find the position 
of the string at any later instant. Use Ex. 28 (b). 


A ns. 


261= 1 . 


nro . nrx utcI 

sm “T" sin - 7 - cos > where 0 ^ t ^ f, 0 ^ 1 . 


I 


I 


I 


(b) Show that the harmonic of order n is absent when the string is 
plucked at one of its nodes (if sin nr-a/f = 0 ). 

(c) Prove that all even harmonics disappear when the string is plucked 
at its mid-point. 

(d) Show that the motion of the string is the resultant of two equal waves, 
mo\dng with velocity c in opposite directions. [Hint: In the answ’er to (a) 


nrrX nrct , llrr . mr 

set 2 sm -y- cos -y- — sin -y (x — ct) + sin -y(x -f ct) 




30. 


Show that ir = Artn sin sin + a) is a 

m.n *“ 1 

dhc ( d-ic dhr\ 

solution of — c=l 1 I. Show that tr 0 ivheii j = 0, t/ — 0, 

\3x= OyV » - » 

X = 0 , and y = 6 , 'where rn and n are positive integers satisfving 

Here tr is one solution of the equation for a vibrating membrane of fixed 
rectangular boundary, 

31. The equation for a \ibrating membrane with a fixed boundarj* is 

3 =ir / d-W ^ 1 3ir\ 

3r= ~ ^ \ ^ r dr) 

(a) Show that tr = AJoinr) cos (net -f- a) is a solution of this equation. 

(b) Solve the equation for a \ib rating membrane, assuming a solution 
of the form ir = Tii'i • Rix). 

at 

(c) Sho'v\' that tr = ^(ot cos \i at 4 - ht sin Xt aOd’c(Xtr) is also a solution, 

h^o 

where Xo, Xi, • * • are the positive roots of Jt{x), 

32. In Ex. 30, suppose the vibrating membrane Ls started with the shape 
- = fi^s !/)• Show that 

4 mrx . mn/ 

An.n = -r I I /(x, y) sin sin 3y dr. 

oojo Jo a b 

33. Show that S(a« cos n<^> + 6* sin n<>)/„(r) is a solution of 


3=r 

3r= 


1 dV 1 3=1" 


r dr 


r* 30 


7 -r F - 0 . 
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34. Show that r-^-Jn+li(r)P”(cos cos m<t> + h„,r. sin m<l>] satisfies 

{d-V/dx") + (a‘V/etf) + (dW/dz^) + F = 0, where P” is given in Chap. 
Ill, Sec. 32, Eq. (23). 

35. Show that Laplace’s equation in polar coordinates has a solution of 
the form 


F = ^ cos mO + 6m sin mO)Pn{cos <!>)■ 

n=0 m =0 

36. A thin bar of uniform section is bent into a circular ring of radius a 
One normal section of the ring is maintained at constant temperature 
Heat radiates from the ring. Show that the temperature is given by 

^0 cosh tto) jep 

ip = ' '■ ) X — 

cosh XTra V 

ivhere a is the cross-sectional area, k is the conducti'vdty, e is its emissivii}’-, 
p the perimeter, x represents arc length from the section A^, and is the 
temperature at N, (Hint: B-<p/dX‘ = X-^); ^ for x — 0, d(p/dx = 0 
for X = ±770.) 

37. A steam pipe 20 cm. in diameter is insulated by a la 3 'er of asbestos 
of conductivit}^ 0.0008 and 3 cm. thick. If the outer surface is at 20°C. 
and the inner surface is at 250^0,, find the heat loss in calorics per day for 
1 m. of pipe. 

9. Harmonic Functions. Let $(x, y) be a function which 
over a region (R is continuous and has continuous derivatives of 
the first and second orders, except perhaps at certain definite 
points called singidar points. If 


dx^ drf ~ 


( 1 ) 


then # is called a plane harmonic junction. A function V(x, y, z), 
which over a region 5) of space is continuous and has continuous 
derivatives of the first and second orders (except at perhaps 
certain definite points, called singular pointe), and which satisfies 


dW dW dW 

dx~ dy"- 


( 2 ) 


is called a space harmonic function. 

Harmonic functions have been studied in various places in this 
book. We shall now state a few of the theorems concerning such 
functions. 
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The above theorems are of great importance in mathematical 
physics. Thus, the problem of finding the potential distribution 
in a body in which a steady flow of electricity exists is the problem 
of sohdng Laplace^s equation; the problem of finding the di.*^tribu- 
tion of temperature in a body supporting a steady flow of heat 
involves the solving of Laplace’s equation. Many other examples 
of this type have been mentioned throughout the text. A 
particularly notable case occurs in the study of irrotational 
motion of incompressible fluids. 

As examples of the physical interpretation of the theorems 
given above, CoroUarj' 9.28 applied to the steady* flow of heat 
states that the temperature witliin a closed region is fully deter- 
mined by the temperatures on the boundaiy’; Corollary- 9.31 
states that except for an additive constant the temperature 
distribution inside a region is determined by the rate of flow 
of heat across the boundar 3 % 

Potential integrah. Let pipe, y, z) be a function defined over a 
region 2 ) of space. By the potential of p at ($, 77 , f) is meant the 
integral 


n. f) 


=//x 


p(x, y, z) dx dy dz 


S) \/(^ " s)“ + (y “ + (2 — f)* 

pdV 


It is possible to prove 

THEOHExt 9.4. The potential integral ^ mtisfic^ Laplace*^ or 
Poisson's equation. 




or 




0- r 

* dT^W 


= “4tp, 


according as the point ((, 77 . j") Hes outside or inside the body of 
density p(x, y, 2 ). 

An extended treatment of the potential integral and its 
application to electricity, magnetism, and other fields of phj'sics 
will not be undertaken here. (See 0. D. Kellogg, “Foundations 
of Potential Thcor}\”) 

EXERCISES VI 

1. Complete the proof of Theorem 9.1. 

2. Complete the proof of Theorem 9.2. 
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3. Complete the proof of Corollary 9.21. 

4. Prove Corollary 9.22 for the space case. 

5. Under what conditions are each of the folio vdrig functions harmonic: 

(a) ax 4- + cr 4- 

(b) ax- -f 2hxij + cy-. 

(c) The sum (or difference) of two harmonic functions, 

(d) The product of two harmonic functions. 

(e) sin X cosh y. 

(0 4” ^y 4” cz). i477s. If a* 4" 4~ C" = 0. 

(g) (2 4- ix cos a 4“ W sin a)". 

6. A space liarmonic function Vn which is homogeneous of degree 71 is 
called a solid spherical harmonic of degree n. Show that the following are 
harmonics of degrees —1, 0, 1, 2, respectively; r~K 1, ax + % 4- 

X- — y- + y 2 , (2 4- fx)”. 

7. A function Un related to Vn in Ex. Q by Un = Vnr'^ is called a surface 
spherical har77i07iic of degree n. 

Show that a necessary and sufficient condition that a function Un(0j 0 ), 
in pohr coordinates^ should he a surface spherical harmor2ic of degree is 

that Un satisfy n(n l)Un 4 — ^ ( sin 6 • s= 0. 

sin 0 50 \ dO J sin^ 0 

8. Show that if Vn is a solid spherical harmonic of degree n, then 
is a solid spherical harmonic of degree (—71 — 1). 

9. Show that r^Vn is a solid spherical harmonic if m = 0, or if 
7n — “2n — 1. 

10. Prove that the T^gendre coefficient Pn (cos 0) is a surface spherical 
harmonic of degree n. 

11. Show that [cos 0 4“ f sin 0 cos (^ — a)]" is a surface harmonic of 
degree 72. 

12. Show that U = fix -h i<f>) -h Fix ^ t<l>) is a surface spherical har- 
monic of degree zero, where / and F are arbitrary functions and 
X — log tan K0. 

13. Prove Theorem 9.4. (See Kellogg, “Potential Theorj’.“) 
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PART A. CALCULUS OF VARIATIONS 

1. Introduction. It is well known that many physical phe- 
nomena are governed b}" laws which state, in effect, that the 
phenomena occur in such a manner that some ph 3 ’sical or 
geometrical quantity has a maximum or minimum value. For 
example: 

(a) VTien a raj" of light travels through a substance, the 
velocity of the raj" at anj- point P depends on the index of 
refraction of the substance at P. If the index of refraction 
varies from point to point in the substance, but is the same in all 
directions at an\" one point, then the ray follows that particular 
path from point A to point B for which the time required to go 
from A to R is a minimum. 

(b) If a soap-bubble film is stretched over a 
tudsted loop of vdre, the film assumes ?:uch a 
shape that it forms a surface of minimum area. 

(c) The distribution of electron charges within an atom in its 
lowest “state” of excitation is such that the internal energy of 
the atom is a minimum. 

(d) If a metallic object A and a needle B are charged elec- 
tricallj" until a spark jumps between them, the path of the spark 
is such that the “ resistance along it is a minimum. This path 
may not be along the line of shortest distance from B to A, 
for the conductivity" of air is greater in the neighborhood of sharp 
points or corners on A. 

Again, manj" phj'sical problems arise in which we must design 
something so as to make some phj’sical quantity" a minimum. 
Thus: 

(e) The longitudinal section of a dirigible or bullet must be 
determined so that the air resistance to it in flight is a minimum. 

Certain purety geometric problems are of interest; in 
particular, 
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(f) Determine the shortest curve lying on a given warped 
surface S and passing through two given points A and B on S. 

In all the above examples the quantity to be minimized may 
be represented by a line or surface integral, and the minimization 
is to be effected by proper choice of the curve or surface along 
which the integral is evaluated. Thus, in (a) the time t required 

by the ray to go along the path C from A to 5 is / = I cj 

Ja V\Xf 2 /} 2 ; 

where v is the velocity of the ray at {x, y, z) (as determined by 
the index of refraction) and where s denotes arc length along C ; 
the actual path followed by the ray is the one along which this, 
integral takes on its minimum value. Again, in (b) the surface 
area is J/ic \/l + {ZxY + dy, and this integral is to be 

minimized by proper choice of the surface z = /(.r, ?/), z of course 
being subject to the condition that it represent a surface bounded 
b}’^ the given twisted loop. These, and many other physical and 
geometrical, questions lead us to the following fundaviental 
problem of the calculus of variations: 

Given a line or surface integral J, To determine the curve C or 
surface S {subject to given initial or boundary conditions) along 
which J must be taken so that the value of J is a maximum or 
minimum. 

2. Euler’s Equation. We shall first consider the problem of 
determining y as such a function f{x) that 

2/ = 7/0 at X ^ a, y ^ y\ at rr = 6, (1) 

and such that, of all* functions y meeting (1), 

J = £ y, p) dx (2) 

is minimized by y = f(x), where p = y' = dy/dx. [We need 
consider only the case of a minimum, for (2) is maximized bj"^ 
minimizing —F{x, y, p) dx.] In geometric language, we are 
to determine the curve y = f{x) joining the given points (a, 7 / 0 ) 
and (6, yO along which the line integral (2) is a minimum. 

* For simplicity, we shall not itemize ob-\nous technical conditions, such 
as that y must be differentiable and that y must be such that the point 
(x, y, z) remains in the domain of definition of F] nor shall we try to list the 
less obvious conditions, for the analysis of these conditions is a long and 
highly technical problem. 
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It must be carefully obser\"ed in (2) that y is not a parameter 
in the way that a is a parameter in the integral / = F(x, a) dx 
(see Part E of Chap. II). Since I has a definite value for each 
value of a, it ma 3 " be possible to compute dl/da, and to minimize 
I b 3 " setting dl/dcc = 0. On the other hand, if we write y = /(x) 
in J, w'e see that the value of J depends upon the form of the 
iy ^ function y = fix) as a whole. Since 

the form of y may vary in an arbitrarA' 
manner, and since the A^alue of J mav 
varj^ much or littlo, depending on the 
fn, exact way the form of y changes, J ma^" 

not haA-e a deriA^ative lAith respect to y, 
^ in which case we cannot minimize J hy 
Tig. 201 . setting dJ/dy = 0. 

We shall aA^oid this difficult}" by representing y in a specific 
wa}" as a A’ariable function of z, so that we ma}" minimize J by 
the method indicated aboA'e for I. To construct this representa- 
tion of y. let us suppose that the integral (2) is minimized b}' the 
particular function 

y = /(^)» (3) 

where yo = /(a), j/i = fib), and where we consider the A'alue of J 
onl}" for functions y AA'hich meet condition (1). MoreoA-er, let 
)j(x) be an arbitrary function such that 

7;(a) = 7]ih) = 0, (4) 

and let a be a real parameter. Then 

y = fi^) 4- a • 7?(^) (5) 

represents a A-ariable function of x such that, for each A'alue of a, 
the graph of (5) goes through the point (a, yo) and (5, yi) (see 
Fig. 201). We speak of the function (5) as a variation of the 
function (3). If we substitute (5) in (2), the A^alue of the result- 
ing integral is a function of cc, i.e. 

J (“) = I*’ /(a*) -f a • vix), /'(x) + a • : 7 '(x)] (fx. (6) 

By the definition of fix) in (3), J (a) has a minirnum at a = 0. 
Hence 


w] . 0 , 

^ ^Of = 0 dex Ja«>0 
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^ = r 

Ja 

=/: 


da 


dx 


f(^) + « • v(x), fix) + a • 17 ' (a;)] 

+ri'FAix, fix) + a • 7,ix), fix) + a • 7,'(x)]} dx, (8) 


where Fy = ^ 

% J 

dJ (a) 


and Fy = 


dF 


x,p 


^ ^v\x,y 


. By (7) and (8), 


da 


= f bFyix, y, p) + v'Fpix, y, p)] dx = 0, (9) 

0 Ja 

where y = fix) of (3). Integrating the last term of (9) by parts, 
we have; 



P) dx = [>]ix)Fpix, y, p)]^ - 



JFpix, y, p) 
^ ^ 


J dx. 
( 10 ) 


■By (4)) the first term of the right member of (10) is zero, so that 
(9) becomes 




dx = 0. 


( 11 ) 


Since yix) is arbitrary in (11) (except for condition (4)), it follows 
that 


Fyix, y, p) 


dFpjx, y, p) _ 
dx 


( 12 ) 


where y is the function /(x) in (3). To show this, suppose there 
were a point x = c in the interval a ^ x ^ b at which 

Fy — idFp/dx) > 0. 

In view of the continuity of Fy and idFp/dx), Fy — idFp/dx) > 0 
over some interval 5 about x = c; 7j(x) being arbitrary, we may 
take ij(x) as a function which is positive in 5 and zero elsewhere. 
It is apparent that 



dx J 


dx > 0, 
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in contradiction ^nth (11). Hence the point 2 : = c does not 
exist. It may be sho\\Ti in the same way that Fy — (dFp/dx) 
is never negative. 

Equation (12) is kno^ra as Etder^s equation, and a solution 
of (12) is called an extremal of (2). Equation (12) may be 
expanded into the form 

+ F., - F„ = 0. (13) 

Since (13) is of the second order, its solution involves two 
arbitrar}^ constants. These constants are just sufficient to 
determine a particular solution satishing (1); in other words. 
there is {in general) exactly 07ic solution of EuIcFs equation meeting 
condition (1), arid it is this solution which gives us f{x) in (3). 

So far all w'e have proved Ls this: If there exists a function 
y — f{^) which minimizes (2), then this function is the solution 
of (13) meeting condition (1). We have reached no conclusion 
in regard to the case where the integral (2) is such that there 
exists no function (3) which minimizes it. Since we do not yet 
know how to tell 'whether or not a given integral (2) has a 
minimizing function (3), we do not yet know if the solution of 
(13) meeting (1) actual!}' minimizes (2). Now to show that tliis 
solution docs minimize (2) it might be thought sufficient to show 

that ^ ^ over}' function 7}{x) in (6). Unfortu- 

d^J *1 

natelv. this is not the case, for pro\'ing that > 0 for every 

oa-Ja=o 

function rj in (6) would show at best raerel}' that f{x) minimizes 
(2) with respect to variations of the particular tj'pe (5); since 
it is possible to construct variations of (3) in infinitely many other 
wa 3 '.s, we would not know that f{x) minimizes (2) with respect 
to ever}' possible kind of variation. To obtain a condition 
which insures that /(x) minimizes (2) is a long and difficult 
problem.* In what follows we must rely on geometric or 
ph3'5ical evidence to decide whether or not f(x) minimizes (2). 

It often happens in the applications of this subject that we 
desire, not a function which minimizes (2), but mere!}' a function 

which makes == 0. Such a function is said to make 

da 

* Bolza, ‘‘Calculus of Variations.” 
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the integral (2) stationary and is readily obtained as the proper 
solution of (13). 

In many books on mathematics and physics a notation is 
used somewhat different from the one which we have introduced. 
The function a ' rji^) in (5) is denoted by Sy and a • r]'{x) by Bif. 
Consequent^, 


a ■ n(x) = By, a - v'(x) s dy', 



B{dy) = d{By), 



(FyBy + Fy'Bij') dx. 


The use of this notation is dropping out since the representation 
of variations by differentials is unsuited to the more exacting 
methods of modern analysis. 


EXERCISES I 

1. Show that the Euler equations for = /„ F(x, y, z, y', z') dx are 


Fv - = 0 , 

dx 


F. - —F^ = 0. 

dx 


(14) 


[Hint: Vary y = f(x) by the function a • y(x) and vary z — g^x) by the 
function a • J(i).] Generalize this result. 

2. Show that the Euler equation for J = F{x, y, y', y") dx is 


dx 


■Fy- + ^Fy» = 0 . 


dx- 


(15) 


[Hint; In addition to (4) require that y'(a) - y'(b) = 0.] Generalize tliis 
result. (See Bolza, “Calculus of Variations.”) 

3. If the integrand F in (2) does not contain x explicitly, show that a 
first integral of Euler’s equation (12) is 


F - y'Fp = C. (16) 

[Hint; If F does not contain x explicitly, then 

-I"-); 

4. Show that the Euler equation for J ~ ffjK F(x, y, u, p, q) dx dy is 

aFp\ dF\ 


F„ 


where p = du/dx, q = du/dy. 
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Hint: Vary tt(x, y) by the function « • t;(x, y) under the condition that 
nfc y) = 0 along the boundarv of Since 


- vi^p ’ 7 -“' 
dx vx 


it follows by Greenes theorem tliat 



Vt Ep Ox dy 


X 


vEpdy 




dxdy, 


'where the line integral is zero by the definition of t 7 (x, y), 

5. Generalize the result of Ex. 4 to 

(a) The integral J = ///;:F(x, i/, r, u, Uxt Wy, u,) dV, 

(b) The integral J = A(x, y, u, v, ti-, i/j,, t’r, tv) dA, 

(c) The integral J = J/k A(x, y, n, Uj, Uy, Urx, Uyy) dA, 

6. Show that Eulcr^s equation for the integral 


i 


ds 

J#0 tix, y) 


X 




1 +j/' 


pCi, !/) 


dx 


IS 


5 ”• ex!/' + Vy = 0, 

1 +!/' 

and integrate it when r(x, y) - kx (see Sec. 1), 

7. Show that Euler’s equation for the integral 

S = 2^£’’ ijVl + / dx 


is 


Vi+v- - 


d yp 


= 0 , 


where S represents the area of a surface of revolution, and integrate this 
equation. [Hint: Write d/dx = v{dfdy).] 

8. If P is a particle falli ng along a curved path in a vertical plane, then 
the speed of P is r = \/ 2gy, where y is the vertical distance fallen from rest. 
Hence the total time i of travel along the path is 


i = 





Find the Euler equation for this integral, and solve it, showing that the 
solution represents a cycloid. (Note hint in Ex. 7.) 
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This is called the problem of the hrachystochrone^ i.e., the problem of 
finding the path of quickest descent from a point ^ to a point B below Ay 
but not on the vertical line through A. Compare this problem with Ex. 6 
as to physical significance. 

9. Show that the Euler equation for the integral 




d-u , ahi 
' -f" “■ 0, 

dx^ dif 


and for the integral 




dHi dhi 

— -i + — =0. 

flx* 9//“ Os- 
lo, Show that the Euler equation for the integral 


=//.vr 


+ Sj + s* Ox dy 


(1 + sJ)Sxx ~ 2ZxZyZxu + (1 + zl)Zyy = 0. 

11. Find the Euler equation for the integral 



for arc length on a surface. Using this result, find the shortest curve between 
two given points on: 

(a) A sphere. (b) A cylinder of revolution. 

(c) A cone of revolution. (d) Any surface of revolution. 

(e) The helicoid x = r cos 0, ?/ = r sin 0, 2 = kO. 

12. Show that the solution of the Euler equation for the integral 

= J7 v’\y' + 1)= dx, (18) 

which passes through the points A and B is the straight line 


joining A and B. 


y = mx + n 


(19) 
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Suppose that A and B are £ucb tiiat —1 < m < 0, so that / > 0 along 
(19). Then A and B may be joined by a broken line segment C ruch that 
each prart of € has £!ope n = 0 or —1; moreorer, C may be constructed 
so that the maTimnin distance from C to the line 
(19; is arbitranly FmalL It is seen that the 
value of J along C is 0. Hence the iine (19) 
does not minimire J. 

The broken line C is called a ci^orniitnuoit^ 
solution for J sin^e »/ along C is discontinuous. 
A corJinuoy^^ solution is one along Trhich y' is 
continuous at fr-'cry point. Sho^ that, by 
properly rounding the corner^ of C. a path Cmay 
be obtained along r/hich y' is continuous and such that / has a value 
as close to zero as vre please. Sho^r that there exists no continuous solution 
vrhich gives J its rnimmum value 0. Define the specific class of paths from 
A to B vrith respect to vrhich J is minimized by the line (19). 

3. Conditions of Constraint. It sometimes happens that an 
integral J = /I Fix, y, p) dx has no minimum when y = /(x) is 
restricted merely by the condition that y ^ yr^ vrhea x = a and 
y — yi when x = 5. For example, fl y dx has no minimum, and 
the Euler e*quation for this integral has no solution. In such a 
case, we are at liberty to impose an extra condition, or con&irainL 
OTi y = f(x). This condition maj' assume many forms, but we 
shall consider on]\' the one in which y = /(x) is required to make 
a second integral 

K = £ G{x, y, p) dz (1) 

have a specified constant value Kr. 

To obtain the Euler equation for J under the condition that 
K = ivc, suppose 

y = fix) (2) 

minimizes J, where yr = /(a), vi ~ /{hj, and K = Et for this 
function. Let ??Cx) and {(x) be arbitrary* functions such that 



via) - 7jib) = $(a) = m = 0, (3) 

and Jet or and ^ be real parameters. Construct the variation 

y == Si^) -r • vi^) -r ^ • i(x). (4) 

By the condition K = Kc, we must have 

6[a, 0) = £ G{x, / + or; -f fif, / or;' -f S0) dx - Ko ^ 0. (5) 
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Bj’Sec. 20 of Chap. I, (5) determines ;8 as a single- valued function 
of a in the neighborhood of a = 0, ^ — 0 if [cf. (11) of Sec. 2] 

^,(0, 0) ^ £ [S<?.(ar, /, /') + f, f)] dx 

Unless Gy — (dGp/dx) s 0,' $ may be determined so that (6) 
is met. Assuming (6) to hold, ve have 

^1 = fKv + iSm + (’?' + raFJ da: (7) 

da Ja=0 Ja 

= £ GiFy -i- v'Fp) + I'^p) dx = 0, 

where 

S' = = X' 

d«Ja=o <P^r(0- 0) £ + ^'Gp) dx 

Hence (7) ma}" be ^ratten in the form 

£ (vF.y + v'F,.) dx + p£ (vGy + v'Gp) dx = 0, (8) 

where 

X' -i- m dx 
£ (^U + ?'Cp) dx 

Since p is a constant, \ve may write (8) in the form 
biiF V + pGy) + t{{Fp 4“ pf?p)] = 0, 
from which we obtain the Euler equation 

{Fp + pGy) — ^(Fp ~r pG,,) “ 0^ (9) 

where p maj" be regarded as a parameter, since its value depends 
upon the choice of 

EXERCISES n 

1. Show that fo y (fa: is maximized by a circle when the total arc length 
of the cun^e y = f(x) from x = a to x — 5 is to have a given value 

I = ji^^T+V'dx. 
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2. Generalize Ex. I, 4, in the manner suggested by the discussion in Sec. 3 
showing that the Euler equation is 

(F. + pG.) - f (Fp -f Pffp) - f (F, + pG,) = 0. 

Ox dy 

3. Let A and B be two given points (xo, yd) and (xi, yd), with yt > 0, 
2/1 > 0. Find the cur\'e C of length I joining A and B such that 

(a) C generates a surface of revolution of minimum area through A and B 
when revolved about the x-axis. 

(b) C bounds with the lines ?/ = 0, x — x = Xi, a region of maximum 
area. 

4. Variable End Points. Let us now minimize 


J = Jd' F(x, y, p) dx, 


where y = /(a*) is subject to the condition 


y = yo 


2 / = 2/1 


X = xi, ( 2 ) 


and where the point (xi, t/O free to 

^ move along the curv'c 

y = (3) 

/ Suppose (1) is minimized by ?/ = /(x), 

. 5 ^ and that this cun’c meets the cunv 

a b X 

(3) at X — h. It is erident that 
y — /W must satisf}' Euler’s equation 
(12) of See. 2, for if 7/ = /(x) minimizes (1) under the conditions 
(2), then aforliori, y = /(x) minimizes (1) when the curve (3) is 
replaced by the fixed point (h. To determine further the 

nature of ?/ = f(x), let us construct the variation 


where 


y = fM + or • 7j{x), 


via) = 0, y{b) ^ 0. 


J(a) = fd' F(X. fix) + a • nix), fix) + a • ,'(x)) dx, (6) 


where the upper limit Xi is a function of a, so that dJ(a)/da 
involves the factor dx\/d<x. To avoid this factor, let tis change 
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the independent parameter in (6) from a to h as follows: Let 
= b + h. Then b}-- (2), (3), (4), , 

f{h h) a • v(b + h) = 4)(b + h). (7) 

Since 7 j(b) ^ 0, t](b + li) ^ 0 for sxifficiently small h. By (7), 
o: is determined as a function of h: 

n \ 4>(b + h) — f(b + 7i) /ox 

« = “W i(5-+g ® 

Since Xi = b when a = 0, h = 0 when a = 0, i.e., q:( 0) = 0, 
and by (8) 

- f(b) = 0. (9) 


Hence 


q:'( 0) = lim 

A-*0 


<j>ib + h) - f{b + h) - im - /(b)] 


T](Jb d* li) • h 


<f>'ib) -fib) 

nib) 


( 10 ) 


It follows by (6) and Sec. 33 of Chap. II that 

^1 = C [«'(0)7?F„ + a'(0),'FJ dx + F[b, f(b), f’(b)], 

G/l J/i=0 Jo 


= a'i0)riFp 


+ a'(0) 




dx 


dx 


+ F[b,f(b),f'ib)] = 0. (11) 

Since y = f{x) satisfies Euler’s equation, the last integral van- 
ishes. By (10), (11) reduces to 


Wib) - fib)] Fp[b, fib), fib)] + F[b, fib), fib)] = 0. (12) 

Equation (12) is referred to as a transversality condition. It 
serves to determine a particular solution of Euler’s equation in 
the following waj’': One of the two constants of integration in the 
general solution of Euler’s equation is determined by the condi- 
tion that fia) — yo; the other constant is determined by the 
condition that the equations 


4>ix) - fix) = 0, (<^.' - f)Fp + E = 0 


have a common solution x = b, so that (9) and (12) hold. 
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It is evident that a condition similar to (12) may be obtained 
for the case where the left end point is variable, and that both 
of these conditions hold when both end points are variable. 

A physical interpretation of this discussion is given by (d) in 
Sec. 1. 


EXERCISES m 

1. Show that if the right end point of Ex. I, 7 is free to move along (3) 
of See. 4, then the minimizing solution of Ex. I, 7, is normal to (3). 

2. Extend the discussion of See. 3 to the case of a variable end point, 
showing that the trans\'crsality condition is obtained from (12) by replacing 
F by (F + pG) in (12). 

3. Let Cl and C? be two nonintersecting curves in tlie xy-plane or in space. 
Show that the curv'e C of shortest length from Ci to C- is a straight line 
normal to Ci and C;. 


PART B. ANALYTICAL DYNAMICS* 

6, Laws of Classical Mechanics. We shall consider a system 
S of n point particles of masses mi, • • • , mn vdth position 
vectors ti, To, ■ • • , r„, re.spectively. Suppose 
that the particles of this system are acted on b}^ 
impressed forces Pi, Fi, * • • ,1^, respectively 
(the superscript i denotes “impressed”), and 
* suppose that the particles are given arbitraiy'* 
(virtual) displacements 5ri, 6r2, ■ • * , 6r„, 

respectively, subject of course to consistcnc}’’ \rith 
the constraints of the system. 

The principle of virtual displacements or virtual 
work (first given by John Bernoulli in 1717) states that the condi- 
tion for equilibrium of the system under the action of the forces is 



Fig. 204. 


Pi • 5ri + Po • 012 + 


+ Fi . 5r„ = 0. 


( 1 ) 


AlemhcrF s Principle, This principle was first given by 
D’Alembert in his “Traitd de d3mamique,” published in 1743. 
It is “a general principle for finding the motions of several bodies 
which react on each other in any fashion.” We shall give Mach’s 
statement of the principle. (See Mach, “Mechanics.”) 

Let S be the system of n particles given above. If the particles 
were perfectly free to move, the forces Pi, Pi, * • * , P„, would 
give them accelerations ai = Pi/mi, • • • , a„ = P„/m„. How- 

* See Webster, “Dynamics of Particles WrarrAKER, “Analytical 
Dynamics”; Lindset and Morgen^au, “Foundations of Physics.” 
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ever, owing to the constraints of the system, the actual accelera- 
tions are sucli as would be produced in free particles by the 
(effective) forces Ff, FS, • • • , F'. The vector differences 

Fi - F! = Vj, • • • , F* - F^ = V„, (2) 

are thought of as the portions of the impressed forces which are 
“not effective.” This sysletn of forces Vi, • • • , V„ must be 
such that the system S of particles must remain in equilibrium. 
(The V’s are sometimes called “lost forces.”) In other words, 

n 

the principle states that = 0 'svhere the Sr/ are subject 

to the constraints on the system S. The effective forces Fj, 
F|, * * ’ , F^ are considered to be 7«ifi, ’ * * > 

respectively, (ry = drffdtj f/ = dhf/dt-^ * ‘ 

D'Alembert^s principle pro\ddes a single fundamental formula 
from which all other laws of classical mechanics be derived. 
Lagrange in his ^‘M^canique analytique^’ (17SS) used this 
principle as the starting point for the developments of his very 
general and powerful methods. 

6. Hamilton's Principle. We consider the sj^stem S of Sec. 5 
acted upon by a system of impressed forces Fi, - • • , Fn, We 
shall assume that the classical laws of mechanics are valid. By 
D^Alembert^s principle and the principle of virtual displacements 
(see Sec. 6), the motion of the system S is given by 

n 

^ (771, T, - F,) • dT,- = 0. (1) 

J = 1 

where 5r,- is the “virtual displacement” of the jth particle. 
Since 


^(r; • 6r,) = r,- • Sr,- + |5(a?), where r,- • r,- = v?, (2) 

« n n 

• 5r,-) = 

3=1 3=1 3=1 

Integrating (3) with respect to time from i = to tot = ii, we have 


1 ® 
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and 






ory 




J''2’»A-«r,+ 


n 



;-»I 


(5) 


"We shall now consider the class of all motions of the S3^stcm 8 
in which the path of begins at a given fixed point Py and ends 
at a given point Q,-, (j 1, n) in other words, the class of 

motions for which the ory are all zero at times to and ii. Then 
(5) shows that 



( 6 ) 


where T = is known as the kinetic energy of the S 3 \=^ 

y«i 

tern. From (1) 


or,. (7) 

If there exists a function F(ri, rs, • • • , r„) of the position 
vectors of the n particles of S which has the propert 3 ’ that 

r. 

-sr = 5;F,-6r„ (8) 

y=i 

then the S 3 "stem 8 is said to be conservative. In this case (6) ma 3 ’' 
be written 


5 f ' (T - I') d< = 0 (9) 

If no such function V exists, the S 3 *stem 8 is said to be non- 
conservative. We have sho\\Ti 

Hamilton’s Principle. If tve compare a dynamical* path 
with varied paths which have the same termini and which arc 
described in the same iime^ then the time integral (6), [or (9)], has 
a stationary value for the dynamical path. 

* A dynamical vath ina3’ be thought of as a path actualh’ followed b3^ the 
raoring s3’stem t. 
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This principle may be taken as a fundamental postulate from 
which all the forms of classical dynamics may be deduced. 

7. Lagrange’s Equations. We return to the consideration 
of the system S, constrained or not. Suppose that the coordi- 
nates Xj, Hi, Zj of the ith particle are functions of m independent 
real parameters gi, q-i, ’ • ’ , q-m, 

Xj — q^i * ' * ) q^j Vi yji.qii q^j * * * ? q^')i (f) 

Z} = Zj(qi, qi, ■ ■ • , qm), 


or in the vector notation, r,- = r,(gi, ga, • • • , gm). 
By Sec. 6, the kinetic energy of the system is 


T = I'^mjixj + yf + i?) = 




r <= 1 


where 


rrs 


dZp SVpj 


( 2 ) 


( 3 ) 


p^l 


since 




dZj . 

qk, 




. ■ 'S^dZj 

A: = l 

The Qk used here are known as generalized coordinates and the 
qu are called generalized velocities. We have shovm that the 
kinetic energy of S is a ho7nogeneoiis quadratic form in the ge?ieralized 
velocities qkj the coefficients tts being functions of only the general- 
ized coordinates q^. The Trs are such that for all assignable values 
of Qk and qk, T shall be 'positive. 


We define dW, the element of work, to be hW = • 6ry. 

By means of (1) and (4), we find 


j = i 


2 Fy . 5ry = 2 QMh where Qy = ^ F* • (5) 

; = i ; = i ,)fc = i 

The term Qy is called the generalized force for the jth particle due 

m 

to the fact that '^QjSqj represents the total work done on S by 
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the actual external forces Ft, • * • , Fn incident to the displace- 
ments 6ri, • * • , 5rn. 

We shall now apply Hamilton's principle to this system S 
in order to deduce the equations of motion in terms of the 
generalized coordinates Qk* 

From (6) of Sec. 6, 


Now 



+ 


dt = 0. 


( 6 ) 


m 



and 


^ (7) 


Substitute (7) in (6) and integrate by parts the second terms in 
each set of 6F. Since each 5g« = 0, 5 = 1, ■ • • ^ m txi i — U 
and ait = the integrated part vanishes, and we liave 


J" 


m 

^\dg^ dtydqL/ j 


Sqi. 


k-1 


dt = 0. 


( 8 ) 


Now if each 5qi, is arbitrary, A: = 1, • * • , ra, the integral (8) 
vanishes only if the coefficient of every dqi is equal to zero, so 
that 


£ 

dt 




{k - 1, ■ ■ ■ , m) 


(9) 


If the system S is conservative, tliere exists a function 
V(q\, • • • , <lm), knovTi as the potential energy, such that 

dV 

dV = -dW, and Qi = (/; = 1, • • • , m) (lo) 

In this case, the equations (9) of motions for S may be written 


dt \dqj dqi, dgi 
Equation (11) is sometimes written 


■ ■ ,ni) 


(11) 


d 

dt 





, m) 


( 12 ) 
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where L = T — F is known as the kinetic potential or Lagrangian 
function. 

Equations (9) are known as Lagrange^ s equations of motion for 
the system S, Equations (9) are of the second order and hence 
their solution involves 2 m arbitrar}’' constants. The solution of 
(9) will express each qk as a function of the time and the 2 m 
constants which must be fixed bj^' the initial conditions of the 
particles in system S. 

If N of the coordinates • * “ , are essential* to fix the 
configuration of a system at a given instant, the system S is said 
to have N degrees of freedom. 

If we multiply each of the equations (9) hy the corresponding 
velocity and then add the results for s = 1, • * • , 711 , we 
obtain 

m m 

(‘ 3 , 

;; = 1 /; = 1 

The right member of (13) is the time rate at which the applied 
forces do work on the S 3 "stem. Equation (13) is called the equa- 
tion of activity in generalized coordinates. 

We shall illustrate the use of Lagrange^s equations. 

Erample 1. A particle of mass m moves freely in a plane. Show from 
Lagrange’s equations that the equations of motion of the particle are 



where R is the component of the force F impressed on the particle along the 
radius vector, ^ is the component of F normal to the radius vector, and 
where x = r cos y == r sin 
Solution. The square of the speed of the particle is 

=x=+!/= 

Hence the kinetic energy is 

T ^ 

By (9) of Sec. 7, we obtain (9’). 

Example 2. Suppose a particle P of mass m is moving about a fixed 
point 0 in such a manner that the potential energy V of P is a function of r 
alone. It follows that P is acted on by a force which is always directed 
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toward 0, and such a force is called a central force. We shall find the equa- 
tions of motion of P. 

The Lagrangian function for P is 

L = T - V 

= + 2/* 4- -*) — V(r) = im[r* 4- + r*(sin* — T’(r). 

Let qi = r, < 7 i = 6, qt - ti>. Then the Lagrangian equations (12) of Sec. 7 arc 


*^(7nr) - vir[6- 4- (sin* 0)<^*] 4- ^ 0, 

at dr 

(14) 

^ {rnr- &) — mr*(sin 0 cos 0)^* = 0, 
dt 

(15) 

^ [7nr*(sin* = 0. 

dt 

(16) 

By (16), we have 


S2n* 0 

(17) 

where C is a constant. Substitution of (17) in (14) and (15) leads to two 
equations which do not involve <^> in any way. Hence the motion is in a 
plane. J>t us choose the coordinate axes so that tins plane is the plane 
= 0. Then C = 0 and (14), (15) reduce to 

— (7nr) — inr6- 4 0, ~-(7ar-^) 0. 

dt dr dt 

(18) 


Integration of this latter equation leads to Kepler^ s fair of vxolion: 

mr‘6 = const., 

i.c., radial area is swept out at a coristant rate. 

Example 3. Find the differential equation for a vibrating string \\4th 
fixed ends I units apart. 

Solution. Wo assume that the string vibrates in a fixed plane, that the 
displacement from its position of equilibrium is al\va 5 's small, that the direc- 
tion of the tangent at any point P varies by only a small amount. More- 
over, we neglect the component of motion parallel to the x-axis. The 
kinetic energy is then given by 



where p is the mass per unit length of the string. Wc; assume p constant. 
If the stretching is uniform and if the potential energy is proportional to 
the square of the amount of stretching, and if <r = T — 2^ where V is tho 
length of the string at any instant, then 
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By hypothesis, dij/dx is small, and Vl + (.dy/dx)^ is approximately 
1 -f- ^{dij/dx)-. Hence the potential energy T'' is approximately 


V 




where p is a constant of proportionality. Thus Hamilton's integral takes 
the form 


/.'‘'"-'''■“-riTK®)'-*©’ 


dx dL 


By Ex. I, 4, in which x = x, y == and u = y, the Euler equation is 

= 0 

2 3x2 2 dt- ' 


or if we ^NTite c* = p/p, 

dt’ ^ dx- 
EXERCISES IV 

1. By Hamilton's principle find the equations of motion of a projectile 
whose trajectory lies in a vertical plane. 

Alls, d-x/dir — 0, {d^y/di‘) — g — 0. 

2. By Hamilton's principle find the equations of motion of a particle 
acted on by a force with components Xj T, Z parallel respectively to the 

y-y r-axes. 

3. (a) Bj’' Hamilton's principle find the equations of motion for a simple 

pendulum. A ns. (d-d/dt-) + (g/a) sin 3=0. 

(b) Find the tension in the pendulum string. 

Atis. R = m\g cos 6 + a{dQ/dt)-]. 

4. Suppose a particle of mass m is constrained to move on a rough hori- 
zontal circle of radius a by a force R directed toward the center of the path. 
Let the initial velocity be ao and let the particle be resisted by the air with 
a force proportional to the square of its velocity. Suppose the resisting 
force due to the roughness of the path is Rytj where p is the coefficient of 
friction. Find the equations of motion. 


[Hint; STF = Rhr — h{r‘&-)rhO — fiRrSO.] 

1 


An-s. 0 = 


log 


1 + 


(ka/m) + p 

5. (a) A particle of mass m moves freely in space, 
equations of motion are 


\m / a ^ 
Show that the 


7n 


d-r 

dC- 



= R, 



d^z 


dC- 
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That dLfdOh = pir follovrs directly from Eqs. (12) of Sec. 7 and 
Pi = dL/dqi. The 2;? partial differeutia] equation? (5) are 
knov»-n as the Hamilton canonical equations of motion. 

From (4), we find 



2r»l h^l 


Substituting (o) in (6). we see that 

// = 0 or H == const. (7) 

If we assume that the potential energy is not an explicit func- 
tion of 6t- then vi = ^ = £ 1 T .. from which (i) 

vOi ogi dqt 

gives 


n - - i- ® 

Since T is a homogeneous quadratic foixn in the qs. we Imow by 
Euler's formula CChap. I, Ex. XIX, 3S) that 


From {S) and (9). we find 

( 10 ) 

This shows that ihc HamiUonicn function is the total energy of 
the system S. 

U L, and hence H. are explicit functions of the time it can be 
shown that Hamilton's equations (5) still bold. However, 
H = L rather than H = 0. 


Example 1- For a free panicle of raass n, L = p =■ rir, c = 

By (1). H = — L ~ nfr)* — or H = Tnas 

equations (5) tahe the form 
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EXERCISES V 

1. Show that Eqs. (5) still hold when L is an e.':plicit function of time. 

2. Derive Hamilton’s equations (5) by appljnng Hamilton’s principle to 

n 

L = - H(pt, Qk). 

k = l 

3. Show that, for a simple harmonic oscillator of one degree of freedom, 

H = (p-/27n) + (^*5-/2), where k is the stiffness of the system. Also, show 
that p = p/m. 

4. From the Lagrangian function for a simple pendulum, with q the angle 
e made by the pendulum ’\^*ith the vertical, show that p is the angular momen- 
tum vil‘dj and hence that H = (p-/2mZ-) — ingl cos q. Show that Hamilton’s 
equations (5) reduce in this case to the well-kno'wn forms. ♦ 

5. From the Lagrangian function for plane tar>^ motion with potential 
function F(r), verify that pr = mr, pe == and that H in (1) gives the 
total energj" of the mo^^ng body. Kxpress H in terms of pr and pm, and 
show that (5) reduces to 

'Pe ^ ^ ^pQ ^ Pi ^ j, ^0 __ ^ 

mr^ dr dt dt ^ vi ^ mr- 

Give the phj’^sical interpretation of the first two of these equations, noting 
that pl/mr^ = mv‘/r and that --dv/dr is the gravitational force. 

6. Derive Lagrange’s and Hamilton’s equations in spherical coordinates 
(r, 0, 4i). Develop and interpret physically the formulas for generalized 
forces and momenta in the directions of r, 0, and 

9. Holonomic and Nonholonomic Systems. We return to the 
argument in Sec. 7 where we assumed that the bqi are complete!}’' 
arbitrary in the time interval between to and the Sqk all vanish- 
ing at to and ti. It sometimes happens that these variations are 
subject to certain constraints owing to the fact that (1) the 
?i, * * • , are dependent, or (2) that the restrictions on the 
dqi are expressible only between dq^s and not bet\veen the q^sr 
In case (1), the difficulty is due to the fact that too many coor- 
dinates are used and that the number of degrees of freedom is 
less than the number of coordinates used; we accordingly decrease 
the number of coordinates and proceed with the Lagrangian 
method as before. In case (2), wiien the relations connecting 
the 6g's are expressible only in terms of the 5g’s, the relations are 
nonintegrable, and it is impossible to obtain the appropriate 
relations among the g’s. A system in wffiich the nonintegrable 
case (2) appears is said to be nonholonomic. If such noninteg- 
rable relations do not exist, the system is termed holonomic. 
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Considering the nonholonomic case (with n = m)^ suppose 
that there are 0 (< n) relations connecting the dq^Sj of the form 

n n n 

oQii = 0, '^a:i % = 0, • • • , Sgi = 0, (1) 

JL«1 A-1 K«l 

when the are functions of the (/Jt* Referring to (8) of Sec. 7, 
we can be sure only that 


n 



subject to the conditions (1). Assuming the existence of a 
potential function, Qt = — 0V/dqkf we may write (2) in the form 


MidtipJjdng reJafions (i) by Ai, Xa, * • • , X;^, respectively, and 
adding to (3), we have 


n 




4* XlOifc -f - • • -j- Xjga^; 


oQl = 0. 


( 4 ) 


(See Exs. XXVI, 26 and 27 of Chap. 1). In (4) set the coefficients 
of dqif • • • ,57/? successively equal to zero. We obtain 


OL 

dqi 


dL 

dq& 



4“ XiUii + ’ * ■ 4" X^O/si = 0, 





+ Xiai^ 4- 


+ X/jCT/s;? — 0. y 


( 5 ) 


Since there are only 0 restrictions upon the 67^8, the remaining 
(n — 0) of these are arbitrary. So we can write 


dL 



+ Xiai,(?+i -b ’ * * 4' X/sa^.^+i = 0, 


. . . 


dqn 



4" XiQin + • • * 4* X^a^n = 0. 


I 


( 6 ) 
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The values of Xi, • • • , and the n expressions 


dqi: dt\dqj’ 

k = 1, • • ■ , n may be calculated from the equations (1), 
(5) and (6). Thus for a nonholonomic S5^tem, the Lagrangian 
equations are of the form 



dqi. 


= ^XrOri, (A- = 1, • • • , n). 


(7) 


For a detailed treatment of further topics in djmamics, such as 
contact transformations, see Whittaker, “iVnalytical Djmamics”; 
Webster, “Djniamics”; Kemble, “Quantum Xlechanics.” 

10. Theory of Small Oscillations. We shall now study the 
problem of small \*ibrations of any S3’stem S of n particles about 
a configuration of equilibrium. 

As before let the sj'stem S be defined bj' in parameters 
91, • • • . gn. Suppose that the potential energj' F(9i, • • • , Qm) 
of the S5'stem depends only on the coordinates 9i, • • * , Qm, 
and that T’ is developable bj’' Tajdor’s theorem into 


VI m 

/;)T'\ 1 - 

F = T’o + 

= 1 r = l t = l 

where the suffix zero denotes the value at 


n VI m 

+ - a) 


91 = 92 = -j; • = q„ = 0 

of the quantitj-- to which the suffix is attached. 

Suppose that the motions of the particles are all small enough 
that the terms in V of higher order may be neglected. Since the 
S3^tem S is in equilibrium at 9i = • • • = §„ = 0, so that V 
is a minimum (or maximiun), (dV/dq,.)o = 0 for each k. Then 
the approximate value of F — Fo is 


vt m 

= ( 2 ) 

r = l 5^=1 

a quadratic form in the q’s. [Here F„ = (dW/dqr dq>)o.] 
Suppose that F = 0 when 91 = g, = ... = = 0. Then 
T 0 = 0. 
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where et is the total impressed force acting on the kth. particle . 
This is a system of linear differential equations of the second 
order, which, by means of (6), maj’’ be written in the form 

rx 

P ""Jf (?• = 1, • • • , "z) (8) 

8=1 

From here on the theory proceeds as indicated in Chap. Ill, 
Secs. 25 to 28. 



CHAPTER IX 

INTRODUCTION TO REAL VARIABLE THEORY 


1. Introduction. Throughout the earlier chapters of this 
book, frequent reference has been made to theorems demanding 
a greater degree of rigor than it seemed advisable to invoke at 
the time. In the present chapter we shall prove some of these 
theorems. At the close of the chapter vill be found a bibliog- 
raphy which the student may find useful if he continues the 
studies initiated in the present work. 

2. Theory of Real Numbers, The structure of analysis rests 
upon the theory of real numbers as a foundation. Hence, any 
rigorous treatment of calculus and related subjects must start 
nuth real number theoiy\ Liebnitz and Newton, the creators of 
infinitesimal calculus, did not realize the necessit}' for this to 
insure the security of the foundations of their work. It was not 
until the beginning of the eighteenth century that serious studies 
were undertaken — under the influence of Gauss — to examine the 
fundamental concepts underl 3 ung the calculus. Noteworthy 
advances were made during the last centurj', the work of Weier- 
stra.ss, Cantor, and Dedekind being of great importance in the 
development of the theory, 

3. The Rational Numbers. It is assumed that the natural 
numbers (the positive integers 1, 2, 3, 4, ' * * ) have been 
defined and that the arithmetic of positive integers is known. 
The positive integers arc closed under addition and multiplica- 
tion, for if a and h are any two positive integers, a + b = c and 
a - h — d are positive integers. However, in the domain of 
positive integers, there exist equations, such as + 3 == 1 and 
a: + 5 = 5, which have no solution, so one is led to adjoin the 
negative integers and zero. Likevdse, equations of the t^q^e 
GX + b = 0, a and b being integers, lead one to adjoin further 
the set of rational 7inmherSf i.e., numbers which are ratios of 
integers. The set of rational numbers is closed under addition, 
subtraction, multiplication, and division (except by zero). 

But the rationals are not closed under algebraic processes. 
For example, x- — 2 = 0 has no rational solution; likewise, 

812 
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[V2 + ^>^3] is not a rational number. Evidently there are 
stiU gaps in a number system built in this way on the set of 
rational numbers. 

In 1825, Abel discovered that a solution of 

Ooa:” + + • * * + Un = 0, ao 0, (1) 

where are rational numbers and n is a positive integer, is not 
always possible in terms of radicals. It was this discovery that 
lead to Galois’ theory of equations which, among other things, 
uncovered other t 3 ’'pes of irrationalities. 

In 1844, Liomdlle proved the existence of iransceiulcnial num- 
bers, i.e., numbers not roots of an equation of type (1). In 
particular, the number e was shown to be transcendental b}’^ 
Hennite in 1873; and in 1882, Ludermann showed that tt is also 
transcendental. 

Thus, mathematicians came to realize that algebraic processes 
are insuflScient to produce all irrational numbers and that some 
other method must be invoked to round out the complete struc- 
ture of real numbers. Moreover, this method must not appeal 
to geometric or other tj'pes of intuition. 

Three important theories of real numbers have been developed, 
the theories being named after their founders: (1) Weiersirass 
(1860), (2) Cantor (1871), and (3) Dedekind (1872). We shall 
here consider onh^ this last theory-. 

4. The Dedekind Theory. The Dedeldnd theory of real 
numbers had its origin in a course in calculus given by Dedekind 
in 1858. Dedekind was deepty troubled by the lack of “rigor’* 
in the development of calculus and he traced the trouble largely 
to the lack of a clear-cut conception of number. The results 
of liis efforts appeared in 1872 in his Stetigkeit und Irrationals 
Zalilen, a book every serious student of mathematics should read. 

In this section we shall give an introduction to Dedekind’s 
theor}’’, developing it sufficiently far to be able to use it as a tool 
in later work. 

We consider the set of all rational numbers as laiovTi. A 
Dedekind cut {Schmii) in the domain of all rational numbers is a 
'parhiion of all the rationals into two classes A and B such that: 
(1) ever^’' rational a of A is less than every rational h of B\ (2) 
the sets A and B must contain elements (rationals). We denote 
such a partition b\’' [A, B]. 
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(a) A Dedckind real number is a symbol attached to a cut 
[A, B] in the domain of all rational numbers. 

(b) A Dedekind rational number (in the new sense) is a symbol 
attached to a cut [A, B] of all rational numbers in which either 
A has a greatest rational or B a least rational. 

(c) A Dedekind irrational number is a 83^11)0! attached to a cut 
[A, Bj in the domain of rational numbers in which neither A has 
a greatest rational nor B a least rational. 

The real continnum is the aggregate of all cuts in the domain of 
all rational numbers. 

Example 1. If A is the set of all mtionals a such that a < 1, and if B 
is the set of all other rationals, then [A, B] is ti I)edekind rational real 
number, B having a least element 

If the real number [A, B] is such that A has a greatest element 
r, and if the real number [A', B'] is such that B' has r for a least 
element, it can be shown that we can regard [A, B] and [A', B'] 
as the same Dedekind rational number. 

Example 2. If A is the set of all rationals a such that a- < 2, and if B 
is the set of all other rationals, then [A, B] is a Dcjdckind irrational real 
number, for A has no greatest element and B has no least element (there 
being no rational r such that r- ~ 2), The s 3 'mbol \/2 is usually attached 
to this partition. 

(d) Ordering the Real Numbers. Let 

Cl ^ [Ai, Bi], Cs ^ [As, B2] 

denote two real numbers defined b3^ the ptirtitions indicated. 
The number Ci is said to precede C2, i.e., Ci < C2, if A 1 is 
included in A- (that is, every oi of Ai is in A2), and if there exist 
at least two distinct elements in A 2 not in A 1. Similar definitions 
can be given for Ci = C2 and Ci > C2. 

(e) The sum of two real numbers j 

Cl ^ [Ai, Bi] and C, ^ [A2, Bo] 

is the cut C ^ [A, B] where A is the set of all sums <21 + go, gj 
ranging through Ai, and a^ through Ao, and where B is the sei 
of all rationals not in A. That this C is a Dc^dekind cut follows 
from the fact that (1) there exist a^s in A, und h^s in B, ( 2 ) if 
G = oi + Go and if r is any rational less than a, then r belongs 
to A, for 

r = o - (/ = fai - + (a, - + a' 
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where ai belongs to Ai and ai belongs to ^ 2 . Hence every a is 
less than every b. 

Subtraction, multiplication, di^^sion, powers, and roots of 
positive numbers, and other operations may be defined in a 
similar manner. Thus the domain of all real numbers is closed 
under these operations. All the well-knomi properties of real 
numbers maj’- be proved from these definitions. 

If in the definition of a Dedekind cut we replace the word 
“rational’’ by “real,” then this definition defines a cut of real 
numbers. From this definition it is possible to prove 

Fundambnt.a.l Theoeem 4.1. Let C = [A, B] be a Dcdckind 
ad in the domain of real numbers {i.e., A and B form the class of all 
real numbers). Then either A has a greatest element or B has a 
least element. 

It follows from this theorem that no new numbers are obtained 
b 3 ^ partitioning the set of all real numbers. 

5. Axiom of Continuity. Heretofore, we have carefully 
avoided an}’’ reference to geometry. It is occasionally convenient 
to use a geometric language. Accordingly, while we emphasize 
the strictly numerical character of our definitions and treatment 
of real numbers, we shall now set up a correspondence between 
the real numbers and the points on a line by means of the 

Cantor-Dedehind Postulate. There exists a one-to-one corre- 
spondence between the real arithmetic continuum and the points 
on a straight line. (Note, points and lines are undefined.) 

We shall frequently use the term point (on a line) and real 
number interchangeably, the real line continuum being by defini- 
tion the real arithmetic continuum. 

The fundamental theorem states that “all holes in the line are 
filled up.” This theorem is essential in analytical geometry. 
It is sometimes called the fundamental axiom of continuity. 

6. Linear Sets. A real linear set is an aggregate of real 
numbers (points). The theory of linear sets originated in the 
discussion of questions connected with the theory of Fourier 
series and of functions which can be represented by such a 
series. 

We shall study a few of those elementary properties of linear 
sets as we shall have need. We must bear in mind that the 
entire theory of sets of points is essentially an arithmetical theory, 
the geometrical nomenclature and representation being a con- 
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veniencc, not a neccssil 3 \ We shall use the '^'ord set to mean 
real linear set unless othensdse specified. 

A set S is a 'proper part of a set S' if each element of S is an 
element of S', but some element of S' is not in S. 

A set S is infinite if it can be put into onc-lo-one eorro.spondence 
with a proper part of itself. 

Thus the set of all positive integers is infinite, for the rorrospondence 


1 , 2 , 3 , 4 , 5 ,--* 

A A A A 

V ♦ V ? 

2, 2^ 2S 2S • ' • , 

or the correspondence 

I, 2, 3j 4j o, ' • ' 

A A A A A 

♦ ♦ V > ♦ 

II , 2 !, 31 , 41 , 51 , • ‘ . 

or the correspondence ^\■ith the prime numbers 


0) 


( 2 ) 


1, 2, 3, 4, 5, G, 7, 8, 9,*-- 

t ^ ^ c ; : t : (3) 

2, 3, 5, 7, 11, 13, 17. 19, 23, • • * 

establishes a one-to-one mapping of the set of all positive integers upon a 
proper part of this set. Again, the set of all real numbers in the closed 
interval [0, 1] is infinite, for the relation x' — {x maps this inter\’al upon a 
proper part of itself. On the other hand, the set (a, 6, c, d, e) cannot be 
put into one-to-one correspondence with a proper part of itself, and such a 
set is finite. 

A set S is denumcrably infjiitc if it can be put into one-to-one 
correspondence udth the set of all positive integers. It is e\ndent, 
for example, that the sets in (1), (2), (3) are dcrmmerablj" infinite. 

Theohem 6.1, The set of all rational mnjihers is denwncrahly 
infinite, 

A one-to-one correspondence l>etwcen the rational numbers 
and the positive integers is indicated in the follouring scheme: 




1 , 


^ $ 
2, 3, 


-1 

1 
± 


4, 5, 6, 


XH' 

t i 
8, 9, 

A 3 

\l 2 




zl z? 

3 ' 1 

8, 9, 10, 11, 

2 1 -1 -2 -3 - 
3 4' 4*3*2 

aaaaa a a a 

yvy+i i ♦ V 

^9, 13, 14, 15, 16, 17, 18, 19, 


■ 


7, 
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Avhere in each parenthesis the siim of numerator and denominator 
of each fraction is constant, and where repetitions have been 
omitted. 

Theorem 6.2. The sci of all real mimbers in the interval 
[0, 1] is nondennmcrabli} infinite. 

Let us represent every number in [0, 1] as an ordinary’ decimal, 
where we write, for example, 0.62500000 • • • if the decimal 
is finite, and where we mite 0.62500000 • • • instead of 
0.62499999 • • * . Suppose all numbers in [0, 1] could be 
put into a one-to-one correspondence mth the positive integers, 
then: 


1 -M- O.Oi 02 Os 04 

2 0.6i ^2 bz b* 

3 O.Ci C2 Cs C4 

4 O.di ^2 dz di 


( 4 ) 


where oi, a^, ‘ ‘ , bi, • • * are the digits of the respective 

decimals. Let R be any number 


R ~ O.ai ^2 7s ^4 " ‘ , 

where ai 9 ^ Oi, ^2 b 2 , 7 s cs, ■ • • , and where the digits of 

R are not all 9's after some digit It is evident that R is a 
real number in [0, 1] and that R is distinct from each of the num- 
bers in (4). Hence R was not included in the correspondence 
(4). It follows that all real numbers in [0, 1] cannot be put into 
a one-to-one correspondence with the set of positive integers. 

EXERCISES I 

1. Define tiie following real numbers by means of a Dedekind cut; 
3, 0, e, \/3, sin 3, x. 

2. (a) Prove that x- — 2 =0 has no rational solution and hence that 
is irrationaL 

(b) Prove that 4- is irrationaL 

(c) Can \/2 be represented by a repeating infinite decimal? TVhy not? 

3. Show that the real numbers defined by (a) in Sec. 4 obey the properties 
of simple order. 

4. (a) MTen is the real number ci said to be greater than the real c*? 

(b) When is the real number ci said to equal the real c*? 

o. Define the difierence, product, and quotient of two real numbers in a 
manner suggested by (e) in Sec. 4. 
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6. Show that the two rationals mentioned in the paragraph following 
Example 1 arc essentially the same. 

7. Prove Theorem 4.1. (Hixt: Consider the cut of rationals determined 
by the given cut of reals.) 

7. Properties of Sets, We shall now formulate certain prop- 
erties of point sets which we have frequently used in an intuitive 
manner in the preceding chapters. 

An vpper hound of a linear set 5 is a number w (if it exists) 
such that u ^ a for every’' number a in S, and a lower bound 
of S is a number I (if it exists) such that / g a for every- number 
amS, A set S is hounded if it has an upper bound and a lower 
bound. For example, 7, t-, and 2 are upper bounds of the set 
of all numbers less than 2; likevsnse, 1.5, 1.42, and 1.415 are 
upper bounds of the set of all positive numbers less than V^; 
2, and 1 are upper bounds of the set of all values of the 
function A function f{x) is hounded (over an inters’al) if 

the set of all its values (in this inten-al) is bounded. 

Thzohem 7.1. Every hounded set S has a hast upper boiwd C 
and a greatest lower howid L, 

Partition all real numbers into two classes A and B, A consisting 
of all numbers x such that x is less than some element of 5. and 
B consisting of all numbers x which arc greater than or equal to 
every- element of »S. Since S is bounded, A and B have elements. 
By- Theorem 4.1, either A has a greatest element or B a least 
element. Suppose A bad a greatest element X. By- definition 
of A, X is less than some element s of S. It is evident that 
X < i(X + 6*) < ^. Hence + s) would be in A and A* 
is not the greatest element in A. Thus B has a least element 
and U is the least upper bound of S, The existence of L is 
proved in a .similar manner. 

A set Si contahis a set if each element of S 2 is in Si. 

Let Sjj Stf Si, • • ' be sets (finite or infinite in number). 
The sum of Si, S 2 , - • • , denoted b}" Si + S 2 + * • • , i? the 
set consisting of all those elements which are in at least one of 
the sets Si, Sr, * • * . The product of Sj, Sr, * - • , denoted 
by Si - Sr • • • • , is the set consisting of all those elements which 
are common to the sets Si, Sr, - - • . For e.xample, consider 
the sets (a, 5, c), (o, d), (a, e), (o), and (o, c, d, e), where a, h c, d, e 
are all distinct. The sum of these sets is the set fa, b. c, d. c) and 
the product is the single element (a). 



Sec. 7] INTRODUCTION TO REAL VARIABLE THEORY 819 

A closed interval is a set of real numbers x such that a ^ x b, 
or a ^ X, ov X b. An open interval is a set of real numbers x 
. such that a < X < h, OT a < X, or X > b. 

A point P is a lijnit (accumulation) point of a set S if every open 
interval I containing P also contains at least one point of S other 
than P. It is immaterial whether or not P is an element of 5. 
For example, 0 is a limit point of the set of all numbers 1/n, 
where n is a positive integer; again, every real number from 0 
to 1 is a limit point of the set of all proper rational fractions. 

A set S is closed if it contains all its limit points. Thus, every 
closed, interval is a closed set; the set of numbers 1/n is not 
closed, but if 0 is adjoined to the set it is then closed; the set of 
all rational numbers is not closed. 

A set S is open if each point P of »5 can be inclosed by an open 
, interval which lies entirely in S. Thus, every open interval is 
an open set. The sum of any finite number of open inter^mls is 
an open set. 

An interior point P of a set iS is a point which can be inclosed 
by an open interval which lies entirely in S. Thus an open set 
is one such that every point of it is an interior point. 

A neighborhood of a point P is any open set containing P. 
Thus, an open interval containing P is a special kind of neighbor- 
hood of P. 

An element P of a set S which is not an accumulation point of 
S is an isolated point of S. Thus, if P is an isolated point of S, 
there exists a neighborhood of P which contains no element of S 
other than P. 

The closure S of a set S is the set consisting of S together with 
all its limit points. Thus, the closure of a closed set is the set 
itself. The closure of the set of all rational numbers is the set 
of all real numbers. 

The complement of a set S, denoted by C(S), is the set of all 
points not in S. It is seen that the complement of a closed (open) 
set is open (closed). 

A point P is an exterior point of a set <S if it is an interior point 
of C(S). Thus, P is exterior to /S if P is not an element of iS^. 

The boundary B of a set S is the set of points common to the 
closure of S and the closure of C(S). Thus B is given by the 

formula B ■= S ■ C(S). It may be shown that the boundary 
of a set S consists of all those points which are not interior points 
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of either 5 or C(S). A closed set contains its boundary’, and an 
open set contains none of its boundary- points. 

EXERCISES n 

1. Show that the isolated points of a linear set arc always denumerable, 

2. Show that every element of the set >5 of all rational numbers is a bound- 
ary point of S. 

3. Provo: The set of all tiitional numbers is neither closed nor open. 

4. Prove: Everj’ neighborhood of a boundary point of a set S contains 
points of S and points of C(S). 

5. Extend all the definitions following Theorem 7.1 to sets of points in the 
ry-plane; to sets of points in space. Plustratc with examples. 

6. Prove all the comments made in Sec. 7. 

8. Certain Theorems on Functions of a Real Variable. We 
are now in a position to prove certain theorems quoted in the 
earlier chapters of this book. 

Theorem 8.1 (Heinc-Borcl Theorem), If every 'point of a dosed 
interval {a, h) is interior to at least one intcn'al of a given set S of 
intervals, there exists a finite set F of intervals of S, Ii, It, ' ' ^ ^ h, 
such that every point of {a, 6) is interior to at least one interval of F, 

Dhide all real numbers x into two classes A and B as follows: 
A point X belongs to class A if ;r g o, or if we can cover^ the points 
of the inter^’al (a, a*), where a < x ^ b, bj* a finite set of inter\'als 
of S; the number x belongs to class R, if x > h, or if we cannot 
cover the points of the inten’al (o, x) b\' a finite number of 
inter\"als of S, Eridentb" everj^ Xa precedes everj" Xb. Consider 
the Dedekind cut f = {A, B], Now f must be h, for suppose f 
precedes 6. Then an inter\'al I ol S covers f is an interior 
point of /, and in / there are numbers of both classes A and B, 
say Xa and x/f. There are a finite number of intervals of S 
covering (a, Xa). To these intcn'als adjoin I, Then there are 
a finite number of intervals covering (a, Xb). But this is con- 
trar}" to our hypothesis. Thus we conclude that ^ = b. 

Theorem 8.2. Let (a, 6) be a dosed interval containing points 
of (he domain of definition of a hounded real function f of a real 
variable x. There exists in (a, b) at least one point which has the 
property that in any arbitrarily small neighborhood of that point, 
the least upper bound of f is the sa??7C as the least upper hound M 
of f in the whole interval (a, 6). 

* To cover a point P is to select an interval 7 such that P is an interior 
point of I. 
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Divide the real numbers x into two classes A and B as follows: 
The number x is to belong to class A if .t < a, or if in the interval 
(a, x) the least upper bound of / is less than M ; a; is to belong to 
class B if X > b, or if in (a, x^ the least upper bound of / is Jlf. 
There exist numbers Xa in A and Xb in B, and every xa precedes 
every Xb. This partition defines a Dedekind cut f s [A, B], 
such that in every neighborhood of there are numbers xa and Xb 
and thus any arbitrarily small neighborhood of ^ has the same 
least upper bound M as/ has in (a, i>). • 

Proof by the Heine-Borel Theorem. We shall assume that there 
exists no point p such that, in an arbitrarily small neighborhood 
of p the least upper bound of / is equal to M. Cover every point 
X of (a, b) by an interval. Denote by S the set of intervals used 
to cover the points x of (a, b). Then, by the Heine-Borel theorem, 
there is a finite number of intervals in the set S such that the 
least upper bound of / in all the intervals is different from M, 
and such that every point x of (o, b) is interior to at least one 
interval of the finite set. We conclude that the least upper 
bound of / is different from M. 

A similar theorem holds with regard to the greatest lower 
bound of /. 

Theorem 8.3. If a function f{x) is continuous on the closed 
interval (a, b), the least upper bound M and the greatest lower bound 
m of f in {a, b) are both finite, and these bounds are actually attained 
in each case at least once within the interval (a, 6). 

Pick a positive number e. Since/ is continuous on (a, b), we 
can cover each x in (a, b) by an interval J* such that 

l/W -/(xi)! < e 

when Xi is in I^. By the Heine-Borel theorem, there is a finite 
set F of these intervals such that every point in (a, b) is 
interior to at least one of the intervals of F. If the number of 
F’s is p, then the greatest variation of / in (a, b) cannot exceed 
the finite number 2pe. 

Let ^ be the point discussed in the first proof of Theorem 8.2, 
and consider the interval ($ - e, ? -f e) in which / has a least 
upper bound equal to M. Then points can be found in this 
interval. for which the function / differs from M by an amount 
less than e. Since the interval (^ - 5, ^ + S) can be taken 
arbitrarily small, and since/ is continuous at f, /(^) = M. 
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A similar argument may be given in the case of the greatest 
lower bound. 

Theorem 8.4. IJ f(x) he continuous on the closed interval 
{a, h) and if f(a) and f{h) have opposite signs, then there exists at 
least one value of x in {a, h) for which f{x) vanishes. 

Assume there exists no number x such that/(x) = 0. Since/ is 
continuous at every point x in (a, b), there exists a neighborhood 
of X such that / is either negative (or positive) in that neighbor- 
hood. For each x of (a, h) select such an inten^al, in which /has 
the same sign for all points interior to it. By the Heine-Borel 
theorem, there exists a finite set F of these inteiwals such that 
every x of (a, h) is in the interior of at least one of the intervals 
of the set F and having the propertj’^ that in any one of these 
interv’^als, / has the same sign throughout. Let the intcr\’^als of F 
be ordered according to the positions of their left end points. 
It is evident that siiccesrive intervals of F must overlap. 

Since, b}^ hypothesis, /(a) and fib) have opposite .signs, we 
know that there exists at least one inten^al over which / is alwa 3 ".s 
positive and at least one interval over which / is alwaj’^s negative. 
Hence, there is one pair of succe.ssive overlapping intcrs^als over 
one of which /is positive and over the other of which /is negative. 
Then the points q common to both intcr\'als are such that f(q) is 
both positive and negative. This is impossible .*^1000 / is single- 
valued. Thus fiq) = 0, contrarj’' to h^iDothcsis. 

Theorem 8.5. If fix) is continuous on the closed interval (a. b) 
and if C is any real number betivecn /(a) and /(h), there exists on 
(a, b) at least one value of x for which fix) is equal to C. 

Let ifix) = fix) - C. Then 

V?(a) ^ /(a) - C and <pib) = fib) - C 

have opposite signs. From Theorem 8.4, we know that there 
exists some value of x in (a, h), say for which <pi^) — 0, that 
is, for which 0 = /($) — C — v^($). Hence /(^) = C. 

Theoreai 8.6 iRoUc's Theorem). If fix) is contmuous on the 
closed interval (a, h), if /(a) = /(h) = 0, and if fix) exists every- 
where in the open interval (a, h), then there exists a point 

a < i <by 

such that fii) = 0. 

Since fix) is continuous, it follows hy Theorem 8.3 that fix) 
l^Uially attal"* 3 its maximum and its minimum somewhere 
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within [a, 6]. Suppose that f(x) has a maximum point at ^ 
somew^here within [a, 6]. Then if ^ > 0, 

<p{h) 

is negative or zero; and if h < 0, <p{h) is positive or zero. Since 
fix) exists at each point of (a, h), lim <p(h) exists at in the first 

■' A-*0 

case this limit is less than or equal to zero, and in the second case 
this limit is greater than or equal to zero. Since the derivative is 
assumed to exist, the twm limits must be equal. Hence 

lim <p(h) = /'($) = 0. 

A-»0 

A function f{x) is said to be uniformly continuous on (a, b) if, 
for every positive number e, there exists a positive number S such 
that |/(xi) — f(x 2 )l < e for every pair of numbers a;i, xz, on 
(a,- b) closed for W'hich |a;i — Xz] < S. 

Theorem 8.7. If f(x) is continuous on the closed interval 
(a, b), it is iiniformly continuous on (a, b). 

Let € be an arbitraiy positive number. Since / is continuous 
for every point p in (a, b) a neighborhood of p can be determined, 
such that the oscillation of f in this neighborhood is less than e/2. 
Determine such a neighborhood for every point in (a, b). By 
the Heine-Borel theorem, a finite number of intervals can be 
chosen such that every point in (a, b) is interior to one (at least) 
of the intervals. The end points of these intervals form a finite 
set of points in (a, b). Let 5 be the smallest distance between 
consecutive points of this finite set. Any interval w^hatever in 
(a, b) of length less than or equal to 5 is within at most twm of this 
finite set of nonoverlapping intervals formed by the consecutive 
points. Hence, in such intervals, the oscillation is at most e. 

Let f(x) be a function of x defined over the interval (a, b) 
closed. Suppose this interval be subdmded by the points 
a = Xo < xi < • • • < Xn-i < x„ = b. The total variation of 
f{x) over (a, b) is the least upper bound of the quantity 

n — 1 

= 2) i/(^<+i) - (1) 

t «0 

for all choices of the points a:,- and for all finite values of n. If 
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equation of, 268, 707 
of functions represented by series, 
491, 514 
of integrals, 285 
uniform, 572, 823 

Continuous fimctions, 22-26, 29, 38, 
91, 123, 130, 132, 491, 514, 
571-572, 821-823 
Contour, 89, 590 

Contour integration, 613-614, 635— 
638 

Contraction (of tensors), 733 
Contravariant tensor, 726 
Convergence, absolute (see Absolute 
convergence) 
circle of, 595 
conditional, 477-479 
of Fourier series, 528, 532-539 
of integrals, 286-296, 301-305 
interval of, 484-486, 508 
of power series, 483-486 
of products, 503-505 
radius of, 484 
region of, 483, 595 
of sequences, 446-450, 456, 508- 
509 

of series, 460, 463-473, 508-509 
’mconditional, 477-479, 505 
uniform (see Uniform conver- 
gence) 

Coordinates, curvilinear, 713 
cylindrical, 216, 740 
generalized, 799 
orthogonal, 740, 744 
parabolic, 107, 263, 731, 740 
parametric, 107, 136, 713 
of plane, 730 
polar, 107, 135, 740 
transformation of, 133, 675 
Coriolis’ force, 706 


Coriolis’ theorem, 705 
cosh, 176 

Cosine amplitude (see cn) 

Covariant derivative, 743, 746 
Covariant tensor, 727 
Cramer’s rule, 662 
Cross ratio, 578 
Curl, 271-272, *698, 743-744 
Curvature, circle of, 62 
of a curve, 62, 710 
first (mean), 720 
line of, 719 
normal, 718, 722 
radius of, 62, 377, 709 
second (Gauss, specific, total), 720 
of a surface, 720 

Curve, area bounded by (see Area) 
intrinsic equations of, 713 
length of, 217-218, 221-222, 791 
parametric, 134, 713 
simple closed, 572, 590 
Curvilinear coordinates, 713 
Cusp locus, 399 
Cycloid, 61, 220, 222 
Cylinder functions (see Bessel func- 
tions) 

Cylindrical coordinates, 216, 740 
D 

D, 37, 366 

D’Alembert’s principle, 796 
Damped motion, 357-358 
Darboux’s theorem, 276 
Dedekind cut, 813 
Definite integral, applications of, 
214-226, 233-240, 248-253, 

265-270, 273, 621-628, 640, 
704-708, 782, 796-811 
conditions for existence, 208, 278- 
280 

containing parameter, 298-305, 
611 

convergence of, 286-296, 301-305 
definition of, 207, 227, 240, 252, 
277, 587-588, 703 
derivative of, 285, 298-300, 611 
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Definite integral, double (surface), 
198, 240-252, 254, 271, 704 
evaluation of, 209, 213, 229-232, 
242, 2^14-248, 251, 252, 254, 
2G4-265, 271 

na a function of its upper limit, 
25S, 2S4-285, 298-301, 593 
geometric representation of, 20S, 
228, 241 

improper, 213-214, 28G-29G, 301- 
305 

integral of, 300-301 
line, 226-239, 254, 271, 587-593, 
635-638, 703 

numerical approximation of, 314- 
321 

properties of, 212, 281-2S3, 5SS 
theorem of the mean for, 214, 283, 
2S5 

transformation of, 260-263 
triple (volume), 252, 2G4-2G5 
Degree (of differential equation), 323 
Delta amplitude («rc dn) 

DeMoivre^s theorem, 564 
Denumerably inBnitc set, 280n., 816 
Dependence, of constants, 327 
functional, 140-142 
linear, 66G-66S, 692 
Derivative, applications of, 49-62, 
104-113, 147-152, 355-360, 

376-380, 392-393, 403-416, 

704-708, 766-779, 796-811 
change of variable, 41, 48, 101, 103 
computation of, 37-45, 93 
covariant, 743, 746 
definition of, 36, 93, 154, 573-574, 
702-703 

directional, 144, 260, 695 
invariance of, 155, 156 
in polar coordinates, 150 
higher, 45, 95-98 
implicit, sec Implicit functions 
normal, 111, 112, 143-152, 156, 
260, 695 

partial, 92-98, 103 
second, 45, 95-98 
table of, 37, 176, 177 
theorem of the mean for, 65, 113 


Derivative, total, 98-104, 106-108 
second, 110-111 
Determinants, 644-650 
cofactor of, 649 
definition of, 645 
functional (sec Jacobian) 

Laplace expansion of, 648 
minor of, 648 

Development (of a function), 605 
Differences (first, second, etc.), 421, 
501 

Differential, 63-64, 156-158, 726 
of arc length, 714, 733, 740, 744 
exact, 200-205 
liighcr, 15S 

Differential equations, ordinary', 
322-145 

applications of, 325, 335, 340- 
341, 355-300, 376-3S0, 392- 
393, 403-116 
Bernoulli equation, 339 
characteristic equation, 349, 350 
Clairaut equation, 345 
complcmentar>" function for, 
348, 352, 368-369 
degree of, 323 
exact, 333 

first order, first degree, 332-343 
nth degree, 344-346 
general solution of, 328, 348, 350 
homogeneous, 335-337, 343, 374 
initial conditions for, 328 
integrating factors for, 341-343 
linear {sec Linear differential 
equations) 

methods for soUdng, operator, 
366-375 

reducing to exact, 332-343 
series, 365, 425—427 
undetermined. coefficients, 
351-353 

variation of constants, 360- 
362 

numerical solution of, 417-423 
order of, 323 

particular integral of, 328, 348, 
351-354, 370-374 
primitive of, 326-328 
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Differential equations, ordinao% 
second order, 363-364 
series solution, 365, 425-427 
solutions of, 323-326, 347 
fundamental set of, 348 
singular, 328, 398-401 
stead}^ state, 359, 405 
transient, 359, 407 
variables separable, 334 
partial, 323, 747-779 
applications of, 773-779 
Euler^s equation, 747-749 
first order, general, 756-765 
linear, 750-753 
of physics, 766-779 
systems of, 387-396 
total, 380-386, 393-396 
integrable, 381-384 
nonintegrable, 384-386 
systems of, 393-396 
Differential operator, first, 694 
second, 697 

Differentiation, elementary rules for, 
37-48 

graphical, 50 
of po'R'er series, 491-492 
of series of functions, 517 
Dini's rule, 534, 537 
'^Direction cosines, 112, 678, 689 
Directional derivative, 144, 260, 695 
invariance of, 155, 156 
in polar coordinates, 150 
Dirichlet integral, 313, 525-529 
Dirichlet’s conditions, 539 
Dirichlet^s rule, 533, 536 
Discontinuous function, 26, 571 
Divergence, 265-269, 696, 744, 

746 

of integrals, 286, 294 
of sequences, 446, 507-508 
of series, 460, 507-508 
dn, 630 

Domain of definition, 2, 86 
Double integral, 198, 240-252, 254, 
271, 704 

transformation of, 260-263 
Doublet, 626 

Dynamics, analjdiical, 796-811 


E 

e, 31-34, 813 
Elastic cur\^e, 377 
Electrical networks, 403-416 
energj" relations, 410 
equivalent networks, 412 
steady state solution, 405 
transient solution, 407 
Ellipse, arc of, 222, 641 
area of, 213 

Elliptic functions, 630-635 
addition formulas for, 632 
derivatives of, 631 
periods of, 632-634 
Weierstrass, 638-639 
Elliptic integrals, 628-630, 635-641 
amplitude, 630 
associated, 630 
modulus, 630 
normal forms, 629, 638 
Entropy, 238 
Envelope, 398 

Equation of continuity, 2G8, 707 
Equation of motion, 358, 392, 803- 
804, 806 

Essential singularity, 60S 
Euler-Maclaurin formula, 319 
Euler^s constant, 310, 311 
Euler^s equation, 747, 785-789 
Euler^s formula, for Fourier coeffi- 
cients, 522 

for Gamma function, 310 
for normal curvature, 722 
Euleris numbers, 499 
Euler^s theorem, on homogeneous 
functions, 113 

Euler^s transformation, of series, 
500-502 

Even function, 496, 539 
Evolute, 401 

Exact differential, 200-205, 256-259, 
272 

Exact differential equation, 333 
Exponential function, 34, 580-581, 
584 

Exterior point, 819 
Extremal, 788 
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F 

Factor theorem, 181 
Factorial function (tee Gamma func- 
tion) 

Fejer’s theorem, 545 
Field, GG3 

of force, 270, 273, 70S 
conscrv’ative, 273, 70S 
solenoidal, 270 
of vectors, 250, C93-701 
First cuivature, 720 
First diiTcrcntial operator, 694 
First fundamental magnitudes, 714 
Fluid 235->236, 249, 265-2C9 
circulation, 236, 273, 70S 
equation of continuity, 26S, 707 
irrotational, 273, 707 
stream function, C22 
stream lines, 622, 707 
velocity potential, 273, 621, 707 
vorticity, 627 
Fluid force, 219 
Forms, bilinear, 670-671 
indeterminate, 30, 67-72 
linear, 600-66S 
quadratic, 671 
quadratic differential, 714 
Fourier coefficients, 524 
Fourier integral formula, 54S-550 
Fourier series, 52 1-54 S 
Bessel’s inequality, 530n., 555 
convergence of, 52S, 532-543 
Dini's rule, 534, 537 
Dirichlet’s conditions, 539 
Diri chiefs integral, 525-529 
Dirichlet's rule, 533, 535 
Euler’s formula, 522 
Fejer’s theorem, 545 
Fourier coeSidents, 524 
Gibbs phenomenon, 552-553 
Jordan’s test, 53S 
Lipschitz’s rule, 535, 537 
ParsevaVs equation, 530n, 
summable, 545-547 
Fractions (see Rational functions) 
Friction, coefHcient of, 379 
Fubini’s theorem, 245 


Function, abstract, lion, 
algebraic, 569 
alternating, 651 

analytic (ire Anah^tic function) 
average value of, 224 
Bessel (hc Bessel functions) 

Beta, 311-312 
biunique, 616 
bounded, 572, SIS 
of bounded variation, S24 
complex, 56S-572 
continuous, 22-26, 29, 3S, 91, 123. 
130, 132, 491, 514, 571-572. 
S21-S23 
decreasing, 51 

derivative of (w Derivative) 
differential of (tec DifTcrentiab 
discontinuous, 20, 571 
elliptic, 630-635 
even, 496, 539 

exponential. 34, 5S0-5S1, oS4 
Gamma, 307-313 
harmonic, 576, 779-783 
homogeneous, 113, 335 
h^'perbolic, 175-lSO, 5S4-oS5 
implicit, 4, 47— IS, 113-132 
increasing, 51 

integral of Definite mtegral; 

Indefinite integral; Integral' 
Inverse, 34, 44, 133, 616 
irrational, 56S 

limit of, S, 12, 16, 20. 26, 2S, 29. 

35, 91, 570-571 
logarithmic, 25, 43, 5S2-5S3 
maxima and minima of, 52-54, 
161-162, 601 
monotone, 279n. 
multiple \rJucd, 4, 56S 
odd, 496, 540 
orthogonal, 553-557 
oscillation of, 279 
point, 152-155 
rational, I$3, 56S, 610 
real variable, S12-S26 
root-mean-square value of, 224- 
225 

of several variables, So-91 
single valued, 2, 86, o6S 
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Function, total variation of, 823 
transcendental, 569 
trigonometric, 25, 42, 44, 46, 178, 
582 

unbounded, 214 
uniformly continuous, 572, 823 
Functional dependence, 140-142 
Functional determinant {see Jacob- 
ian) 

Functional notation, 2-4, 86-87 
Fundamental magnitudes, first, 714 
second, 716 

Fundamental metric tensor, 734 
Fundamental set of solutions, 348 
Fundamental theorem, of algebra, 
182, 603 

of integral calculus, 209 
G 

Gamma function, 307-313 
Gausses equation, 425 
Gausses law, 270, 704 
General potential function, 622 
General solution, 328, 348, 350, 752 
Generalized coordinates, 799 
Generalized momentum, 805 
Geodesic, 721, 722, 791 
Geometric series, 464 
Gibbs phenomenon, 552-553 
Gradient, 147, 151, 269, 694, 728, 
745 

in polar coordinates, 111, 150, 702 
temperature, 150 
Graph of function, 5, 87 
Graphical differentiation, 50 
Graphical integration, 211 
Greatest lower bound, 274n., SIS 
Greenes theorem, 254, 260 
corollaries of, 256-259 
. in space, 265 
Gudermannian, 180 

H 

Hamiltonian function, 805-806 
Hamilton's equations, 805-806 
Hamilton's principle, 797-798 


Harmonic analysis, 550-552 
Harmonic conjugate, 577 
Harmonic functions, 576, 779-782 
solid, 783 
surface, 783 
Harmonic series, 465 
Heat equation, 269, 768-772 
Heine-Borel theorem, 820 
Helix, 712 

Herraite equation, 425 
Hermite polynomials, 430, 557 
Higher derivatives, 45, 95-98 
Higher differentials, 158 
Holonomic systems, 807-809 
Homogeneous differential equations. 

335-337, 343, 374 
Homogeneous functions, 113, 335 
Hyperbolic functions, 175-180, 584- 
585 

geometric interpretation, 179 
inverse, 177 
Hypocycloid, 220, 221 

I 

I, Ix, 164, 193 
Imaginary, 558 
Implicit functions, 4, 113-132 
derivative of, 47-48, 118-120, 125, 
131, 132 

Improper integrals, 213-214, 286- 
296, 301-305 

absolute!}^ convergent, 289, 294 
convergent, 286, 294 
integrand infinite, 293-296 
interval infinite, 286-292 
parametric, 301-305 
Indefinite integral, 164, 194-198. 
586, 593, 706 

properties of, 166-170, 586 
Independence, linear, 348, 666-668, 
692 

of path, 256, 272, 592 
Indeterminate forms, 30, 67-72 
Induction, mathematical, 46 
Inertia, coefficient of, 810 
moment of, 248 
Inferior limit, 458 
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Infinite continued fractions, 461 
Infinite integrals {sec Improper 
integrals) 

Infinite products, 460, o02-'505 
Infinite sequences (sec Sequences) 
Infinite scries {see Fourier series; 

Power scries; Series) 

Infinite sets, 810-817 
Infinitesimal, 73 
Inflection point, 55 
Initial conditions, 328 
Inner product, 553, 733 
Integrability, condition of, 278- 
280, 3^ 

Integral, 163, 194, 5S6 
containing a parameter, 298-305, 
611 

definite (see Definite integral) 
double (surface), 198, 240-252, 
254, 260-263, 271 
elliptic (see Elliptic integral) 
improper (infinite) (sec Impropcj 
integral) 

indefinito (sec Indefinite integral) 
line, 226-239, 254, 271, 5S7-593, 
C35-C3S 

particular, 328, 348, 351-354, 
370-374 
Sticltjcs, 231 
table of, 172 

theorem of the mean for, 214, 
283, 285 

triple (volume), 252, 264-265 
Integrand, 166 

Integrating factor, 341-343, 381 
Integration, constant of, ICG, 329- 
330 

contour, 613-614, 635-638 
element arj’, 170-171, 173 
graphical, 211 
numerical, 314-321 
by partial fractions, 184-190 
b 3 " parts, 169, ISO 
of power series, 493 
of rational fractions, 181-190 
of series of functions, 516 
by substitution, 167-169, 190-192 
by tables, 193 


Interior point, 819 
Interval (closed, open), 819 
of convergence, 484-486, 508 
Intrinsic equations of a curve, 713 
Invariant, 155, 682, 694, 728 
Invariant point, 578 
Inverse function, 34, 44, 133, 616 
hyperbolic, 177 
Inversion (see Reversion) 

Involute, 402 
Irrational function, 568 
Irrational number, 814 
Irrotational flow, 273, 707 
Isogonal map, CIS 
Isolated point, 819 
Isoperimctric problem, 793 

J 

Jacobian, 129, 133, 138-142, 262, 
265, 266, 617 

geometric interpretation, 134-135 
Jordan’s test, 53S 
Joukowsky aerofoil theorj’, 628 

K 

Kepler’s law, 802 
Kinetic energy', 705, 798 
Kirchboff’s laws, 403 
Kroncckcr delta, 653, 728, 732 

L 

Lagrange’s equations, 799-SOl 
Lagrange’s multipliers, 162 
Lngrangian function, SOI 
Laguerre equation, 425 
Laguerre pohmomials, 430, 557 
Lamp’s equation, 424 
Laplace expansion (of a determi- 
nant), 648 

Laplace’s equation, 576, 766, 770, 
782, 791 

Laplacian, 260, 697, 746 
in polar coordinates, 111-112 
Laurent’s series, 604-606 
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Least upper bound, 274n., SIS 
Legendre equation, 424—429, 772 
I/egendre pohmomials, 427-42S, 557, 
772 

associated, 429 
Leibnitz’^s tbeorem, 47 
Length of arc (see Arc length) 
L'Hdpitars rule, 6S, 70, 72 
Limit, lower (inferior), 45S 
of a fraction, 30, 67-72 
of a function, S, 12, 16, 26, 2S, 29, 
35, 91, 570-571 
properties of, 20 
of a sequence, 206, 446 
upper (superior), 458 
Limit point, 35. S19 
Limiting point, 457 
Line integral, 226-239, 254, 271, 
5S7— 593, 635-63S 
Line of cur\’ature, 719 
Linear differential equations, 338- 
339, 347-3S0 

characteristic equation of, 349, 
350 

complementary" function for, 34S, 
352, 36S-369 

with constant coefficients, 34S- 
359, 366-374 

fundamental set of solutions of, 
34S 

\rith general coefficients, 33S-339, 
360-364, 374 

general solution of, 34S, 350 
particular integral of, 351-354, 
370-374 

Linear forms, 660-66S 
Linear independence, 34S, 666-66S, 
692 

Linear transformations, 578, 620- 
621, 660-66S 
product of, 663 
liouville’s theorem, 602 
Lipschitz^s rule, 535, 537 
Logarithmic function, 25, 43, 5S2- 
583 

Lower bound, 818 
Lower limit, 458 


U 

Maclaurin^s series, 601-602 
Maclaiirin^s theorem, 78, 160 
Magnification, 618, 723 
IMagnitude, of tensors, 734 
of vectors, 6S2 
IMaps, 616-621, 722-725 
conformal, 618, 621, 723 
isogonal, 618 

Mathematical induction, 46 
Mathieu’s equation, 424 
IMatrix, adjoint, 657 
algebra of, 652-657 
characteristic equation of, 676 
congruent, 671-674 
definition of, 652 
diagonal, 653 

in electrical networks, 403-416 

elementary, 658 

equivalent, 659, 670 

inverse, 656 

law of inertia, 673 

order of, 644, 652 

rank of, 656 

scalar, 653 

signature of, 674 

similar, 675 

syunmetric, 671 

^laxima and minima, of a function, 
52-54, 161-162, 601 
Mean cur\’ature, 720 
Mean value theorem, for derivatives, 
65, 113 

for harmonic functions, 780 
for integrals, 214, 283, 285 
Mechanical quadrature, 314-321 
Membrane, ^•ib^ating, 778, S04 
hlerca tor’s projection, 725 
^lertens’ theorem, 483 
Metric tensor, 734 
Meusnieris theorem, 718 
Minor, 648 
Modulus, 562, 630 
Moebius strip, 250 
Moment, 248, 377 
of inertia, 248 
of momentum, 705 



840 


HIGHER MATHEMATICS 


Momentum, angular, 705 
generalized, 805 
Monotone function, 270n. 

Monotone sequence, 450 
Morera’h tbeorem, 598 

N 

N'eigfif)or/joocf, 90, 8f9 
Network matrix, 4(yt 
Neuraann^s addition formula, 443 
Nodal locus, 399 
Nonholonomic ByslemB, 807-809 
Normal, equation of, 754 
length of, 34G 
principal, 709 
surface, 249, 250, 710 
Normal acceleration, 59, 710 
Normal cur\'ature, 718, 722 
Normal derivative, 143-152, loG, 
2C0, G95 

dcGnition of, 145, 095 
interpretation of, 149 
invariance of, 112, 15G 
in polar coordinates, m, 150 
Normal section, 718 
Null sequence, 440 
Number, complex, 558-500 
irrational, 814 
rational, 812, 814 
real, 814 

Numencal integration, 314-321 
Numerical solution of differential 
equations, 4lT-i2S 
Numerical value, 14 

O 

O, o, 450 

Odd function, 490, 540 
Open interval, 819 
Open set, 819 

Operator methods, 300-375 
Order, of differential equation, 323 
of matrix, 644, 052 
Order of, 450 
Orientable surface, 250 
Orthogonal coordinates, 740, 744 


Orthogonal functions, 553-557 
complete sj'stem of, 555 
normalized, 553 
Schwarz^s inequality, 550 
weight function for, 557 
Orthogonal trajectories, 397 
Oscillation (of a function), 279n. 
Oscillations, theory' of, 355-359, 
809-SI f 

Osculating plane, 710 
Outer product, 732 

P 

p-di‘'Criminant, 401 
p-function (Weierstrassj, 038-039 
Pappus, theorems of, 253 
Parabolic coordinates, 107, 263, 731, 
740 

Parametric coordinates, 107, 130, 
713 

Parametric curves, 134, 713, 710 
Parametric equation^, 107, 150, 713 
Parsevars equation, 530n, 

Partial dcnvative, 92-98, 103, 111 
Partial differential equation 

Differential equations, partial/ 
Partial fractions, 184-190 
Particular integral, 328, 348, 351- 
354, 370-374 
Partition, 274, 813 
Pendulum, 040-041 
Period, 355 
F/iasc angle, 355 
Plane, coordinates of, 730 
equation of, 754 
normal, 712 
o'^culating, 710 
rectifying, 712 
Point functions, 152-155 
PoihsonV equation, 760, 782 
Polar coordinates, 107, 135 
arc length in, 221, 740 
area in, 214 
Pole, G07-G0S 

Polynomials, 25, 181-183, 568 
Bernoulli, 317 
Hermite, 430, 557 
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Folj^nomials, Laguerre, 430, 557 
Legendre, 427-428, 557, 772 
Potential, 273, 708 
Potential energy, 800 
Potential function (for fluids), 622 
Potential integral, 782 
Power factor, 226 
Power series, 483-499, 595, 602 
algebra of, 496-497 
convergence of, 483-486, 519 
differentiation of, 491-492 
functions represented by, 488-495 
integration of, 493 
interval of convergence, 484-486 
radius of convergence, 484 
region of convergence, 483, 595 
reversion of, 499 
Taylor^s series, 493, 601-602 
Primitive, 326-328 
Principal direction, 719 
Principal normal, 709 
Product (of sets), 818 
Product, inner, 553, 733 
outer, 732 

scalar, 234, 685-686 
vector, 687-688, 691 
Products (infinite), 460, 502-505 

Q 

Quadratic forms, 671 
Quadrature formulas, 319-320 

R 

Radius, of convergence, 484 
of curvature, 62, 377, 709 
Rank, 656 

Rate, 5, 46, 60-61, 88, 92, 93, 99, 
102, 143-145, 149, 154, 266 
Ratio test, 465 

Rational function, 183, 568, 610 
continuity of, 25 
integration of, 184-190 
limit of, 30, 67-72 
Rational number, 812, 814 
Real continuum, 814 


Real number, 814-815 
Region of convergence, 483, 595 
Regular function (sec Analytic func- 
tion) 

Relative tensor, 738 
Remainder (in Taylor’s theorem), 
77, 599 

Cauchy’s form, 85 
Lagrange’s form, 85 
Schlomilch’s form, 84 
Remainder (of series), 471 
Residue, 611-612 
Resistance, coefficient of, 356, 810 
Reversion (of series), 499 
Riemann sum (integral), 207, 277 
Riemann-Lebesgue theorem, 530 
Riemann’s theorem, for Fourier 
series, 531 

reordering of series, 480 
Rodrigues’s formula, 720 
Rolle’s theorem, 65, 822 
Root-mean-square value, 224-225 
Root test, 465 

Roots of complex numbers, 564-566 
Rot (rotation), 698 
Rotating vector, 579 

S 

S, s, 274 
Scalar, 682, 728 
Scalar product, 234, 685-686 
Scalar triple product, 690 
Scale of magnification, 617, 618, 723 
Schwarz’s inequality, 556 
Second curvature, 720 
Second derivative, 45, 95, 110-111 
Second differential operator, 697 
Second fundamental magnitudes, 
716 

Separation of variables, 334, 767, 
770-772 

Sequences, 446-458, 508-518 
accumulation points of, 457 
asymptotically equal (propor- 
tional), 447 
bounded, 446 
complex, 594 
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Sequences, convergent, 440,448-^50, 
450, 508-509 

criteria for convergence, 450 
divergent, 440, 507-508 
of functions, 50S-51S 
limit of, 440 

limiting points of, 457-458 
fewer (inferior) fimiC of, 45S 
monotone, 450 
null, 440 
order of, 450 
rearrangement of, 449 
subsequence of, 44S 
upper (superior) limit of, 458 
(See also Series) 

Series, 459^82, 508-518 
absolutely convergent, 470-480, 
595 

algebra of, 474-4S2 
alternating, 473 
arbitrnrj' terms, 471-473 
complex, 594—590 
conditionally convergent, 477-479 
convergent, 460, 508-509 
criteria for convergence, 403-405, 
408, 469 

definition of, 459, 508 
difTcrentiation of, 517 
divergent, 400, 507-508 
of functions, 508-518 
geometric, 404 
harmonic, 465 
integration of, 516 
positive terms, 403-469 
region of convergence, 483, 595 
sum of, 400 
suramablc, 507-508 
trigonometric, 521 
unconditionally convergent, 477- 
479 

uniformly" convergent, 510-518 
(See also Fourier series; Power 
series) 

Series solution of differential equa- 
tions, 305, 425-427 
Serret-Frenet formulas, 712 
Sets, properties of, 815-820 
Signature, 674 


Simple closed cur^’C, 572, 590 
Simple harmonic motion, 355-359 
Simply connected region, 258 
Simpson's rule, 320 
Sine amplitude (see sn) 

Singular points, 007-010 
essential, GOS 
at infinity, €09 
isolated, 007 

Singular solution, 328, 398-401 

sinh, 170 

Sink, 623 

Slope, 5, 49 

sn, 030 

Solenoidal force field, 270 
Solution, general, 328, 348, 350, 752 
of a differential equation, 323-320, 
347, 34S 

of an equation, ISI 
particular, 328, 348, 351-354, 370- 
374 

singular, 328, 398-401 
steady state, 359, 405 
transient, 359, 407 
Sound waves, 775, 804 
Source, 023 
Speed, 56 

Stagnation point, 024 
Steady state solution, 359, 405 
Steam chart, 137 
Stereographic projection, 725 
Stieltjes integral, 231 
Stiffness, coefficient of, SIO 
Stokes’s equation, 425 
Stokes’s theorem, 271 
Stream function, 022 
Streamlines, 622, 707 
String, vibrating, 749, 770-778, 802, 
804 

Subnormal, 346 
Subtangent, 340 
Sum (of sets), 818 
Sums, upper and lower, 274 
Summable series, 507-50S, 545-547 
Superior limit, 458 
Superposition principle, 406 
Surface integral (see Double integral) 
Surface normal, 249, 250, 716 
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Surface of revolution, 717 
area of, 252, 716 

Surfaces, area of, 248, 252, 715-716 
fundamental magnitudes for, 714, 
716 

orientable, 250 

parametric representation of, 713 
tangent plane to, 754 
Suspended cable, 378 
Symmetric components, method of, 
676-677 

Systems of differential equations, 
387-396 

Systems of linear equations, 660-668 
T 

Table, of derivatives, 37, 176, 177 
of integrals, 172 
Taclocus, 401 

Tangent, equation of, 50, 128, 138, 
709 

length of, 346 
slope of, 49 
Tangent plane, 754 
Tangential acceleration, 59, 710 
tanh, 176 

Taylor^s series, 493, 601-602 
Taylor’s theorem, 74-83, 160, 599 
Telegraph equation, 766 
Temperature gradient, 150 
Tensor, absolute, 739 
associated, 736 
components of, 726, 727, 731 
contraction of, 733 
contravariant, 726 
covariant, 727 

covariant derivative of, 743, 746 
of higher order, 731 
inner product, 733 
magnitude of, 734 
mixed, 731, 732 
of order zero, 728 
outer product, 732 
relative, 738 

representation of, 727, 730, 734- 
735 

skew symmetric, 733 


Tensor, symmetric, 733 
unit, 734 

Tetrahedron, volume of, 692 
Theorem of the mean, for deriva- 
tives, 65, 113 

for harmonic functions, 780 
for integrals, 214, 283, 285 
Thermodjmamic magnitudes, 121 
ThermodjTiamics, 237-238 
Toeplitz theorems, 452-454 
Torsion, 711 
Total cur\mture, 720 
Total derivative, 98-104, 106-108 
second, 110-111 
Total differential, 156-158 
Total differential equations, 380- 
386, 393-396 
integrable, 381-384 
nonintcgrable, 384-386 
Total variation, 823 
Tractrix, 379 

Trajectories, orthogonal, 397 
Transformation, conformal, 616- 
621, 723-725 
of coordinates, 133, 675 
Euler’s, 500-502 
of integrals, 194, 260-263, 265 
linear, 578, 620-621, 660-668 
Transient solution, 359, 407 
Transversal! ty condition, 795 
Trapezoidal rule, 319 
Trigonometric functions, 25, 42, 44, 
46, 178, 582 

Trigonometric series, 521 
Triple integral, 252, 264-265 
Tube of force, 270 

U 

Unbounded function, 214 
Unconditional convergence, 477- 
479, 505 

Undetermined coefficients, method 
of, 351-353 

Uniform continuity, 572, 823 
Uniform convergence, of integrals. 
301-305 
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Uniform convergence, of power 
series, 519 

of scries of functions, 510-518 
Upper bound, 818 
Upper limit, 458 

Y 

Variable, change of, for derivatives, 
41, 48, 101, 103 

for integrals, 107, 168, 194, 198, 
199, 202, 205 
complex, 5GS 
real, 1, 80 

real independent, 1, SO 
Variables separable, 334, 767, 770- 
772 

Variation, 786 

Variation of constants, method of, 
360-362 

Vectors, algebra of, 683-001 
components of, 082 
curl of, 271-272, 698, 743-744 
definition of, 082 
derivative of, 702-703 
divergence of, 265-207, 096, 744, 
746 

geometric representation of, 078- 
681, 084, 685 

gradient, 111, 147, 150-151, 269, 
694, 702, 728, 745 
integral of, 703, 700 
magnitude of, 682 
product of, scalar, 234, 6S5-6S6 
scalar triple, 690 
vector, 087-688, 691 
unit, 685 

Vector acceleration, 58, 710 


Vector field, 250, 693-701 
Vector product, 687-688, 691 
Velocity, 56-58, 585 
angular, 58 * 

areal, 704 

Velocity potential, 273, 621, 707 
Velocity vector, 57 
Vibrating membrane, 778, 804 
Vibrating string, 749, 770-778, 802, 
SOI 

Vibrations, 355-359, 809-811 
Virtual work, 790 
Viscosity, coefficient of, 810 
Volume, 215-217, 221, 251, 262 
of tetrahedron, 092 
Volume integral, 252, 204-265 
Vortex, 625, 707 
Vorticity, 027 

W 

Wave equation, 420, 776 
Weberis equation, 425 
Weierstrass formula for Gamma 
function, 310 

Weierstrass p-function, 638-639 
Weierstrass test, 513 
Weierstrass theorem, 537, 609 
for pobmornial approximation, 548 
Work, 218, 223, 233-235, 269 
virtual, 796 
Wronskian, 348 

Z 

Zero, of a function, 181, 603-604 
Zonal harmonics (see Legendre poly- 
nomials) 



